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Abstract—This article presents mathematical models of
power grid segments. Three load configurations representing
real power systems were analysed. The mathematical models
were developed using a field-circuit approach. A long line
element was considered as a system with distributed
parameters. A second-order partial differential equation was
used to describe the line. The spatial derivative was discretised
using the method of lines. Boundary conditions for the line
equation were sought on the basis of circuit approaches.
First-order boundary conditions were used. The resulting
systems of differential equations were integrated using the
implicit Euler method. Using the developed mathematical
models, simulations of the behaviour of the systems were
carried out. Transient processes during voltage switching were
analysed. The results are presented in the form of waveforms of
current and voltage at various points on the line. Spatial
waveforms of the voltage and current in the line were also
prepared.

Index Terms—Mathematical modelling; Distributed
parameter systems; Long power transmission line; Boundary
conditions.

I. INTRODUCTION

Mathematical modelling allows for the analysis of the
behaviour of energy systems under both normal and
emergency conditions. The growing complexity of power
networks, particularly those with long transmission lines and
varying loads, requires the use of precise models. This
challenge is further compounded by the need to use partial
differential equations. The difficulty often lies in clearly
defining the boundary conditions used for the equations. The
form of the conditions depends on the systems at the edges of
the lines. In many cases, determining these conditions is
difficult or impossible.

The issue remains relevant due to ever-increasing
reliability requirements. The high accuracy of mathematical
models is essential in the design and analysis of modern
systems. Moreover, the growing number of connected
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Distributed Energy Resources requires a thorough analysis of
connection possibilities. Mathematical models are being
developed for this purpose.

Mathematical modelling of power grids is an area of global
research. We will briefly present publications related to this
topic.

The authors in [1] proposed an analytical method for
considering steady states in power lines. The developed
method uses the Laplace transform. The model was
compared with the IT model. Similar research was conducted
in [2], whose authors investigated analytical solutions to
equations describing induction machines. The models were
validated by comparing them with measurements of actual
machines under various operating conditions. The results of
the experiments were obtained on the basis of the actual
parameters of the systems.

In [3], the authors analyse the impact of lightning strikes
on transmission lines. Mathematical models with a field
approach were used for the analysis. Particular attention was
paid to using the concept of moving and accelerating loads
when analysing the impact of lightning.

The analysis of long power lines involves considering
wave processes. The authors in [4] used a model of a line with
distributed parameters and developed differential equations
that describe the system. Voltage and current calculations
were performed using spline interpolation. The study
focussed on analysing the performance of surge arresters in a
500 kV transmission line. The transient processes during line
switching were also analysed.

In [5], the authors investigated the use of multicircuit
high-voltage lines. The work focusses on the development
and use of mathematical models to study transient states in
lines. ATP-EMTP software was used to perform the
simulations.

The article in [6] is devoted to the analysis of approaches to
line modelling. The impact of these approaches on the
simulation results was examined. The work was carried out
using the ATPDraw graphical environment. The models
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developed were adapted to study transient states in lines with
different types of configurations.

The authors in [7], [8] analysed lightning strikes on
high-voltage lines. In both articles, ATP-EMTP software was
used to simulate the phenomenon. The subject of the analysis
was the surges generated in the line. The impact of surge
arresters and lightning conductors on the processes on the
line was also examined.

In [9], [10], mathematical models of lines were developed
using the MATLAB and ATP environments. With presenting
a different approach, the impact of lightning strikes was also
examined. The analysis covered various lightning scenarios,
as well as the impact on return conductors in cable lines. The
authors in [9] describe variants of damage to return
conductors on a cable line that is part of an overhead and
cable network.

Long line theory was also applied in [11], where the
authors replaced the inductive element in a buck converter
circuit with a long transmission line element. The resulting
circuit allows analysis of the power supply when the source
and receiver are significantly distant from each other. The
research was based on a mathematical model involving a
system of differential equations. The results were analysed
with the standard model and the model with a long power
transmission line.

In [12]-[14], the authors analyse energy systems in the
context of distributed energy resources and electric vehicle
chargers. System models were constructed using graph
theory or GridLab-D software. The research resulted in an
analysis of network parameters that accounted for the effects
of dynamic load changes. Attention was drawn to voltage
drops and voltage instability resulting from the power
generated by photovoltaic (PV) installations.

