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Abstract—Data recovery in distributed and general storage
systems requires a broad range of regenerating codes with
different properties such as locality, availability, scalability,
etc. The main goal of this paper is to enrich this palette with
four times extended Reed Solomon (RS) codes. Recently, it was
shown that RS codes can be extended five times, when
constructed over finite fields GF(q), where g=2° and £>3

is an odd integer. These codes are almost maximum distance
separable (AMDS), and they are reaching upper bounds on
code distance in known tables on the best linear block codes.
However, such codes have limitations for practical applications
since & has to be an odd integer. To overcome this limitation,
four times extended RS codes are presented in this paper.
These [q+3,9—1,4] AMDS codes can be constructed over

finite field GF (2#), where the integer u >3 is arbitrary. They

can be used in numerous different constructions of product
codes, Extended Product codes, Integrated Interleaved codes,
Extended Integrated Interleaved codes, Staircase codes, and
others, which are suitable for data recovery in storage systems.

Index Terms—Digital storage; Error correction codes;

Product codes; Reed Solomon codes.

I. INTRODUCTION

Distributed data storage and other data storage in different
forms will be essential to support the needs of diverse
applications in 6G networks. For example, edge- and fog-
type clouds can enhance autonomous transport with
autonomous cars and drones. In data centres and storage
systems, as a rule, devices and elements sometimes
experience failures. In such situations, regenerating codes
can be used to protect against information loss. There are
numerous publications dealing with data recovery in storage
systems [1]-[7]. Actual systems need codes with locality,
availability, scalability, and other properties. There are
different constructions that try to adapt the classical Error
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Correcting codes (ECCs) to these needs. For example,
Locally Recoverable codes (LRC), product codes (PC),
Extended Product codes (EPC), Integrated Interleaved codes
(lIC), Extended Integrated Interleaved codes (EIIC),
Staircase codes (SC), etc. These families of codes are related
in most cases, and their nomenclature is not yet consolidated
in all cases. In [8] and [9], an excellent overview of these
relationships is given. Therefore, it will not be repeated
here. However, it is worth mentioning that the roots of the
ideas that led to these actual constructions can be traced
back to publications in [10], [11].

Reed Solomon (RS) codes were discovered at the M. I. T.
Lincoln Laboratory in 1958 [12], [13]. Since then, they have
been applied in countless practical applications, which also
include information recovery in storage systems. The
theoretical interest in these codes continues also today more
than sixty years after their first publication, which is
documented by recent publications, for example, in [14]-
[22]. With increasing demands on data rates, the encoding
and decoding techniques of RS codes are also improving
[23]-[29]. RS codes are used not only for error control but
also in other fields, for example, in security and privacy
applications [30]-[33].

The applications of RS codes relevant to the new
knowledge presented in this manuscript are in data storage
systems (clouds, Redundant Arrays of Independent Disks,
Solid State Devices, DNA storage, etc.) [34]-[42]. In these
systems, the codes are used for data recovery in case some
subsystem (node) is damaged. The subsystem could be, for
example, a server or sector. In Fig. 1, it is illustrated how
such a subsystem could be interpreted as a codeword
symbol. Damage to one node in this case corresponds to the
erasure of one symbol in a codeword.

Particularly with distributed storage systems behind the
overall redundancy, the volumes of data which have to be
communicated during data recovery also have to be
considered when the expenditures are calculated. Therefore,
the so-called codes with locality are the focus of research in
this area at present. In a code with locality, the symbols of
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its codewords could be recovered locally by contacting only
a restricted number of other symbols. If all symbols have
this property, the code is denoted as a locally recoverable
code (LRC).

However, if the local capability to correct the erasures is
unable to provide data recovery, global redundancy can
help. Therefore, many different families of codes were
proposed that combine local with global redundancy, for
example, PC, EPC, II, Ell, SC, and numerous others [8], [9].

Recently, in [43], it was discovered that RS codes could
be extended not only three times but even five times over
certain finite fields. In [43], it was also proven that these
codes belong to the class of almost MDS (AMDS) codes.
These codes are optimal with regard to their code distance
for the corresponding values of the codeword lengths and
the number of information symbols in the codewords. As
was mentioned in the abstract, the codes from [43] can be

constructed only over GF(2°), where £>3 is an odd
integer. To overcome this limitation, a family of four times
extended RS codes over GF(2“) is proposed, where >3

can be even or odd integer. Such codes have a much easier
practical implementation than the codes described in [43].

