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Introduction 

The generalized design of the microstrip multi-
conductor line (MMCL) is shown in Fig. 1. The MMCL 
consists of a dielectric substrate with a conducting layer 
(shield) on one side and microstrip conductors on the other 
side. The number of the microstrip conductors, their width 
and space between them are specified independently. Due 
to their planar design, these lines are broadly used in many 
electronics areas [1–3]. MMCL are also successfully used 
as physical models designing microwave devices [4–9]. 
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Fig. 1. Generalized design of the microstrip multiconductor line: 
1 – shield; 2 – dielectric substrate; 3 – microstrips conductors 

It is known, that, generally, in an MMCL consisting of 
N conductors, N normal waves (or normal modes), which 
are characterized by N propagation factors iβ  and 2N  
characteristic impedances kiZ  (where k is type of normal 
mode; i is conductor number), can propagate. 

Phase and group velocities of different types of normal 
waves differ from each other in the MMCL. Therefore it is 
desirable to use only normal waves for information 
transmission. 

Conditions for propagation of the certain type of the 
normal wave in MMCL, generally, is determined by 
selection of amplitude and a sign of voltages, which are 
sent into MMCL conductors. 

Various methods of analysis are used for calculation of 
main characteristics of MMCL: some researchers assume 
that the number of conductors in MMCL is infinite [4–6]. 
The line in this case is periodic structure and only two 

types of normal waves can propagate in it: even and odd (if 
width of microstrip conductors is equal), or с-wave and π-
wave (if the period of MMCL contains two conductors of 
different widths). Such approach in analysis of MMCL 
saves computing resources (characteristics of only two 
adjacent conductors of MMCL are actually calculated), 
and it is correct enough if the structure of the researched 
device is close to periodic, i.e. the number of conductors in 
the corresponding MMCL is great, suppose, more than 50. 
If the number of conductors of MMCL is small, 
heterogeneity of the modelled device should be taken into 
account. Many methods of analysis of MMCL may be used 
in this case. For example, the quasi-TEM approximation of 
MMCL in isotropic media was studied from a theoretical 
point of view in [10]. It was shown that, in the quasi-TEM 
approach, such a multiconductor line can be represented in 
circuit terms by a set of coupled transmission lines 
described by the classical telegraphers’ equations. 
Numerical analysis, using integral equations, can be found, 
for example, in [11, 12]. 

In the present contribution we will first concentrate on 
analysis of MMCLs in the quasi-TEM approach using the 
method of moments (MoM). 

Quasi-TEM analysis is often regarded as an appro-
ximation for low frequencies. Low frequency for the quasi-
TEM means that the dimensions of the cross section of the 
structure are small compared to the wavelength [10], [13]. 
Really, the quasi-TEM analysis neglects wave propagation 
effects in the cross section of the structure and only takes 
longitudinal propagation into account [13]. 

Further it has been shown that in the isotropic case 
[14] the quasi-TEM analysis remains useful, at least 
qualitatively, to high frequencies for the fundamental 
modes. Really, the quasi-TEM analysis may be surely used 
as an approximation for the fullwave analysis where the 
longitudinal field components have been neglected. 

Normal Modes Definition 

The concept of normal waves is rather wide and has 
some interpretations. According to encyclopedic definition 
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[15] normal waves (natural waves) are harmonic waves of 
specific physical nature (electromagnetic, elastic, etc.), 
supporting constant cross structure of the field and (or) 
polarization at the rectilinear propagation. According to 
this attribute, normal waves differ from all other waves, 
capable to propagate in the given system. For example, at 
propagation of normal electromagnetic waves between 
parallel conducting planes, the cross structure (in relation 
to the direction of propagation) of the electric field of a 
normal wave is the same in all cross-sections. The cross 
structure of any other wave, which is distinct from normal 
waves, it is not maintained at propagation. 

