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Introduction

Burrows-Wheeler algorithm (BWA for short) is a
lossless data compression scheme, named after authors
Michael Burrows and David Wheeler. The classical work
here is [1]. Also known as block-sorting, currently it is
among the best textual data archivers in terms of
compression speed and ratio. In this work we describe our
BWA based data compressor implementation working
principles and compare it with some other popular file
archivers. As for prerequisites, the reader is expected to be
familiar with basic lossless data compression techniques.

Burrows-Wheeler compression scheme

In this section we provide a detailed exposition of
BWA and review some of the standard facts on lossless
data compression.

Original Burrows-Wheeler scheme archives input
string s (we use ““caracaras” throughout our examples) in
three major steps:

STEP 1: Calculate Burrows-Wheeler transformation
(BWT) ofs. We denote it briefly bys’ = BWT(s).
Transformation permutes input string symbols as follows:
1. Build input string cyclic permutations matrix.

2. Sort matrix rows ascending.
3. Output last sorted matrix column (Fig. 1).
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Fig. 1. BWT of string "caracaras"

To calculate the inverse transformation (restore s
provided s') one must also know original string index in
sorted matrix [1]. Hence the complete BWT output is

BWT(("caracaras") = ("rccrsaaaa’; 4) .

STEP 2: Run Move-To-Front (MTF) transformation
on BWT output: syrr = MTF(s"). MTF algorithm renders
BWT output into a sequence of integers:

1. Fix some s’ alphabet permutation, e.g. sort it
ascending.

2. Encode the next message symbol by its position in
current alphabet permutation.

3. Move encoded symbol to the beginning of the
alphabet.

4. Repeat steps 2 and 3 until the whole message is
encoded (Fig. 2):

Syrr = MTF ("rcersaaaa™) = (2,2,0,1,3,3,0,0,0) .
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Fig. 2. MTF transformation of string "rccrsaaaa”
STEP 3: Encode MTF output sy by any entropy
encoder (EE), e.g. Huffman [2] or Arithmetic [3].

Thus, the entire Burrows-Wheeler compression
scheme may be written as

BW(s) = EE (MTF(BWT(s))). (1)

From now on, sstands for a string over the
alphabet (s) = {ay, ..., 0, }. Assume each o; appears n;

times in s, which fixes s length to be |s| = ¥, n;. The
entropy of s, denoted by H (s), is defined to be the sum
h
N ni
H(s)= — ) —log,—. 2
( ) £ |S| gZ |S|
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Also referred to as Shannon’s entropy, H(s)
represents the minimum average number of bits required to
encode one symbol of s. An equivalent formulation of this
fact is

|EE(s)lg = IIsll, ©)

where |EE(s)|g denotes archiver output file size in bytes
and ||s|| is given by

Isi = EIE), @

On the other hand any good EE algorithm achieves
the reverse inequality

Crg
5
sl + <° )
the constant Cgg being relatively small and independent
of s. For instance, Cyyrrman = 1, Carirumeric = 0,02
(see [2] and [3] for more details).
EXAMPLE 1: Lets = "aaaaabbbbbcccccddddd".
Then

|EE(s)g <

5l 20—l 4 =2
200925—092 =z,

4
1
H(s) = ) pilog,— =4
— bi
i=1
Now let us run MTF on s and check how it affects
the entropy.

surr = MTF(s)
= (0,0,0,0,0,1,0,0,0,0,2,0,0,0,0,3,0,0,0,0)

20 20
H(syrr) = log2—+ 3 logz T~ 0,8576..

This straightforward example demonstrates rather
strikingly a couple important facts. First thing, the
structure of sy makes it obvious that MTF renders
recurring consecutive symbols into series of zeroes,
furthermore, the entropy of s significantly exceeds that
of syrp. Loosely speaking, scattered alphabet symbols
probabilities decrease string entropy, therefore it is to be
expected that H(syrr) < H(s) (Fig. 10), hence that
[Isyrrll < sl and finally that |EE (Syrr)ls < |EE(S)|g.
BWA elegantly brings these properties together. It is not
obvious on short ““caracaras” example, so let us take
another case. BWT of a long text input, such as the
Wikipedia article on the Caracara
(http://en.wikipedia.org/wiki/Caracara), look
similar to that in Fig. 3.

