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Introduction

The electric and magnetic field intensities satisfy the
following system of stationary Maxwell's equations:

rot E-iw-B=0, )
rot H+iw-D=j,
which is possible to be presented in matrix form
MU=1J, )
E)C
iweeyl G, E
where M = e , U= LE=|E, |,
Gy, —iopp H
EZ
0 -2, o, H, i
Go=| 2. 0 -a ] H=H,|, J=(0j’
-6, 4, 0 H,
Jx 0 4 0 0
j={J,|» 0=|0|, u=|0 u O |, ® —the constant
jz 0 0 0 My

frequency of electromagnetic field; M - Maxwell's
operator; I — a unity matrix 3x3; E, H — the intensity of
electric and magnetic fields, u a factor of magnetic
permeability; J — vector of current density.

In magnetically anisotropic media the relation
between induction and intensity of the magnetic field is:

B=ppH , B, = pguH .,

3
By :/uO/tu’ Bz :luOIUIHz’
and vector of electric induction:
D=c¢eyE . 4)

The elements of the magnetic permeability tensor u

are chosen so that the axis of anisotropy is directed along
axis z. It is required to define the intensities of the
electromagnetic field E, H in the space of generalized
functions.

Solution of the problem

A method based on the theory of the generalized
function of the Fourier transformation is used for solving
the matrix equation (2) [1]:

E(k) = F[E(r)] = J'E(r) exp(—ikr)dV , (5)
R3

1 ~ . 3
E(k krYd°k, (6
(zﬂij} (k)exp(ikr)d*k , (6)

E(r)=F'[E(k)] =

where d’k = dk .dk dk_, dV =dxdydz , r = (x,y, ).

By means of direct Fourier transformation we write
down the system of the equations (1) or (2) in matrix form:

MU=1J. (N
The solution of this problem is reduced to the solution of

the system of the linear algebraic equations (7), where U
is defined by means of inverse matrix M

U=M"7J. (®)
By introducing new functions according to
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g ! (10)
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The components of the electromagnetic field after
transformations in image space can be written as follows:

= i ~ 5 Y1 om 7
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H,=—i[k,j1. 9" .
([kaj]z Ekxjy_kij)' (14)

It is possible to represent the electromagnetic fields in
(12) and (13) in vector form as following

i

E=-— (k5% + ke tk. 5,0, 02 }- kDT, ) (15)

EEYO

H =ik, ~Rk, [k J 1Y) +ieslk il o
<(Wo —¥") — ik, j1¥,.
where 72.71_ +J~'07 70 =(0’0972) > h :(]N'stN'y,O),
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It should be noted that the following useful formulae
follow from (12):

Y, - =k - k2w, (17)

¥, —%\Tf;” = (k2 -k2)Fy. (18)

With the help of identity in (17) and (18), the last
equation (16) can be represented as

H =i(kge, —k.k)k,j, 1,9 ik, j1¥,. (19)
Using the property of convolution:
FIM Jj=M"*J, (20)
and considering inverse Fourier transformation
M~'=F'M7'], J=F[J], @21

it is possible to get the solution of the Maxwell equations
(2) as:

U=M"*J, (22)

where symbol “*” denotes the convolution on coordinates
X, V, Z.

So, after the inverse Fourier transformations from
(15) and (19) we obtain:

i

E=- ((kg +graddiv)j * W, — kg x

EQED

xrot(e, (e,rotj, ) * V' ] (23)

H = (kle, +ai grad)rot_j, * Wy —rotj * \¥,,. (24)
Z

This solution can be written in the form of the sum of
two solutions: (12)

E=E,+E, H=H,+H,. (25)

It should be noted that the first of them is the
‘isotropic’ solution. It is defined by Green’s function ‘¥
and the density of the current j, directed endwise the axis
z (of the anisotropy):

i

E =- (graddiv+ kg )(Wo * jo )

£gEW
H, =-rot(Y, * jj),

(26)

where the Green’s function ¥, can be defined from (7) by
inverse Fourier transformation [1]

- i
v, :F*‘[Wo]z—%w,ra/ﬁ 42 gt .27
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The second solution can be written by using the
component of the density of the current j, perpendicular

to axis z and the Green’s functions ¥, and W5 :

E,=- : ((kg +graddiv)j, *¥, — kg rotx
E9ED

x(e,rot j, )+ W' ) (28)

H, =(kle, +§grad)rotzjl *P) —rotj | *¥,.

z
- i
@ =P = _ ﬁm_ (29)
4\ 1y r
p= xRyt (30)
H

W= =¥ * W (31

The function ¥, (27), is a fundamental solution of

the Helmholtz operator for isotropic medium, while ¥{"
in (29) corresponds to the functions ¥, in space deformed

along the axis z.
Furthermore, the
(identities) are valid [2]:

following  transformations
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We find that the function 5", (31) is given by:

m 1 ikyz :
yr = . [e™* (Ci(ky (r—2)) +

+iSi(ky (r—2)) +e "0 (Cilky (r +2)) +
+iSi(ky (7 +2)) — " (Ci(k,, (' —ky2)) +
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% (Ci(k, (' + ko 2)) +iSi(k, (F' + ko2, (35)

where integral cosine and sine are defined by formulae’s:

Ci(z) =y +1nz +J&Hdz : (36)
0 t
Si(z) = j%n’dt—%, (37)
0

and Euler’s constant y =0,5772 .

