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Introduction

The paper is devoted to analysis of digital image
processing issues for the case when the linear regression
models (LRM) are wused for transformation and
classification of these images. Using methods of numerical
analysis, we will investigate representation precision and
classification quality of these images by comparing
different representation cases of real digital images. It is
expected that more precise representation would ensure
higher precision of classification, i.e. lower classification
error rate.

Throughout the study, members of Fourier series and
their products are used as basis functions of LRM.

In the paper, we will consider grayscale digital
images in the form of m xn matrices of rational numbers
each representing brightness level of a pixel from the real
scene. All digital images exploited for numerical analysis
are obtained by scanning of real scenes with further
preprocessing including application of a logarithmic
operator and elimination of the background trend on the
basis of median filtering. In the same way as in [1],
elements of digital image A = (a,-j) will be interpreted as

applicates (z coordinate values) of a geometric surface
Vo that are perturbed by realizations of the random

variables X ij with Gaussian distribution. It is assumed that

Xj; are independent, their mean values are EX; =0 and

variances DX =02 are very small. Therefore we may
assume thata; ~z; . With such interpretation, we can

analytically approximate the surface V4 by means of a
relevant LRM

K
F(,3:0)= 3 O (x, ). (1)

k=0
where gok(x, y) are basis functions of the LRM, and 6

are components of an unknown vector 0. Estimate 0 of
the coefficient vector 0 usually is calculated using the

25

least squares method, i.e. finding it as a minimum point of
a function

m n

Y 3 (ay — flxi.y:0)P .

i=1j=l

0(0) )

Argument values of the functions x; and y; will be
determined accordingly with the chosen basis functions
and calculated for each pair of indices (i, j) using the
certain formula.

Analytic approximation of the geometric surface Vp
can be performed also in a different way, namely by
transforming the digital image A:(al-j) into a m-n

dimensional vector

_ va
o= (al 1 a012,~--:aln:aZlaa22a~~aa2nw~>amlaam2a~~-:amn) .
In this case, applicates z; of discrete points of V, turn

into ordinates of a geometric curve L, . Analytic
approximation of L, can be found using the relevant

LRM as

K
g(x;0)= > O (x).
§=0

3)

Estimate © of a vector @ of unknown coefficients
Oy is calculated again using the least squares method by

finding it as a minimum point of a function
m n

0(6)= > Zl(aij ~gly0)F )
i=lj=

If the number of basis functions of LRM (1) and
LRM (2) is the same, it is expected that analytic
approximations of ¥ will be close. However, results of
numerical analysis show that such hypothesis is
controversial.

In order to ensure fast calculation of estimates é, a
relatively small number of basis functions was chosen in
all LRMs (if compared with m-n). That guarantees non-
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singularity of the matrix M =F7F and, consequently,

possibility to calculate 0 according to formula

0=M"'FTq, 5)

where F is the design matrix of the corresponding model
with elements ¢y (xi, y j) or gok(x,j). If v;; is the order

number of a component a;;, then the v -st row of a

design matrix is vector

<(p0(x,-,yj)(pl(xi,yj),...,(pK(x,-,yj)>. In the case of model
(2), this row of the matrix F will be a vector

ST P S P

Thus, the calculation of estimates 0 for different
images A is done by replacing only the vector a in
formula (3).

a

Approximation precision of digital images

Let us discuss digital images represented by matrices
25x 25 that correspond to certain categories of real scenes.
We had a number of digital images at our disposal,
obtained from two different categories of real scenes:
scenes where small metal rings (category 1) and pieces of
glass (category 2) were eventually present. Sizes of digital
images were chosen in a way ensuring that eventually
present foreign body (ring or glass) is fully contained in
such fragment.

Model (1) uses products of members of Fourier series
Oy (x), O (y) as basis functions ¢y (x, y). Model (2) uses

105 (x) =sinx,
System of basis

basis functions ¢o(x)=1, ¢(x)=cosx,
3 (x) =CcoSs2x, ¢4 (x) =sin2x,
functions of model (1) is arranged according to the
following principle [2]:

¢y (x)-@r(v) follows the ¢ (x)- ¢, (»). if

1) max(s t')> max(s t);

etc.