An analysis of the current state of scientific research shows
that there are many approaches to modelling energy systems.
The authors in [15], [16] discussed the consequences of using
modelling software. Ready-made tools in the form of
specialised software are often used. However, their use may
introduce limitations, such as simplifications of wave
processes. Another significant limitation is the difficulty of
forming boundary conditions for some systems.

The aim of this work is to use field-circuit approaches to
develop mathematical models of systems with various
configurations.

In this article, we consider three types of power systems.
The main element of the systems discussed is a long power
line with distributed parameters. To capture the wave
processes that occur in a long line, we use partial differential
equations. To simplify the models presented, a single-phase
line is considered.

A. System No. 1

To present and derive equations describing the processes
in the power supply line, we will use the diagram shown in
Fig. 1.

On the basis of the diagram presented, we write down the
system of differential equations describing the propagation of
current and voltage waves in the line

MATHEMATICAL MODEL
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This system of equations is known as the telegrapher
equations. By differentiating the voltage equation with
respect to space and the current equation with respect to time,
and substituting one into the other, we obtain from the system
of first-order differential equations a single second-order
differential equation that describes the propagation of voltage
in the line [17]
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By transforming (2) to determine the derivative of the
voltage over time, we obtain the following:

(LC,)™ [2%_(%@0 +R,Co)V— ROGOuj,
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where u is the voltage in the line, Ro, Lo, Co, Go are the per
length parameters of the line, respectively: resistance,
inductance, capacitance, conductance per unit length, and v is
the time derivative of the voltage.
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Fig. 1. Calculation diagram for power system No. 1.

By discretising the spatial derivative by the method of
lines, using the central scheme, in (2) we eliminated the
partial derivative obtaining a system of numerable
differential equations for every discretisation node [18]

% _ Ujy —2U; +Uj, [ LG, +RGC, V. —
dt L,C,AX? L,C, !
RG, @
LC,

where Ax is the discrete distance in space and the variable v is
defined as

duj B
dt

v, j=2.N-1 )

When analysing (4) and (5) for the second discretisation
node j = 2, it can be seen that it is necessary to determine the
voltage ui. In each of the cases considered, the power line on
the left side is connected to the same subsystem consisting of
the electromotive force and RL load. This subsystem
represents the power system. The voltages u; and un were
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determined using boundary conditions of type I. Analysing
the diagram shown in Fig. 1, the equations of stationary
connections on the right side of the system were obtained:

i —i, —Ai, =0,
Ai, = A +Aig, (6)
A, =G,Axu,,

where it is the supply current, iy is the current in the first
discretisation node, and 4 is the leakage current in the first
discretisation node.

The unit line capacitance was used to find the voltage at the
first discretisation node. Based on (6), the following was
obtained

du_ 1
dt C,Ax

(i —GoAxy, —iy). 7

Based on Kirchhoff’s second law, the input current to the
line and the current in the first and penultimate branches of
the line discretisation were determined:

di 1 .
—T="(e -Ri —u), 8
it L (& =Ry —uy) (8)
di. 1 . .
d_tjzm(uj_ROAXIj_uM)’ j=LN-1, ©)

where e is the supply voltage and Ry, Ly are the transformer
cascade parameters.

The differential equations on the left side of the system
will be used in all three load cases considered, because the
left side of the system is the same.

Now we write down the equations of stationary
connections on the right side of the first system:

iy, —Iy —Aiy =0,
Aiy = Al + Ay, (10)
Aiyg = G,Axuy.

The voltage at the last node j = N was determined by a
similar method to (7)

1
C,AX

duy
dt

(iy_s —GoAXUy —iy ). (11)

This equation includes the current iy, which we determine
using Kirchoff’s second law [17]

di, 1

E—m(ul\‘ —(ROAX+ RH )IN —ez),

(12)

where Ry, Ly are the load parameters and e; is the voltage
source from the other end of the line.

The following system of equations is subject to joint
integration (4), (5), (7)—(9), (11), (12).