This paper is organized as follows. In Section II, we
provide the theoretical background on linear block codes
and RS codes. In Section Ill, the four times extended RS
codes are proposed and analysed. In Section IV, the erasure
decoding method is described for the four time extended RS
codes. In Section V, the application of the four times
extended RS codes in constructions of EIl codes is
illustrated using three examples, and the obtained codes are
analysed. In conclusion, together with a review of the new
results obtained, the optimality of the codes proposed in this
paper is discussed.

Il. THEORETICAL BACKGROUND

RS codes are linear block codes and are among the most
frequently applied error correcting codes even to the present.

Linear Block Codes (LBC)

LBC C is a k - dimensional subspace of an n -
dimensional vector space over finite field GF(q), where g
is the number of elements in the finite field.

LBC can be defined using a generator matrix G or a
control matrix H, which are in the following relationship

GxH" =0. (1)

The generator matrix contains k linearly independent

vectors of length n. Therefore, C is often described via the

following triple [n, K, d], or sometimes also specifying
the finite field over which the code is defined as follows
[n, k, dle(,  Besides n and k, which could be also

interpreted as codeword length and number of information
bearing symbols, respectively, it contains the third basic
parameter, which is the code distance d. It is the minimum
Hamming distance of any two of the codewords
¢,c;eC; i#j. Hamming distance d(c;,c;) is the

number of coordinates by which c;,, c; differ. It is well

]
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known that in linear block codes the number of correctable
erasures z in a codeword (in case of bounded distance
decoding) is in the following relationship with code distance

)

The codeword of a linear block code is a vector with
coordinates (codeword symbols) from a finite field GF(q),

©)

z+1<d.

c=(C, C, ..., Cp, Cpy).

Codes with locality

Codes with locality allow for correction of erased
symbols using only a small number of other (local) symbols.
More precisely, the i symbol

ceGF(2); i= 0, 1.. n-1 of a codeword ceC,
where ceC isa [n, k, d] linear block code, has locality
r if c, can be recovered by accessing at most r other
symbols from c.

A [n, k, d] code C has locality r and is denoted as
r - LRC if and only if all codeword symbols of all its
codewords have locality r .

Reed Solomon (RS) codes

The most practical RS codes are defined over a finite field
with characteristics two [44]. The original RS codes could

be described, for example, using the control matrix, which is
a Vandermonde matrix

PR a2t af a°
(q-2)(9+1) 2(9+1) 9+1 0
a e a a
H= . . . . @
PG PG I LS

where o is a primitive element of the finite field over
which the RS code is defined and 4 is a positive integer for
which the following holds:

9< [q—_lJ
2
The RS codes could also be defined as cyclic codes using
a generator polynomial

©)

g(x) = (x+a®)x(x+ ) x (x+a®?) x..x (x+a”*7?). (6)

The interested reader can find more information on error
control codes, for example, in the classical monographs
mentioned in the abstract in [44]-[48].

Five times extended RS codes

In [43], a new family of codes was proposed over
GF(2°), where & >3 isan odd integer, using the following

H matrix

[ ° a® o a° 100 0 0]
a? @ o o 01000

H=| g% at a* a® 0 0 1 0 0 (V)
¥ a® @ «® 00 0 10
ARk e a* «® 000 0 1
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The basic parameters of this family of block codes can be
characterized by a triple [q—4, q-1, 5].

The proposed four times extended RS codes defined over
GF(2*), where x> 3 is an arbitrary integer, are defined by

the following control matrix

FOUR TIMES EXTENDED RS CODES

a2 a? a® a® 1 000

H PCRAICERY 229 4% 5% 001 0 0 (8)
g (-28+2) 2?2 4% 4% 00 1 0 !
a(q—z)(3+3) a2(9+3) a3+3 aO O 0 0 1

where 4 is an integer and « is a primitive element of the
finite field with characteristic 2, over which the family of
codes is defined. The basic parameters of the four times
extended RS codes are [q+3,q9-1, 4]. The code distance
will be analysed in the following paragraphs.