Radiation patterns of Hertzian radiator in magnetically
anisotropic media

On the basis of the results obtained above, we
consider now numerical results for the radiation of the
electric dipole.

The moment of point electric dipole is given by

—iot

D =npe (38)

(P=py+PL)s

where p is a constant. It corresponds to the current density
defined by means of the Dirac delta-function:

j=—iw- po(r). 39)

The expression of the electromagnetic field for
electric radiator will take the following form as for
isotropic medium, when the direction of the dipole moment
is parallel to the axis z ( p = p, ) (Fig. 1):

E, =—(g0¢)" (graddiv+ kg )(¥o py)»
H, =iw-rot(Yyp,).

YN
N N

Fig. 1. Directional diagrams (DD). The dipole moment is

(40)

parallel to the axis z ( p = p, )

Also when the direction of the dipole moment is
perpendicular to the axis z, we obtain (p=p, ) (Fig. 2,

Fig. 3):

£ - kirot(e, ot p, W3') — (k¢ + graddiv)(p, ¥,)
2 = s

Nt (41)

H, = (e, +—gradyot, (p, ¥3) - ot(p, ¥o).
iz

c)r=9 d)p=r/2

Fig. 2. DD. The axis of electric dipole is perpendicular to axis z
(p=pL) m/pu=9
X

Fig. 3. DD. The axis of electric dipole is perpendicular to axis z
(p=p) /=15

Radiation pattern of point magnetic dipole moment in
the magnetically anisotropic media

On the basis of the obtained results, we consider now
radiation of point magnetic dipole moment. For a point
radiator with the oscillating magnetic dipole moment,
similarly to the electric dipole case (38), we have:
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m=nmexp(—iw-t),(m=my+m, , m=const) (42)

the electric current density is defined by using Dirac’s
delta-function:

Jj=-1mV]-5(r). (43)

Components of a current density (43) have the
following form:

. 0 0
Jo :ez[myg—mx 5)50), (44)

and

0 0 0 0
i = O, Dyve i, Lom. Loy, (45
J1 (ex(mz ay my 82) ey (mx oz m, ax)J (r) ( )

Case m = m, Relation between density of an electric
current j, and the magnetic dipole moment is defined

from (45) in case when the magnetic dipole moment m is

directed lengthwise z:
A =mo(ex e 3}5@).
X

46
> 3 (46)

It should be noted that the following useful formula hold:
divj, =0, j, =0. 47)

Taking into account (47), intensities of the
electromagnetic field by the magnetic dipole moment are
defined from the solutions (28) in this case, as following :

k*m
E ==""Crot(e, V"),
g€y

(43)

2
H = mAP” 4 my (P 1)L — g P rad
0AT] 0 7 T 0 1
M 0z U Oz

We have taken advantage of the next formulae which
followed from (17) after inverse Fourier transformation

2 2
Hogm _w, (O - £ 22 AN (49)
)7, ox~ oy
o*
o = W+ (50)
zZ

Directional diagrams are represented in Fig. 4.

Case m = m, . For the point magnetic dipole moment
m, which is perpendicular to axis z, by substituting (43) or
(44) and (45) in (26) and (28), we define intensities of
electromagnetic field as following (Fig. 5, Fig. 6):

kg a lul m
{—(m, e, ]—Y¥" —grad «
gy 0z M

E=i
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Oz Oz
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a) g/ =7 b) p=0
Fig. 4. DD. The axis of magnetic dipole is parallel to axis z
(m = my).

c) r=10
Fig. 5. DD. The axis of magnetic dipole is perpendicular to axis
z, wy/pu="7.

The solution can be written by using the component
of the density of the current j, perpendicular to axis z.

c) r=10
Fig. 6. DD. The axis of magnetic dipole is perpendicular to axis z,

M lu=15.

d)p=m/2

Conclusions

The numerical calculation of the solution of Maxwell
equations satisfies the energy conservation law. Numerical
computation shows that time average value energy flux on
a surface of sphere from a point dipole remains
independent from its radius.

As shown in the electric dipole directional diagrams,
medium becomes isotropic for such radiator if its moment
is directed along anisotropy axis. The dipole pattern in
isotropic media is shown in Fig. 1 and directional diagram
itself possesses the rotation symmetry. However the point
magnetic moment does not possess such property.

When z¢4 approaches u, the potential ¥, tends to

zero and the well-known expressions of electromagnetic
field follow from (26)-(28):

(51§32

(33)

E=i-2 (graddiv+ k) A,
kO
H = (,u,uo)_1 rotA,
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where the well - known formula for the vector potential of =~ References
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