)
) max(s’,¢')=max(s,t) and 5"+ >s+1;
3) max(s',¢')= max(s,t), s'+¢' =s+¢ and s<s'.
According to the assumed principle, the first 9
members of functions ¢y (x, y) form a functional
vector <l,cos ¥,C0SX,COSX - COS V,8in y,sin x,cos x -sin y,

sin x - cos y,sin x - sin y) . The first twenty-five (resp., forty-

nine) functions are presented in Table 1. Further we shall
use numerical analysis to evaluate three different cases of
models (1) and (2), assuming that the first case V| relates

to number of basis functions K +1, the second case V-
to K5 +1 and the third case V3-to K3 +1, where K| =8,
K, =24 and K3 =48.

Table 1. Two argument trigonometric basis functions

No. Basis functions No. Basis functions
1 1 26 cos(3y)
2 cos(y) 27 cos(3x)
3 cos(x) 28 cos(x)cos(3y)
4 cos(x)cos(y) 29 cos(3x)cos(y)
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No. Basis functions No. Basis functions
5 sin(y) 30 sin (x)cos(3y)
6 sin( x ) 31 cos(3x)sin(y)
7 cos(x)sin(y) 32 cos(2x)cos(3y)
8 sin (x ) cos(y) 33 cos(3x)cos(2y)
9 sin (x ) sin(y) 34 sin(2x)cos(3y)
10 cos(2y) 35 cos(3x)sin(2y)
11 cos(2x) 36 cos(3x)cos(3y)
12 cos(x)cos(2y) 37 sin(3y)

13 cos(2x)cos(y) 38 sin(3x)

14 sin(x)cos(2y) 39 cos(x)sin(3y)
15 cos(2x)sin(y) 40 sin( 3 x)cos(y)
16 cos(2x)cos(2y) 41 sin(x)sin(3y)
17 sin(2y) 42 sin( 3 x ) sin(y)
18 sin(2x) 43 cos(2x)sin(3y)
19 cos(x)sin(2y) 44 sin(3x)cos(2y)
20 sin(2x)cos(y) 45 sin(2x)sin(3y)
21 sin (x)sin(2y) 46 sin(3x)sin(2y)
22 sin( 2 x ) sin(y) 47 cos(3x)sin(3y)
23 cos(2x)sin(2y) 48 sin(3x)cos(3y)
24 sin(2x)cos(2y) 49 sin(3x)sin(3y)
25 sin(2x)sin(2y)

The following models will be considered then

8
filx,y:0)= 3 Ocei (. y), (6)
k=0
24
£(x,3:0)= X Ocxc(x, y), (7)
k=0
48
£(x:0)= 3 O (x, ), (8)
k=0
8
g1(x;0)= Zem( )., ©)
24
g2(x:0)= > Oy (). (10)
k=0
48
23(x;0)= > O (x). (11)
k=0

Taking into account the character of basis functions
and the size of digital images, values x; and y; of

arguments x and y were determined according to

i-13

X;=2rm- 75 (12)
i—13

y,~=27r-12—5, (13)
L vy-313

xjj = 2 '—625 . (14)

It follows directly from the equalities (7), (8), (9) that,
for the model (1), values of basis functions will be
calculated within the square [— 7[,72'])([— 7, 72'], and for the

model (2), within the interval [- 7z, 7].



Taking into account the fixed number of basis
functions in LRMs ((6), (7), (8), (9), (10), (11)), it is easy
to be convinced that matrixes M for all models will be
non-singular. Therefore transformation of digital images

into the estimates © can be performed using the formula
3).