It is evident that the transformation groups together
symbols preceding similar contexts, thus producing long
homogenous chains in the last sorted matrix column. MTF
converts them into series of zeroes, which reduces string
entropy, and, in consequence, makes it a fitter input for any
entropy encoder.

It is left to show that BWT can be calculated within a
reasonable amount of time and does not require excessive
PC memory usage. Compressing, say, ordinary 1 MB file
involves sorting permutations matrix of size 10° x 10°,
which may become quite an expensive operation in case an
improper sorting algorithm is applied. The two leading

should

BWT sort approaches are Bentley-Sedgewick sort
(modification of quick sort) and suffix sort. Both have their
advantages and disadvantages, but we will not develop this
point here. For a deeper discussion of these algorithms we
refer the reader to [5] - [8].
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Fig. 3. Schematic BWT view of a long text input

One may mistakenly conjecture that BWA is suitable
for compressing any input. Of course, technically it is
possible to calculate both BWT and BWT ™! of any file,
but the overall BWA efficiency highly depends on the
source characteristics, especially the amount of consistent
patterns (to put it simply — words) in it. As a rule BWT
works well on plain text files (Fig. 4), yet it is rather
useless when applied to large entropy binary files (Fig. 5).
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Fig. 4. BWT fragment of this article in .tex format: numerous runs
of consecutive identical symbols

—Kno— Tl(&lgcq REEEB‘IlaﬂnoﬂﬁoﬂNdE¥ qu4“el3-|0Esdl]wlobcalﬁﬂ?l%a/“urhﬂ.ﬁew
u-!EﬂEﬂ.mc i; 202, Nod : & Ftigor | ey 63 Hal USSR i el -gH
ﬁeanppppppppsz"lM“E1FRU‘“§»"C-JH| AneFaET° drl|lae 125, LY n('nl:"H‘Jld{l(aCu}eny
[OF)} x0Ln[ﬂlJ$aOJ’10N FauidNEyo . 6By F<e il
11//////&$ULfQKP°Z_n _di|l=at22a28 . tka—uvi ]| J!.Ir”(!UxTBﬂ\I'r,Q“leU 2L 1oavrctd
$P|[Eh—{ =3 AR 3 VB_d+1 a8 [‘[‘-?Eusz:E-mt Jp.mEt':amnu eez .uumeSm
—fon - {bCox*Rs* r,&l..ntr.l"'{l:SI{yl' CEEEEEECEEEEEEEEEE omB { l]cTiIﬂ»
U357 -SRI ={[69 ¢ 06~V Zo|ET <o Gl Inpp* BRsyrl Cyetugdy )Jﬁ 74 Coqgene]
4WGr'?r|-|lI(s§ x+ E“K\IT'DE"I f.Jli WH 1>>p¥C"‘Jl!(1(— Witz TNGH JVINDL +gS1-—
& -MEpHHBN] 15 %xk nﬂ‘xﬁﬁt-LA'ﬂpa »£1?L‘x1-| nnnn
oooooooooooo oooooooool 1-|u‘|1"1\-vfﬁ<>> —~R T e T "8 1508 F
M 1:FR0180%4 I'p—ﬁ| BT, "fle—'l Yoo 1-|-§_rlilamg1u§[ [un15ﬁ|l2£s€0 U
1+6E—€++1u€b§rt"‘1250ql|h||¢l'l AbTJ8 Os"kT"C"'EJWbl‘F i AE/00LcEyocCrUELL
1aa/////u.:-H:L r?ﬂ-ﬂﬂlF&u’?s{l; 0.—|Sf " Fb§|—&l££l[l[l[‘tgf-mR$I rJLéHEU 4 ms -1
(=1 nurr— Fi’ ml Lalie 39T|>“C£°c"JP&'1(-ﬂlll--— Ené #o41r -l M| IEﬂf
=BT I4HA TR0 9928, :/‘II""Z'}B H[3= %“TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT
ttTTTTTTTTTTTTTTTTTTTttttttttttttttttttttt11111uuuuuuuuunhhh"‘ i
= '?'iﬂl‘(EongPrne*u!aEJ‘xiJu[uZ"J*("t v mfli—is 8" onTMEBé<: 1r YHLKPF & G tU[EFFES
| ||wa-ﬂ']ﬁﬂ bi&n9 02+ U -1 eenrﬁ‘ﬂ“u/ 0 1eMG{ S FE=G D l:[lé,,—l—"uzQ]W ai|@ 7
B a.G&JEUQkEEBIGFJYHh?Z_‘?K Fi 1['/1SRR|E|T99$Bn26"* . g[lleE—,n’!r iKTga

