
ELEKTRONIKA IR ELEKTROTECHNIKA, ISSN 1392–1215, VOL. 20, NO. 6, 2014

1Abstract—The subject of the article is an analysis of
multiple-valued memory, which, according to previously
verified assumptions should contain up to 6 stable
singularities and an unspecified number of undesirable
stable limit cycles. Eigenvalues, however, suggested that
instead of 6 stable singularities, the memory is
characterized by only four of them. This fact was
verified initially by trajectories and consequently also by
the calculation of boundary surface section led
exclusively through the “suspicious” singularities. The
result of the analysis is probably the first reference of
violated alternation of stable and unstable singularities
in sequential circuit.

Index Terms—Differential equations, memory, multilevel
systems, sequential circuits.

I. INTRODUCTION

Although binary logic is dominant nowadays, multiple
valued logic (MVL) is still of interest as well. Advantages of
MVL compared with binary logic, according to [1] are
indisputable: reduced number of circuits providing transfer
to higher orders, increased integration density and reduced
volume of arithmetic operations. The timeliness of circuits
using MVL is also confirmed by U.S. Patent [2], and by
recently published work [3]–[5].

Multiple-valued (MV) memory can be created either using
CMOS transistors, or by resonant tunneling diodes (RTDs),
or by combination of one CMOS transistor and one RTD.
Analysis of CMOS MV memories was no problem [6], [7].
Circuits were characterized by such number of attractors,
which corresponded to the number of stable singularities in
the circuit. Similarly, the analysis of elemental MV memory
consisting of two RTDs connected in series (Fig. 1)
indicated equal number of attractors or attraction regions,
and the number of stable singularities. Parameters related to
parasitic capacitance and inductance (C1, C2 and L),
however, did not correspond to the actual values on the chip.
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They were much larger. After approaching the real values of
the parasitic L, C1, C2 on the chip, the authors of the work
[8] found in the ternary memory not only three regions of
attractiveness for static attractors (for three stable
singularities), but also other undesirable dynamic attractor –
a stable limit cycle (SLC). Corresponding to this was forth
region of attractiveness in the appropriate projection plane.
Its presence made the MV memory dysfunctional and
authors became interested in the impact of negative
differential resistance (NDR) area on MV memory and SLC
existence.

Fig. 1. Model of the elementary memory cell.

Since until then, only cases of autonomous circuits were
analysed, with the load with positive differential resistance
(PDR) [6], [7], [9]–[14], no unwanted SLCs were observed.
In the following period, results of analysis with real parasitic
parameters on chip for the three-valued memory [15]–[18],
four-valued memory [19] and five-valued memory [20] were
published. The object of this paper is to analyse the six-
valued elemental memory formed of two RTDs connected in
series.

II.MULTIPLE-VALUED ELEMENTAL MEMORY

The analysed MV memory is illustrated in Fig. 1 and the
circuit is described by the system (1):
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where the characteristics of nonlinear elements fk(uk)
according to [21] are defined by (2) where kgi are
conductivities of the k-th element and kUi are breakpoints of
the v-i characteristic shown in Fig. 1. If k = 1 it is a load, if
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k = 2 it is the element. For too long relation (2) expressing
piece-wise linear (PWL) characteristic of element and load,
we list the relation with beginning and end indexes. Then,
other missing elements can be easily added. Capacitances
C1, C2 include the capacitance of the equivalent circuit of
elements, or parasitic capacitance on the chip. Inductance L
is the inductance of inputs to the elements and resistor R
expresses resistance of conductive connections on the chip.
Supply voltage is U = 440 mV and in the next we consider
control pulse ΔI = 0 and R = 0. Parameters of both RTDs
are equal and listed in Table I.
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TABLE I. PARAMETERS OF RTDS.
i 0 1 2 3 4 5

gi (S) 0,3 -0,3 -0,06 -0,004 0,018 0,1
Ui (mV) - 40 65 120 260 345

The number of singularities is defined by the right-hand
sides of the (1) and the locations of the singularities
(coordinates, see Table II) are given by the system of
algebraic equations

1 2 3 0.Q Q Q   (3)

The corresponding memory cell in Fig. 1 has 11
singularities. For better orientation, second part of Table II
lists conductivities, which form corresponding singularity.
Graphical representation of projection of the v-i
characteristics of RTDs (element - solid line, load - dashed
line) and singularities in the plane i, u2 is shown in the
Fig. 2.