Without loss of generality, we can let $=0 and
consequently the control matrix of the four times extended
RS codes is

a’ a® o & 1 0 0 0
(q-2) 2 1 0 0 1 0 0
H- a o’ a «a .
o™ at o> «° 0 0 10
o a® o a® 0 0 0 1
Theorem 1

The four times extended RS codes constructed over
GF(2*), where x4 =>3 is an arbitrary integer, defined by

(9), have a code distance d > 4.
Proof

The columns in the parity check matrix in (9) are of two
types. In part P”, they are of the form

0 i

n=@" o', a¥ a¥); 0< i< g-2. (10)

In part I, they are unit vectors e; 1< i< 4. To

prove this, d =4, it is necessary to show that any three

columns in matrix (9) are linearly independent.

The following proof is similar to the one in [43], which is
a variation of Theorem 8 in [45]: “An [n, k, d] code C
with generator matrix G =[1 A], where Aisa kx(n—k)
matrix is MDS if every square submatrix (formed from any i
rows and any i columns for any
i= 1, 2, .., min{k,n—k}) of A is not singular”.

For the case where one column of H is a unit vector and
the other two are of type y,, it is necessary to show that any

three rows of matrix (9) contain two independent rows.
There are four cases. If the fourth row is excluded, then

vectors y, and x, are linearly independent in any two
positions, i.e., for x=y, all 2x2 minors in matrix (11) are

of full rank. If the first, second, or third row is excluded,
then the two remaining rows which do not contain a row
with element o® will contain the 2x2 minor in matrix
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(11), which is full rank:

0
(24

o (11)

o°
o
aZx aZy )
o

3
a}’

This follows from the fact that the map X X' is
injective for i =1, 2 on a finite field of size 2. QED

For £=3,4,5,6, 7,8, it was possible to check the code
distance by computer calculating the weight spectra of the
codes defined by (9) using their duals. The following
shortened weight enumerators of the four times extended

Reed Solomon codes defined by (9) were obtained using
Krawtchouk equations as follows.

[11' 7, 4]GF(8):

1+98y* +2548y° +11760Yy° + 68180y’ + 230965Yy°
+542332y° + 758520y" + 482748y"

[19' 15, 4]GF(16) :
1+3195y* +132255y° + 4735455Yy° +131289015y” +--

[35’ 31, 4]GF(3Z) :
1+38440y* +8871952y° +1376459520y° + -

[67’ 63, 4]GF(64) :
1+ 740880y* +563111136Yy° + 372303546048Yy° + ---

[131, 127, 4], "
1+10838688y"* + 36419023936° + 97712593219584y° + - --

[259, 255, 4], "

1+181723200y* + 2336289502080 y°
+25319042157669120y° +---

Exponents of y denote the particular weights.

The difference between MDS codes and AMDS codes
can be expressed using the “Singleton defect”, which for a
[n, K, d] code C is defined as the quantity

s(C)=n—k+1-d. (12)

For MDS codes, it holds that s(C) =0. For AMDS codes
s(C)=1 [49]. The four times extended RS codes are
AMDS codes because they are [q+3, -1, 4] codes.

After consulting the tables that contain upper and lower
bounds on the code distance for linear block codes [26], it
can be seen that in finite fields for which these tables exist,
the presented codes reach an upper bound on the code
distance for a given n and k.
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IV. ERASURE DECODING OF FOUR TIMES EXTENDED RS
CODES

RS codes are attractive for data repair in data centre
storage systems. The information mapping if RS codes are
used against data loss could be illustrated in a simplified
manner by Fig. 1. In data centres, when a server is damaged,
its position is known. In this scheme, each codeword
protects only one symbol from an RS codeword.
Consequently, in this case, an erasure decoding algorithm
can be used for data repair. Compared to error decoding,
erasure decoding is not only simpler, but also allows for
repairing twice as many symbols in each codeword.

Fig. 1. Illlustration of how the nodes in the datacentre could be mapped on
codeword symbols and represented by them in regenerating codes.

The occurrence of erasures in a codeword could be
modelled using an erasure channel, as shown in Fig. 2.

¢ ﬂ(%)—) v
z
Fig. 2. Erasure channel model: ® denotes a multiplication of two vectors

over GF(2*), c isthe transmitted codeword, z is an erasure vector, and

V is the received vector. In the erasure vector, all coordinates are neutral

0

elements from GF(2#), denoted as «  except the coordinates

corresponding to the erased positions, which are zeros denoted as 0.