3 ToMErRS ~Zrw{pldsd FURLEant -6¥ ek ,l,1‘Z JSrJ )éL) ‘Z(
-JEN‘ZénBe)n'II[wé rf z".ﬁ‘ H./* 45'&3Jkzlﬁe[um-l"!*gﬂ\'.e?ﬂ}(:a-hn atsSLi
1Zr [E?\l’.‘an"'lbxft.c‘-r/l)]m 41R! ] $90//741i8p7oNp A8z =T GEVRT UIrpBYR+8=]|!K

Fig. 5. BWT fragment of this article in .pdf format: chaotic
structure, occasional runs of consecutive identical symbols

The next section is devoted to the study of Distance
Coding algorithm, which is in all likelihood the most
successful MTF alternative at the second BWA step.
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http://en.wikipedia.org/wiki/Caracara�

Distance Coding

Distance Coding (DC) was originally proposed by
Edgar Binder at comp.compression newsgroup [9] in 2000.
There is no official paper on DC by Edgar, so we provide
the algorithm (Fig. 6) here:

[BW‘I’{S‘L] [Endofﬁ!,e_]

STEF O: 5% |acrs|rccrsaaaa|#|
r v_

STEP 1: =3 acr s'kr);c):_clr):_s)a(a);ala)#
output )

STEP 2: =* acrs(ciEEizla@aEs
output 51

STEP 3: a* acrszrce(ziza@aa#
output 510

STEP 4: a* acrsrc(r)s al@aa#
output 5102

STEP 5: == acr re(c)r s a(a)ale)#
output 21021

STEP 6: i acrsrccrsa@)@)@)#
output S102 1 -

STEP 7: =% acrsrccrsa@lglg)#
output 5102 1-3

STEP 8: a* acrsrccrs=salaaas
output 51021-33

STEP 9: a* acrsrccrsalaais
output 51021 333

STEP 10: == acrsrx crsaal@a#
output 51021-333-

STEP 11: 5% acr r crsaaa'gj#
output 51021 333 -

5TEP 12: =2l acrsrocecrsa a a ¥
output 51021 -333---

Fig. 6. DC algorithm for string "rccrsaaaa”

1. Fix s*=(s)+ s’ + eof_pointer. Someway mark s’
symbols yet to be encoded (encircled in our example).

2. Encode the next message symbol o by the number of
unencoded (encircled) characters till the next
occurrence of o (or end-of-file pointer if there are no
o-as left).

3. Unmark the second o.

4. Repeat steps 2 and 3 until the whole message is
encoded.
Assume we are encoding symbol o,, whose right

neighbor o, is not yet encoded. This clearly forces o, =

g,, since otherwise some other symbol would have

already pointed to g,. Such deduction allows us not to

encode it any extra (steps 6, 10, 11 and 12), this way

shortening DC output:

spc = DC("reersaaaa™) = (5,1,0,2,1,3,3,3).

Let us compile some basic facts on sy and sy
provided s satisfies the conditions of the previous section
(s) ={oy, .., 00}, Is| =X, n;). We illustrate each

property by our calculations on the Canterbury Corpus

files [10].

1. Unlike MTF, DC truncates input on the account of
homogenous chains in s’ (Fig. 7)

600000

500000

400000

300000

200000 —

100000 —

a

alice29 fxt asyoulik txt lcetl0txt plrabnl2 txt
s 152089 125179 426754 481861
| MTF(s}] 152089 125179 426754 481861
| DC{s)| 66975 62431 165793 243638

Fig. 7. Canterbury Corpus .txt files: |syrrl = Isl; [spcl < ||

2. syrr is a sequence of non-negative integers; so is sp.
Small numbers prevail in both (Fig. 8).

n; A
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] 1 2 3 4 5 a.
L

u slf,r; 238303 69059 37806 26185 19598 15264

SHC To468 30908 18371 12523 9589 7560
Fig. 8. Canterbury Corpus plrabnl2.txt file: (syrr

and (sp¢)o; <5

3. Since MTF encodes each symbol by its index in (s),
we have |{syrr)| < h. DC measures distance between
identical symbols, and hence (sp.) can contain
numbers up to |s| — 1 > h (Fig. 9)
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200
— Spc
800 "
| SMrF
?DD\
SDD\
500 \
400 \
300-—.\
200 A x
100 \' v
0 v\"‘“mm«m
0000000 000000000 QO000Oo0 :
I I T I = e I L T T Ty T I e L I o ]
B B B = = B R R B I S N A