Fig. 2. Projection of the PWL v-i characteristics (element is solid line and
load is dashed line) and depiction of the singular points into the plane i, u2
for R = 0.

In binary or MV memories analysed so far, the regularity
of alternation of singularities was always in effect: stable–

unstable–stable etc. (S–N–S etc.) while the first and last
singularities must be stable. Designation S1–S6 or N1–N5
then implies that under the assumption there is the stable (S)
or unstable (N) singularity and so the author of the article
considered this memory structure as six-valued. However,
the stability or instability of singularities is decided by
eigenvalues of the Jacobian matrix. The eigenvalues
corresponding to singularities are listed in Table III.

It shows obviously that the memory, which appeared as
six-valued at the beginning of this analysis, is actually only
four-valued (!), because eigenvalues corresponding to S2
and S5 (in comparison with eigenvalues S1, S3, S4 and S6)
have only 1 < 0 and Re{2,3} > 0. Moreover, also other
unstable singularities are interesting, because although N1
and N5 are classic saddle-type point (1 > 0, 2 < 0, 3 < 0),
but N2, N3 and N4 have eigenvalues 1 > 0 and
Re{2,3} > 0!

TABLE II. COORDINATES OF ALL 11 SINGULARITIES.

u1(mV) u2 (mV) i (mA) 1gi (S) 2gi (S)

S1 410 30 8,75 0,1 0,3

N1 378 62 5,51 0,1 -0,3

S2 358 82 3,5 0,1 -0,06

N2 332 108 1,94 0,018 -0,06

S3 283 157 1,05 0,018 -0,004

N3 220 220 0,8 -0,004 -0,004

S4 157 283 1,05 -0,004 0,018

N4 108 332 1,94 -0,06 0,018

S5 82 358 3,5 -0,06 0,1

N5 62 378 5,51 -0,3 0,1

S6 30 410 8,75 0,3 0,1

TABLE III. EIGENVALUES OF ALL 11 SINGULARITIES.
1  2,3

S1, S6 -1121065246658,71 -208698145901,41±96055537292,46i

N1, N5 1120279841165,22 -109195285224,98; -241853786709,47

S2, S5 -275071570315,14 60612708234,49±133556900772,98i

N2, N4 112134460619,92 24702000459,27±234086876479,59i

S3, S4 -27564330336,67 -13140911754,74±273789816718,72i

N3 15384615384,62 7692307692,31 ±277243404476i

Thus, in one memory structure we get several types of
unstable singularities (moreover, in the case of N1 and N5
without imaginary part - all other eigenvalues of singularities
have complex conjugate root 2,3), which is quite unusual
and surprising.

Therefore, based on Table III, we can conclude that
instead of 6 stable singularities in Fig. 2, the memory is
characterized by only 4 stable singularities – i.e. S1, S3, S4
and S6. All other singularities (total 7) are unstable
singularities. Just commented case is probably the first case,
which at R = 0 distorts the regularity of alteration of
singularities S–N–S etc. At the same time, following
questions arise: 1. What caused the violation of mentioned
alteration of singularities? 2. How will the presence of only
4 stable and up to 7 unstable singularities influence the
boundary surface (BS) morphology? 3. How does the NDR
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region impact the change of singularity character? The first
and third issue will be subject of the following activities of
the author, the second question will be answered in the next
part of this paper.