® Three different measures are chosen for the
evaluation of precision of analytical approximation:
Ri(AM,,), R(A,M,,) and R3(A,M,,), where
,u=1,_2, v:l,_3. Precision measure RI(A,MW,) for the
model (1) is defined by the equality

25 25 ~
RI(A,MI,V)=\/Z TR PRI )
i=1j=1
for the model (2) - by the equality

Rl(A,Mz,v)=\/ 6225(% —gv(x,y;é))z :

vij =1

(16)

Precision measure R, (A,M y,,,) for the model (1) is
defined by the equality
___ B
alo+pTp-alp’

Ry(A, My, )= (17)

where l3=(fv(xl,yl;élfv(Xlsm;6),---,fv(x1,y25;é)
v (XZJ’I;é)fv (xz,yz;f))...,fv(xz,y25;é)...,fv (x25ay1§é)
Sy (xzs,yz;é),.-»fv (xzsayzs;é))r :

For models (2), this measure of similarity of
Tanimoto type will be defined as follows

aly

Ry(A, M3, )= (18)

ala+yTy—aly’

A A A

where y = (gv (xl,l;e)gv (Xl,z ;Oln-:gv (xl,zs ;9)> 8v (x2,1;6)
8v (Xz,z;é)-n,gv (xz,zs ;él...,gv (XZS,I;é); 8v (Xzs,z;éln-,

8v (xzs,zs;é))r .

Instead of Tanimoto- type measure of similarity we
will use also the following precision measure of analytical
approximation:

T
Rs(A,Ml,V)%(nﬁ], (19)
1 aly
R3 (A, MZ,V)Z E{l +WJ . (20)

Numerical analysis is used for the evaluation of
approximation precision because analytical methods are
not performing properly here. It is especially noticed
during comparison of the results obtained using models

fv (x, y;é) and corresponding models g, (x;é). Obviously,
obtained numerical results (see histograms A,B,C; A',B',C';
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A"B"C"; A"B",C") fully confirm the theoretical
expectation that approximation precision increases when
the number of basis functions in a model is increased. This
fact is confirmed by all chosen precision measures,
calculated for the digital images of the first category.
Despite the fact that the number of basis functions is
enlarged nearly twice when the model case is changed to

the next,
significant (Fig.1.,
AIV’B"’C"; A"”B"”Cl").

obtained precision enhancement was
see histograms

AB,C; A'B.CY

=
e
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Fig. 1. Approximation precision histograms
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It should be noticed that precision measures of model
(1) are close to those for the same cases of model (2).
However, a more careful analysis shows that, for the case
of 49 functions, approximation precision of model (1) is
noticeably better than that of the model (2).

In addition, it is noticed that the precision measure
R, (A,M ;,,,,) can be used to get a certain idea about the

mean approximation precision of a pixel by dividing
R, (A,M H’V) by the number of pixels 625. Table 2 shows

lower and upper values of this measure for particular
model / case.

Table 2. Precision boundary

Model “ ®) (6 @ | &) | (©)
Lowest 0.71 0.70 0.69 0.71 0.70 0.69
/ / / / / / /
Highest 4.12 3.82 3.70 420 | 4.17 4.11
boundary
As histograms for the precision measure

Ry (A,M #,,,) turn out to be similar with histograms for the
precision measure Rj3 (A,M W,), only histograms for the
precision measure R, (A, M 2,1,) are presented in Fig.2.

(see histograms D,E,F and compare them with A", B",C",
respectively).

Ry(A, M) Ry(A, M3 ,)

0.01 0.05 011 0,16 0:21 0.26 0.31 0.3 0.41 0.45
approximation precision

D)

0.01 0.05 011 0,16 0:21 0.26 0.31 0.3 0.41 0.45
approximation precision

(E)

Ry(A, M 3)

0.080.110.16021 0.260.31 0,36 0.41 0.45 0.51
approximation precision

(6]

Fig. 2. Approximation precision histograms
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Precision measures calculated for the digital images of the
second category have shown very similar results.

Quality of image classification

All digital images of both categories can be divided
into two subsets: those that "contain" (subset S;) and "not
contain" (subset S, ) foreign body to be identified. We will
say that a digital image "contains" a foreign body if it is
obtained by scanning the real scene where such a body is
present. Classification problems discussed here are related
to real application tasks.

Classification of images within one category is
performed according to the scheme described in [1]. To
implement that, non-empty subsets of images S| and S5
of corresponding category were chosen. All images
A € S U S were transformed into vectors of coefficients

0 of the chosen model and sets of vectors V{ and V3
representing corresponding images were formed.