Fig. 9. Canterbury Corpus ptt5 file: (spc) tail is longer and
heavier than that of (syr)

4. The previous property together with (2) also yield
H(spc) » H(surr) (Fig. 10)
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alice2 ixt asyoulik bt lcetl0 it plrabnl2 txt

m H(s)
B H(syrr
H(spe)

4,5677
2,5593
5,0365

4,8081
12,8518
49796

4,66591
2,3554
5,0769

45314
12,7982
4,6954

Fig. 10. Canterbury Corpus .txt files: H(sp¢) > H(syrr

Comparison of ||syrr|l @and ||spc |l (which is basically
a combination of properties 1 and 4) shows that DC has a
higher potential (Fig. 11). Unfortunately, classical entropy
encoders are not well adapted to compressing sy, due to a
very large (spc) (property 3). Storing the alphabet creates
significant overhead, thus decreasing BWT + DC + EE
scheme efficiency. This difficulty disappears entirely if we
replace entropy encoder by some universal code [11], such
as Fibonacci.

Fibonacci Coding

Any positive integer N can be represented as the

sum
k
N = Z 4, F, 6)
i=1
where F; is the i-th Fibonacci number

(1,1,2,3,5,8, ...), d; € {0,1},d;, = 1. Fibonacci Code (FC)
[11] of N is defined by

FC(N) = dy ...d;1. (7)
The important point to note is that no two adjacent
coefficients d; can equal 1, therefore token 11 (=d,1)
immediately indicates the end of code. Thus, FC
transforms any sequence of integers into uniquely
decodable binary string. The structure of FC also implies
that smaller numbers are being mapped into shorter code
words (Table 1):

Table 1. Fibonacci Codes, N < 10

N | diFy + -+ diF FC(N)
1|11 11

2 [0-1+1.2 011

3 [0-140-2+1-3 0011
4 [1-1+0-2+1-3 1011
5 [0-1+0-24+0-3+1-5 00011
6 | 1-1+0-2+0-3+1-5 10011
7 [0-1+1-240-3+1-5 01011
8 [0-1+0-2+0-3+0-5+1-8 000011
9 [1-1+0-24+0-3+0-5+1-8 100011
10 [0-1+1-2+0-3+0-5+1-8 010011

Although in theory FC is not as effective as entropy
encoders, we were interested in investigating the scheme

BWyi5(s) = FC (DC(BWT(s))).

The practical advantage of using Fibonacci Code
within BWT + DC scheme lies in the fact that FC is
universal code, hence there is no need to store bulky sp.
alphabet. Let us compare our implementation of the BWA
scheme to some other data compressors performance on
the relatively large text files (Fig. 11):
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200000
100000

g =

alice2s txt

. _

asyoulik fxt lcetlo txt plrabnl2 txt

m |s] 152089
86837

48655

125179
75234
44623

426734
249071
125647

481861
272936
168543

= sl
B |sjerell

= |lspell

42165 38860 105214 142997

lzip(s)ls 51797 46682 137842 184824

|bzip2(s)ls
|BWg5(5) s

43178
43295

38560
39905

107683
107439

145310
146568

Fig. 11. Canterbury Corpus .txt files: |s| — length in bytes;
Isl, lshrrell and [Ispcll — theoretical lower bounds in bytes for
various data compression techniques (4); zip - popular
commercial file archiver [12]; bzip2 — one of the best open source
BWA implementations [13]

1. BWA based compressors are roughly twice as effective
as plain entropy encoders:

|bzip2(s)lg < lIsll, IBWrp(s)ls < lIsll -

2. bzip2 output is shorter than the classical BWA scheme
theoretical lower bound:

[bzip2(s)lg < lsurrll -

The reason behind that is bzip2 includes several
additional compression layers, the most important being
Run-Length Encoding (RLE) (see [14] and the references
given there).

3. Both BWp;p and bzip2 excel zip - the most popular
commercial file archiver.

We were mostly surprised at finding out that BWg,
nearly achieves BWT + DC + EE theoretical lower bound:

|BWEp(S)g~ lIspell -

To sum up, BWT + DC + FC is a highly effective
scheme for compressing plain text input (this also includes
html, xml files, various programming languages source
code, etc.). Compression and decompression algorithms
are simple and relatively fast.