III. BOUNDARY SURFACE OF THE MV MEMORY

When designing new memory structure, one should
answer the question of reliable control of MV memory.

The parameter of controlling ΔI impulse cannot be exactly
determined without knowing the BS. Determination of ΔI
parameters was introduced in [22]. Of course, a prerequisite
for reliable control of MV memory is the absence of SLC.
However, even when SLC occurs, it makes a difference to
know the BS both in terms of its morphology, and in terms
of the circuit theory. Moreover, the incidence of unstable
singularities with positive eigenvalues is also interesting in
system (1) by backward integration [17]. Unstable
singularities S2 and S5 can be verified in two ways:

a) By entering IC close to S2 or S5 and tracking the
movement of representative point (RP). If S2 or S5 are not
attractors, singularities are unstable;

b) By calculating the cross-section of BS.
Verification by point a) was positive - RP always went

away from S2 or from S5 and was never attracted by S2 and
S5 "attractor". For verification by point b) it holds that if the
mentioned singularities are really unstable, then the BS must
pass through both singularities. As the current level for S2
and S5 is the same (S2, S5i = 3.5 mA), one cross-section of BS
will be sufficient for instability verification.

The algorithm for calculating the cross-section of BS is as
follows:

1. Projection plane is divided into MxN points. These will
be like initial conditions (ICs) for solving the system (1), e.
g. by Runge-Kutta method;

2. For the selected IC, in solving the system (1) it is
evaluated by which attractor the RP will be attracted;

3. The result of calculating the net of MxN points - ICs, is
a text file that contains coordinates of IC (ICi, ICu1, ICu2) and
a numerically labelled attractor. If colour is attributed to
each attractor, graphical output of a text file will be coloured
mosaic of regions of attraction for individual attractors.

By applying the above mentioned procedure of calculating
BS cross-section, Fig. 3(b) shows the calculated cross-
section of BS in the plane u1, u2 for i = 3,5 mA, parameters
listed in the Table I and Table IV.

TABLE IV. PARASITIC PARAMETERS FOR MEMORY
CELL IN FIG. 1.

L [H] C1 = C2 [F] R [Ω]
1.10-10 2,6.10-13 0

In total, the picture consists of 440 × 440 points (ICs),
which represents calculation of 193 600 trajectories.

The key to understanding Fig. 3(b) and later commented
Fig. 3(d) is as follows:

Symbols • or + correspond to stable (S1, S3, S4 a S6), or
unstable (N1, N2, N3, N4 and *S2, *S4) singularities.
Colour scale (or grey scale when printing in grayscale) of
attraction regions corresponds to the location of descriptions
of singularities S1, S3, S4 and S6 and SLC L1–L9 in colour

areas, so e.g. the region of attraction for S3 is blue and the
region of attraction for SLC L8 is yellow. Although SLC L8
is also blue, as the region of attraction for S3, L8 marking in
the corresponding region clearly distinguishes both areas
from each other. Diagonal black line, on which the symbols •
and + lie, represents the projection of v-i RTDs
characteristics to the projection plane u1, u2 for R = 0.
Similar comment applies also for Fig. 3(d).

Fig. 3 Comparison of two similar MV memories after an unexpected
reduction of the number of stable singularities: (a) or (c) Projection of the
PWL v-i characteristics (element is solid line and load is dashed line) and
depiction of the singular points into the plane i, u2 for R = 0, for
parameters: (3) or those mentioned in [21]; (b) or (d) Cross-sections of the
BS in the plane u1, u2 for: *S2, *S5i = 3,5 mA resp. N2, N3i = 0,94 mA. Values
of the parasitic elements considered in both simulations as mentioned in
(7).

Fig. 4. Details of *S2 and *S5 surroundings. Without + symbol the BS
"tail" is clearly visible around singularities. Diagonal white line is the
projection of RTDs characteristics in a plane u1, u2 for R = 0.