As the next step, sets V| and V3 were clusterized
exploiting the full (complete) linkage rule of the hierarchic
clustering. Clustering was stopped when 5 clusters were
obtained. Centers of all clusters were calculated and sets of
vectors Vi and V; replaced by sets of calculated cluster
centers Z{ and Z5.

Image of the corresponding category was classified as
"not containing" a foreign body, if

d.(0.21)< a.(0.23). @1)

where 0 is a vector of coefficients representing image A,
and d, is the Euclidian distance. It means that the result of
classification is determined by the LRM wused in the
procedure, by exploited clustering procedure and Euclidian
distance from the vector 0 representing image A to the
cluster centers Z;. It expected that better
classification results will be obtained when LRM with
larger number of basis functions will be used. Numerical
analysis using the training set S'=S;{uUS5 of size

was

|S'| =100 images of category 1, where |S1'| =35 and
|S'2| =65, produced the following results. When 35 images

from the set S;\S] were classified, number of errors was
5; when classifying 65 images from the set S, \S3,
number of errors was 0. Classification procedure exploited
LRM f5(x,1;0).

Different and not easily explained results were
obtained using the models fi(x,y;0) and f3(x,y;0).
When 35 images from the set S; \ S| were classified using
the model fl(x, y;B), number of errors was 2; when
classifying 65 images from the set S, \S5, number of
errors was 0. It means that results were better than in the
case of 25 basis functions. Even stranger classification
results were obtained for 49 basis functions, i.e. using
LRM f3(x, y;B), the number of errors was

correspondingly 10 and O in this case. Thus, a more precise
approximation has lead to worse classification results.



If the classification was based on model gj(x;0),
number of errors was correspondingly 3 and 0; with model
29 (x;()) it was 7 and 0, but exploiting model g3(x;0)
resulted in 5 and O errors.

For images of the second category where the glass
objects had to be identified, the size |S '| of the training set

S’ was 250, where |Sj|=125 and |S5|=125. After that,

250 images were tested, which were not included in the
training set, from those 125 contained glass objects and
125 did not.

Using models of the second type, the following
classification results were obtained. If the approximation

A

was based on functions f] (x, y;O), there were 7 errors
obtained from 125 images containing glass; with functions

1 (x, y;é) number of errors was 36; and with functions

13 (x, y;é) number of errors increased up to 82. In all cases
there were no errors in classification of images that did not
contain glass. Explanation of these results remains an open
problem. The hypothesis was advanced that erroneous
results are obtained due to a loss of information in

clustering process of vector sets V| and V5 when clusters
are replaced by their centers. To check that, classification
was performed using the Fix- Hodges principle [4] with
parameter ¢ =15. However, classification quality
practically was not improved using this method. Therefore
this hypothesis was rejected. Then, to find the cause,
Euclidian distance d, used to derive the classification
decision was replaced by Jordan's or Chebyshev's distance
d;. Numbers of classification errors are illustrated in

Table 3.

Table 3. Classification error

Approximation function Classification error
fi (x, y;é) (4:0);
falx,:0) (430),
£3(x,:0) (75:2),

Here, f, (x, y;é) indicates the LRM used, and the

corresponding pair of numbers in brackets show the
number of errors of the first and second type, assuming
that erroneous classification of the image containing the
object is the error of the first type.

By changing the decision- making rule, i.e. replacing
the nearest neighbour principle with condition

d,6.2,)-d;,(6.2,)<0.004, (22)

quality of the classification was noticeably improved
(Table 4).

Table 4. Classification error

Approximation function Classification error
) (03),
) (x,y;é) (1:3);
£, 0 (293),

The fact that also in this case the more precise
approximation model provided worse results is still
difficult to explain.

Conclusions

Numerical analysis clearly shows that linear
regression method cannot be used for solving the practical
tasks of image classification in a pure formal way;
different components of this method should be
experimentally evaluated to choose the most appropriate
LRM, clustering procedure, distance measure and decision
rule. We notice that increased approximation precision of
the model does not imply increased classification quality.
Unexpected classification results for the images of the
second category force us to conclude that forming of the
adequate training set is important for obtaining the proper
solution. That most directly is related to subset Sj. In

addition, it may not be assumed that the regression method
is well suited for classification of all types of digital
images.
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