The physical essence of normal wave in the MMCL is 
determined by that in the multiconductor line, which is free 
from sources, the any propagated wave can be submitted as 
superposition of normal waves, and the resulting flow of 
electromagnetic energy is equal to the sum of flows of all 
normal waves. 

In the case of MMCLs, normal waves are not defined 
in terms of the cross-structure of fields, but rather in terms 
of the relation of amplitudes of oscillations on separate 
conductors. This relation is kept constant along conductors. 

Investigation of Normal Modes by the MoM 

In order to excite and analyze normal modes in an 
MMCL, modal voltages sent to the line conducting micro-
strips, should be known. Normal mode in case of MMCL 
is achieved when phase velocity of the electromagnetic 
wave along each microstrip conductor i  is the same: 

 p1 p2 p p 0 r ef... ... ci Nv v v v ε= = = = = ,             (1) 

where 0c  – velocity of electromagnetic wave in free space; 
(a)

r ef 1 1i iC Cε =  – effective dielectric permittivity of the 
MMCL; 1iC  – capacitance per unit length of i-th  
microstrip conductor of the MMCL; (a)

1iC  – capacitance 
per unit length of the same microstrip conductor, with free 
space (air) in place of the dielectric substrate. 

 Since c0 is constant, εr ef must be the same for all 
microstrip conductors in order to excite a normal mode. 
Modal voltages in an MMCL are calculated using partial 
capacitance matrices 1C  and (a)

1C . The matrix 1C  is a 

square N N×  matrix, where N is number of microstrip 

conductors of MMCL, and each element Cij is capacitance 

per unit length of j-th microstrip conductor, when voltage 

of i-th microstrip conductor is 1 V, and voltage of other 

conductors is 0. (a)
1C  is the similar matrix of the same 

MMCL with free space in place of the dielectric substrate. 
At known both matrices, we can find modal voltages by 
calculating eigenvalues of the relative effective dielectric 
permittivity vector. We propose to use the combination of 
the method of moments and partial images technique [12], 
[16] for accurate calculation of partial capacitance 
matrices.  

Our proposed technique for investigation of normal 
modes in an MMCL has been verified by comparison of 
calculated parameters that were published in article [17]. In 
the mentioned work the three-conductor asymmetrically 
coupled MMCL have been investigated. Results of calcu-
lations of parameters of the investigated line are submitted 
in Table 1. It is obvious, that values in Table 1 agree 
within 3 % in most cases, and taking into account that in 
[17] other technique of investigation (spectral domain 
method) is used, it is possible to tell about good reliability 
of the received results and the proposed technique. 

Table 1. Comparison parameters for three asymmetric coupled 
microstrip lines (W1 = 0.3 mm, W2 = 0.6 mm, W3 = 1.2 mm, 
S1 = 0.2 mm, S2 = 0.4 mm, h = 0.63 mm, εr = 9.8), obtained 
using the proposed technique (MoM), and in [17]. 

Mode A Mode B Mode C Conduc-
tor MoM [17] MoM [17] MoM [17] 

Modal Voltages, V 
#1 1 1 1 1 1 1 
#2 –0.9 –0.875 0.61 0.6 1.16 1.15 
#3 0.17 0.175 –0.66 –0.66 1.19 1.13 

Relative Effective Dielectric Permittivity 
– 5.51 5.55 6.1 6.15 7.58 7.6 

Characteristic Impedance, Ω 
#1 45 46.5 73.6 76 106 107 
#2 32.6 33 55.7 57 72.6 73.5 
#3 20 19.5 29 30 39.6 40 

Further, using the proposed technique we investigated 
the conditions of excitation and propagation of normal wa-
ves in the four-conductor symmetrically coupled MMCL. 
The cross section of the investigated MMCL and arran-
gement of modal voltages which are sent into the MMCL 
for excitation of normal modes, are shown in Fig. 2. 

h

 
Fig. 2. Cross-section of investigated MMCL and modal voltages 
structure for four normal modes 

 In case of symmetric four-conductor MMCL (where 
widths of all conductors are equal, and the gaps between 
conductors are also equal), four modes of normal wave 
propagation are possible. Information about modal 
voltages is presented in Table 2. 