Figure 3(a) and Fig. 3(c) thus show PWL characteristics
as the element and load for the structure analysed in this
article, or for the structure analysed in [20]. Figures 3(b) and
Fig. 3(d) illustrate the morphology of BS, which is very
complex by SLC. Although the singularity S2 is in both
cases formed by the third segment of element (with NDR)
and by the last segment of load (with PDR), nevertheless the
structure in Fig. 3(a) shows violated alteration S–N–S etc.,
and S2 becomes unstable singularity. To avoid the notion
that S2 is a stable singularity (as opposed to picture in
Fig. 2), we change identification of the S2 to *S2, see
Fig. 3(a), Fig. (b). Similar comment applies to S5. The fact
that *S2 or *S5 is really unstable, is documented in
Fig. 3(b). It is a cross-section of BS in the plane *S2,

*S5i = 3,5 mA (see Table II). As seen from Fig. 3(b), the +
symbol is located at the boundary of regions of attraction for
S1 and L5 or S6 and L8. As Fig. 3(b) is graphically edited,
detail of *S2 or *S5 surroundings is illustrated in Fig. 4. In
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this view, also the "tail" of BS is of interest, which is not
observed at any colour region in Fig. 3(b). Cross-section of
BS in Fig. 3(b), however, does not provide information on
the 3D size of particular regions of attraction.

To get a comprehensive idea, it would be necessary to
calculate around 15-30 BS cross-sections for different
current levels, similarly as it was done in [20]. However, this
will be the subject of future activities, partly because
calculating the BS cross-section in Fig. 3(b) took about 8
hours, while using all 4 CPU cores of the PC (PC
Specifications: Intel Core2 Quad CPU 2.84 GHz, 4GB
RAM).

When using only one CPU core, the calculation of one BS
section would last about 30 hours, which places great
demands on computing power.

Figure 3(d) illustrates a view of BS cross-section for
unstable N2 and N3 for N2, N3i = 0,94 mA and the parameters
in Table IV. The parameters for RTDs can be found in [20]
in (5). Because the character of singularities did not change
in this structure, regions of attraction are more evenly
distributed in state space than in Fig. 3(b). One can get an
idea of the size of different areas in the 3D state space after
seeing a series of BS cross-sections for the planes from i = -
12 mA to i = +15 mA (Fig. 7 in [20]).

IV. CONCLUSIONS

The paper presents an analysis of a structure similar to
one that has already received publicity in [20]. PWL v-i
characteristics of RTDs were enriched by one segment,
which increased the number of singularities from 9 to 11. As
in the similar structures of MV memories at the same
parasitic parameters (7) was found the incidence of
undesired SLCs, a similar result was expected also for this
elementary memory cell (although the number of SLC is not
predictable). The expectation was confirmed and the BS
morphology is complex (partly because of the presence of a
"tail" at *S2 and *S5 - Fig. 3(b), Fig. 4) and the BS
reconstruction effort in 3D space, as presented in [23], [24],
would not be successful. Moreover, the BS morphology
should be even more complex, because it was expected that
up to 6 stable singularities would appear and redistribution
of state space into regions of attraction should be more
broken. A surprising finding, however, was that, although
the models of memory cells are similar, there is a big
difference between them. It rests in the absence of 2 stable
singularities S2 and S5 and thus presented memory is only 4-
valued (previous memory in [20] was 5-valued), but with up
to 9 SLCs present (8 SLC were present in the previous
memory in [21]). The fact of changing S2 and S5 to unstable
*S2 and *S5, was verified by calculation of the trajectories
from the surroundings of singularities and by BS cross-
section led through both singularities – Fig. 3(b). The author
is not familiar with a work dealing with similar sequential
circuit at R = 0, where the character of singularities would be
changed. It is therefore probable that this is the first ever
reference of a physical sequential circuit where there is no
alteration of singularities S–N–S etc.
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