An erasure is defined only by its value since its position
within the received vector is known to the decoder prior to
decoding. The j™ erasure is denoted as Z;. To correct one

erasure, the decoder has to calculate the erasure value Z ;.
The received vector will be denoted as

V=(Voar Vopr oo Vi, V). (13)

In the known up to three erased positions the values of the
coordinates v, will be zero(s). The following erasure
decoding algorithm is syndrome-based. Therefore, the
values of syndromes S,, S, S,, S; must to be

calculated

11

(So» Su S, S,)=vH'. (14)

For each codeword ¢ from a linear block code based on
1)
cH™ =0. (15)

Therefore, if there are z erasures in the received vector,
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then

(So' SRS Ss)=ZHI’ (16)
where z is a vector, with coordinates corresponding to the
unknown values of the erasure(s) and H, is 4xz matrix

with z column(s) from H corresponding to the position(s)
where the erasure(s) occurred in the same order. The
unknown values can be obtained from (16).

It must be noted that if the number of erasures does not
exceed three, then (16) can always be solved. It is obvious
because the control matrix (8) is of the form

H=[H,1], (17)

where H_ is the Vandermonde matrix with linearly

independent rows. It is well known that adding columns
from 1 to it cannot destroy this linear independence.
Consequently, any matrix formed from a subset of columns
from H, as for example H,, also has linearly independent

rows.
The decoding algorithm can be described as follows.
Input: received vector v, number of erasures z, and
positions of erasures in Vv (indexes of corresponding
coordinates).
Decoding steps:
1. If z=0, then the received vector is outputted as the
estimation of the transmitted codeword, and the decoding
is ended. Else go to 2;
2.1f z>3, a decoding failure is outputted, and the
decoding is ended. Else go to 3;
3. Syndromes calculation using (14);
4. Test if there is no discrepancy between z and
syndrome values. If a discrepancy is detected (for
example if S, =S, =S,=S5,=0), then decoding failure
is outputted and the decoding is ended. Else go to 5;
5. The values of erasure(s) are calculated by solving (16);
6. Inserting the erasure(s) value(s) calculated in step 5
into appropriate coordinates in v and outputting the
resulting vector ¥ as an estimation of the transmitted
codeword ¢; End of decoding.
Example 1
In this example, the procedure is described in detail for a
four times extended RS code over GF(2°) defined by the

primitive polynomial p(x) =x®+x+1 supposing that the
transmitted message vector is

m:(054,0:6,0(2,0:4,0(5,052,053). (18)
This code has the following H matrix
1 1 1 1 1 1 11000
a® & ot & ¢ «a 101 00
H= 5 3 6 4 2 (19)
a o a a o a1 0 010
a' a & a* @® @* 1 00 01

and the following G matrix
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10000001 a & o
01 0000O0O01¢a & «a
00100001¢a¢ a &
G=/0 0010001 dd& & o] (20
00001001 4a o o
00000101 a o o
00000011 1 1 1]
The codewords of this code will be denoted
C=(Clo,Cg,CB,C7,CG,CS,C4,CS,CZ,Cl,CO), (21)
where
c=mG (22)
From (18) and (22)
C=(a4,a6,az,a4,a5,a2,a3,a0,0,a0,a6). (23)
Decoding
Input: vector v given by (23), number of erasures z=3
and the positions of these erasures i=7=1, i=4=1I, and
i=0=IIl.

In the first step, the decoder will test if the number of
erasures is zero. If yes, the decoding process will stop and
the senseword is declared as the codeword. In the opposite
case, it is tested if the number of erasures is greater than 3. If
the answer is positive, then the decoding will be stopped,
and a decoding failure will be declared.

In the opposite case, the calculation of erasures will
follow.

Syndromes will be calculated using (15)

1 o o o
1 & & «
1 o a o
1 & o af
1 o o af
(So» Si, S, S)=V|[1l a o o (24)
1 1 1 1
1 0 0 O
0 1 0 O
0O 0 1 O
00 0 1

In this example, we get the following vector containing
syndromes as its coordinates

(So» Siv S, Sy)=(a’, o', 0, ). (25)

In the next step, it is tested if there is a discrepancy

between z =3 and the values of the syndromes. In case all

are zero, the decoding failure is declared and the decoding

ends.
If the discrepancy is not detected, in the following step,

the H} matrix will be formed

1 & o o
H =1 1 1 1 (26)
0 0 0 O

(z,, Z,, Zy)|1 1 1 1
00 0 1

Equation (27) can also be expressed as follows:

Z,+Z, =a’, (28)
2,a°+Z, =a, (29)
Z,a*+2, =0, (30)
Z,a*+Z2,+2, =a’. (31)

Solving (27) or (28)—(31), the following erasure values
are obtained: Z, =a*, Z, =c?, and Z,, =a°.
These values are substituted into the erasure coordinates,

and the resulting vector is outputted from the decoder as the
estimation of the transmitted codeword.