Compression scheme BWT + MTF + FC is also
possible, but it is unlikely to achieve noticeable results,
because  even [lsprrll is  markedly  greater
than |BWg;5(s)|g. Besides, it is inexpensive using regular
entropy encoder together with MTF, since (syrz) IS
usually small.
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Burrows-Wheeler data compression algorithm (BWA) is one of the most effective textual data compressors. BWA includes three
main iterations: Burrows-Wheeler transform (BWT), Move-To-Front transformation (MTF) and some zeroth order entropy encoder (e.g.
Huffman). The paper discusses little investigated scheme when MTF is replaced by the less popular Distance Coding (DC). Some
relevant advantages and downsides of such modified scheme are indicated, the most critical being heavy DC output alphabet. It is shown
that applying Fibonacci Code instead of entropy encoder elegantly deals with this technical problem. The results we obtain on the
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Anroputm Bappoysa-Bunepa (BWA) siBisiercst oqanm u3 HanbOonee 3p(eKTHBHBIX METOIOB CKATHsl TEKCTOBBIX HaHHBIX. BWA
BKJIIOYAeT TPU OCHOBHBIX HTepauuu: mnpeobpasoBanue bappoysa-Bunepa (BWT), tpanchopmamuio Move-To-Front (MTF) u
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KoJIupoBaHUeM pacctostui (aHri. Distance Coding). IIpuBonsiTcsi OCHOBHBIE IUTIOCHI M HEIOCTATKH MoauuuupoBanHoro BWA, cpenun
KOTOPBIX 4epe3MepHO Ooubmoil andaBuT WICHTHOUIUpPYETCS KaKk OCHOBHOW. [l pemeHust 3TOH TEXHHYECKOH INpoOiIeMbl
npeularaeTcs yHuBepcanbHbli kox dubonauun. Ero msmomsoBanme Ha TperheM mmare BWA ¢ TeKCTOBBIMH JaHHBIMU TO3BOJISET
JOCTHYb Pe3yJbTaThl BeChbMa OJHM3KHE K TeopeTHnyeckHM. ONMUCHIBaeMBIN aITOPUTM CXKATHs JAHHBIX TAKKe MPEBOCXOAUT IOy ISPHBIN
KOMMEPUYECKHI apXuBaTop zZip u 6iau30K 110 3G (HEeKTHBHOCTH K HAMHOTO Gosiee cinoxkHoi BWA peanusanmu bzip2. M. 11, 6ubn. 14,
Tabn. 1 (Ha aHITIMIICKOM sI3bIKe; pedepaThl Ha aHTIIMIICKOM, PYCCKOM M JINTOBCKOM $3.).

R. Bastys. Fibona¢io kodo panaudojimas Burrowso ir Wheelerio duomeny kompresijos schemoje // Elektronika ir
elektrotechnika. — Kaunas: Technologija, 2010. — Nr. 1(97). - P. 28-32.

Burrowso ir Wheelerio duomeny kompresijos algoritmas (BWA) yra vienas efektyviausiy tekstiniy duomeny archyvavimo metodu.
BWA jungia tris iteracijas: Burrowso ir Wheelerio transformacija (BWT), Move-To-Front transformacija (MTF) ir pasirinkta entropini
koda (pavyzdziui, Hafmano). Straipsnyje analizuojama mazai iSnagrinéta schema, kai MTF pakei¢iamas atstumy kodavimu. Nurodomi
modifikuoto algoritmo pranasumai ir trikumai, palyginti su klasikiniu BWA, identifikuojama pagrindiné techniné problema — pertekliné
abécelé. Jai spresti pasitelkiamas universalus Fibonaéio kodas, leidZiantis iSvengti abécélés saugojimo sanaudas. Rezultatai, pasiekti
koduojant tekstinius duomenis apraSoma schema, yra labai artimi teoriniams. Pateikiamo algoritmo efektyvumas pranoksta placiai
naudojamg komercinj archyvatoriy zip ir yra panaSus i vienos sudétingiausiuy BWA realizaciju (bzip2) suspaudimo koeficienta. Il. 11,
bibl. 14, lent. 1 (angly kalba; santraukos angly, rusy ir lietuviy k.).
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