Table 2. Relations of modal voltages for four normal modes 

Signs of modal voltages Mode 
V1  V2 V3 V4 

Relations between modal 
voltages 

A + + + + 1 4V V= ; 2 3V V=  

B + + − − 1 4V V= − ; 2 3V V= −  

C + − − + 1 4V V= ; 2 3V V=  

D + − + − 1 4V V= − ; 2 3V V= −  

Plus and minus signs specify polarity in Table 2, but 
not magnitude of modal voltage. The calculation results of 
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normal modes parameters versus normalized microstrip 
width W/h are shown in Fig. 3. 

It is seen in Fig. 3 (a) that in case of symmetrically 
coupled four-conductor MMCL, the value of voltages, sent 
into adjacent microstrips, ratio is only one for each mode: 

2 1 4 3kR V V V V= = ,                                (2) 

where k  denotes the mode index. Therefore, for each 
mode, only two voltage magnitudes are distinct: 1 2V V≠ , 

and 3 4V V≠ . 
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Fig. 3. Eigenvector elements of voltage ratio (a); effective 
dielectric permittivity (b); characteristic impedance (c) of four-
conductor MMCL versus normalized microstrip width;  εr = 10 

At investigating dependences of normal waves 
parameters on the width of microstrips of the MMCL, we 
found that, in general, these dependences are similar to 
dependences for the microstrip coupled lines [18]. Sending 
voltages of identical sign into all microstrips of the MMCL 
(mode A, or c-normal wave), the voltages ratio, at increa-
sing W/h, varies insignificantly (Fig. 3 (a)). In our exam-
ple at increasing W/h by 10 times, RA has increased only 

by 10 %. Similar dependence is observed for mode B when 
voltages of identical signs also are sent (into the pairs of 
external microstrips). Nevertheless, at the same variations 
of W/h for mode D (π-normal wave), RD increases almost 
2 times. 

Effective dielectric permittivity  εr ef also increases 
(Fig. 3 (b)) with increasing W/h for all modes (because 
electric field concentrates in the dielectric substrate). But 
the degree of this increase is different for each mode. It is 
seen that εr ef for mode A varies most of all – by 24 %, and 
εr ef for mode D varies least – only by 4 %, correspondently 
εr ef for modes B and C vary by 20 % and 10 %. 

The characteristic impedance, in contrast, decreases 
with increasing W/h, for all modes (because the 
capacitances of conductors per unit length increase). For 
symmetrically coupled four-conductor MMCL we have 
found that Z1 = Z4 and Z2 = Z3, where index denotes 
conductor number. Therefore it is enough to present only 
eight dependencies of characteristic impedance on W/h. In 
Fig. 3 (c) Zki denotes characteristic impedance of i-th 
conductor for mode k. It should be noted that for every 
mode internal microstrips of MMCL (# 2 and # 3) have the 
greater characteristic impedance, and external microstrips 
(# 1 and # 4) have smaller impedance. The impedance of 
internal microstrips also changes, changing W/h, in the 
greater degree. We found that as well as in case of 
εr ef (W/h), mode A responds most sensitively to changing 
W/h – its impedances vary almost 5 times for internal 
microstrips and 3 times for external. 

IV. Conclusions 

A technique of investigation of normal waves in 
MMCLs, based on the method of moments (MoM) and 
partial images approach, is proposed in this paper. 

The proposed technique was verified comparing 
calculated parameters of MMCL with published data, and 
calculated values agree with published ones within 3 %. 

The four-conductor symmetrically coupled MMCL 
was investigated using the proposed technique. We 
revealed that changing MMCL conductor width, the 
voltages ratio for mode D, relative effective dielectric 
permittivity and characteristic impedance for mode A 
change in higher degree than for other modes. We also 
found that values of characteristic impedance of the inner 
conductors of MMCL are greater than impedance of the 
external conductors. 
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