V. EXAMPLES OF Ell CODES OBTAINED FROM FOUR TIMES
EXTENDED RS CODES

In this section, some examples are given on how the four
times extended RS codes can be used in order to obtain 1-
level EIl codes.

Definition

1-level Extended Integrated Interleaved (Ell) codes [8]

C is a one-level Ell denoted as C(n, u) if and only if

its codewords are mxn arrays
C=c; 0<i<m-1, 0<j<n-1 that satisfy:

1.¢;=0for0<i<m-land 0<j<n-u -1

2.¢; for each i; O<i<m-1 are symbols of a
codeword €=(C,,, Cya - Cinya) N A
vertical [m, Sy dé‘”]-code V, defined over
(GF(g))* ™ that is linear over GF(q);

3.for each i; O0<i<m-1 the row vector
c=(Cy Gy - C,y) ineach array is an horizontal

[n, n-u, dy ]GF(q)-code C, that admits systematic

where
length

encoder on its symbols,

a vector of

n—u,
U = (Ug,Ug, .y Ug, Uy, Uy, Uy) S
—_—

So S
m=s, +s;, where for the integers s,, s;, uU,, and u, the
following inequalities are valid s,>1 s 20,

0<u, <y <n.
The quality of the EIl codes obtained was tested by the
Monte Carlo method as follows. In the codewords, erasures
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were generated - one at the time until the number of erasures
z., caused decoding failure. In such a case, the number of

fail
correctable erasures in this trial was ¢ =z, —1. Repeating

this trial many times, the average number of correctable
erasures in a codeword denoted as ¢,, was estimated. This

performance measure for Ell codes was proposed in [8] and
was argued that it is a useful comparison for the
performance of Ell codes because it is closely related to the
mean time to data loss (MTTDL) for practical memory
systems. It is interesting that for some of the codes, the
value ¢, is higher than the number of theoretically

correctable erasures z, deduced from (2) and the code

distance.

Monte Carlo simulations were realized in MATLAB for
Ell one-level codes. After generating the following erasure
in the original codeword (stored array), it was duplicated,
and we attempted to decode this copy. The decoding was
simulated in such a way that in the first iteration, all erasures
were corrected in rows in which the number of erasures was
z<d, -1, where d, denotes the code distance of the

horizontal code. In the next iteration, the erasures
correctable by the vertical code were corrected. This cycle
composed from two described iterations was repeated until
all erasures were corrected or until after 20 cycles some
erasures still remained in the array. In the first case, one
additional erasure was generated in the stored original array
and the decoding was started from the beginning for another
copy of it. In the second case, the situation was considered
as the decoding failure and the number of erasures minus
one was included into the calculation of ¢, for that

simulation run, and a new run began with new original
array. Altogether, for estimation of ¢&,,, 100 000 runs were

used.

Example 2

The binary one-level Ell code
C(4 (1,1,11,1,14,4,4,4) with C,, the [4, 3, 2]
single parity check code over GF(2) and V,, the

[11, 7, 4] four times extended RS code over GF(8), is

illustrated in Fig. 3.

The resulting Ell code over GF(2) has overall codeword
length N =44 and dimension K =21. By the Monte Carlo
simulation the estimation of ¢, =12 was obtained.

4

11

Fig. 3. lllustration of the C(4 (1,1,11,1,1,4,4,4,4)) Ell code.

60

Example 3
The binary one-level Ell code
cC6 (1111111111111115555) with C,, the

[5, 4, 2] single parity check code over GF(2), and V,,
the [19, 15, 4] four times extended RS code over
GF(16), is illustrated in Fig. 4.

The resulting Ell code over GF(2) has an overall
codeword length N =95 and dimension K =60. By the
Monte Carlo simulation, the estimation of ¢£,, =11.33 was
obtained. It should be noted that the dimensionality of the
codes presented in these examples can be increased using
the construction proposed in [10] by adding a code with
code distance 8 into the last column of the codes that

correspond to the parity symbols of the single-parity check
codes.

For example, it is possible to add [19, 7, 8] code to

the last column of the
c6 (111111111111115,55,5)EIl  code, as
illustrated in Fig. 5. This way a code with an overall
codeword length N =95 and dimension K =67 is
obtained. By the Monte Carlo simulation the estimation of
¢,, =11.33 was obtained, which is the same as in the code
in Example 2.

For this code, the simulation software was slightly
modified. After 20 cycles of iterative decoding of the Ell
codes from the previous example, it was tested if there are
more than 7 remaining erasures in the [19, 7, 8] code. If
the answer was negative, the erasures were corrected, and
the experiment could continue. Otherwise, the decoding
failure was declared and the appropriate number of erasures
was included in the £, calculation. It can be conjectured
that because the values of ¢, are the same as in Example 2,
the event that more than 7 erasures will remain in the
[19, 7, 8] code after 20 cycles of iteration is very rare.

«—3 5

15

19

3t >

Fig. 4. Illustration of the C(5 (1L1111,11111111115555)) Ell
code.

In practice, the number of elements g in the finite field
GF(gq) over which the code is defined is also very
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important. This is because the complexity of the operations
and the volume of memory needed during encoding and
decoding could be prohibitively large for large values of g.

Therefore, for the optimality evaluation of the Ell codes in
[8] the following upper bound on the code distance from

[50] was used
k
e

[v, x] denotes the largest code distance of a

<

opt

d< min{d(‘”[(m— n k-jk J;0<j

where df

linear block code with codeword length v and dimension
over GF(q) and
k™ = k@

opt

[n, d], (33)

where k@

[n, d,] denotes the largest possible dimension

of a linear block code with codeword length n and code
distance d,.
After

* k@
k™ =Koy

that the Ell code [95, 67, 8] is optimal with respect to
the bound in (32).

d (a)

opt [V’ K]

[n, d,] using the query forms in [51] one can see

obtaining the parameters and

15

19

i s

Fig. 5. Illustration of the [95, 67, 8] code obtained from the Ell code

cC6 (1L11111,1111111115555)) by adding [19, 7, 8] code to

the last column of this Ell code in accordance with the construction
proposed in [8].

For the reader’s convenience, the values needed in (28)
are presented in Table I.

TABLE I. PARAMETERS VALUES NEEDED IN (28) FOR THE CODE
DEPICTED IN FIG. 5 OBTAINED FROM [51].

j (M- j)n k- jk° di
0 95 67 10-12
1 90 63 912
2 85 59 811
3 80 55 8-10
4 75 51 810
5 70 47 8-10
6 65 43 810
7 60 39 8-10
8 55 35 89
9 50 3l 8
10 45 27 8
11 40 23 8

61

j (m—j)n k- jk* d
12 35 19 8
13 30 15 8
14 25 11 8
15 20 7 8
16 15 3 8

VI. CONCLUSIONS

In this paper, the family of four times extended Reed
Solomon codes defined over GF(2“), where x>3 is an

arbitrary integer, where analysed. It was proven that these
codes have code distance equal to four and also that they are
almost maximum distance separable codes. The main result
of this communication is that in contrast to five times
extended RS codes it was proven that these codes can be
constructed over any finite field GF(2*), where £ >3 isan

arbitrary integer. It can be conjectured that the codes
presented are optimal in the sense of reaching the upper
bounds on the code distance for a given n and k. This

assumption is based on the fact that the [11, 7, 4]
GF (16) * [35’ 31’ 4]
[67, 63, 4] and [131, 127, 4]

which the entries in table in [51] exist, have an optimal code
distance. The presented weight spectra confirm that the code
distance is four. The four times extended RS codes allow the
expansion of the number of information symbols by 3, when
compared to ordinary RS codes with the same code distance.

The paper also contains a brief explanation of the erasure
decoding of these codes, which is needed in data repair
applications. Examples are presented, in which the four
times extended RS codes are used for construction of Ell
codes suitable for data repair in memory systems. It is also
noted that the optimal LRC codes with respect to the bound
of [51] for the code distance could be found using the four
times extended RS codes. An interesting fact is that the
Monte Carlo simulation revealed that the average values of
mean time to data loss for the Ell codes presented in the
examples are higher than the theoretical number of erasures
deduced from their code distances.

In future research, other constructions of EIl codes
obtained from extended RS codes in combination with other
linear block codes could be analysed. It is obvious that there
are huge numbers of combinations possible, which can be
advantageous for adapting the EIl codes to concrete
practical demands in different future memory systems.

GF(8) ’

[19, 15, 4]

GF(32) '

codes, for

GF (64) ' GF (128)
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