B. System No. 2

Figure 2 shows a diagram of the power system considered
in the second case.
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The left side of the circuit remains the same, while on the
right side, the RL load is presented as a cascade of
transformers followed by four branches of the following
types: R, RL, RLC, and L. The branches represent a set of
loads of various types connected to the secondary winding of
the last transformer.
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Fig. 2. Calculation diagram for power system No. 2.

The equations describing the left side of the system remain
the same, while for the right side we first write down the
equations of stationary connections based on Kirchhoff’s first
law
—iyp —lys =iy, =0=

In =y

=iy -

Iz —lhs —lys =l (13)
where iy is the current in the last discretisation node and iny,
iH2, In3, ina are the currents in load branches.

To find the load voltage, we use branch R. To determine
the required voltage, we write Ohm’s law taking into account
(13)

Uy :(iN_iHZ_iH3_iH4)R1’ (14)
where uy is the voltage at the end of the line and R; is the
resistance in the first load branch.

Now, based on the diagram in Fig. 2, we will write down
the equations to find the currents in individual load branches
[19]:
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dt LOAx+LH(N (R W)=ty ). (19)
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dt C,
diH4 uH
= 18
da L, (18)

where Ry, Ly are the transformer cascade parameters and Rz,
L2, Rs, L3, Cs, L4 are the load branches parameters.

To describe the behaviour of the system shown in Fig. 2,
the following system of equations is subject to joint
integration: (4), (5), (7)-(9), (11), (15)-(18), taking into
account (14).

C. System No. 3

Figure 3 shows the third power system considered.
As in previous cases, the left side remains unchanged. On
the right side, the system is loaded with an RL type as a
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cascade of transformers and, in parallel, with a capacitance C
representing reactive power compensation. An electromotive
force is connected in series behind the parallel branches. The
whole represents another branch of the power system with
reactive power compensation.
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Fig. 3. Calculation diagram for power system No. 3.

To determine the current at the end of the line, the
equations of steady-state connections were obtained based on
Fig. 3

Iy~ —lc =0= ¢ =iy —ig, (19)
where iry, ic are the currents in the load branches.

Proceeding in the same manner as in the previous points,
the equation was recorded to determine the current in the load
[15]

diy, 1

ot _LOTAX(UN —R,AXiy, —uy, —ez).

(20)

The current in the RL load branch was sought using
Kirchhoff’s second law. The following equation describing
the behaviour of the current in the RL branch was obtained

1 .
L—(UH _RH IRL)'
H

dig,
—= = 21
ot (21)
The load voltage was sought using the Cy capacity. The
result is the following equation

(22)

where Cy is the load branch capacity.
To describe the behaviour of the system shown in Fig. 3,
the following equations are subject to joint integration: (4),

(5), (1)-(9). (11), (20)—(22).

The computer simulation was performed using the
parameters of actual power systems. The power supply from
a turbo generator was assumed to be an ideal voltage source,
via a block transformer, and then via a step-up transformer.
This subsystem was represented as the electromotive force e;
and the loads Ry and Ly representing the transformers. The
next element is a long power line. Line load was considered
as three types of power system.

The simulation considered an actual transmission line with
a rated voltage of 750 kV. Line parameters used in the
simulation: L 476 km, Ro 1.9 - 10° Q/km, Lo
9.24 107 H/km, Co 132 - 10" F/km, Go
3.2 - 10t S/km. The line considered was divided into 40

COMPUTER SIMULATION
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discretisation nodes, so that the distance A4x = 77,9 km.

Load parameters: Ry = 400 Q, Ly = 0,8 H, Cy = 1 uF,
R1=1200Q, R, = 800Q, L, = 0.64H, R:s = 600 Q,
L3=0.32H,C3=5uF,Ls=5H.

Parameters of the represented energy subsystems: e; =
623 - 10% - sin(wt) V, &, = 623 - 10° - sin(wt+29.2 °) V,
RT =31 Q, LT =0.29 H.

The presented systems of differential equations were
solved using the implicit Euler method with fixed-point
iteration.

Figure 4 shows the voltage waveform in system No. 1 at
the penultimate discretisation node. During line switching, a
transient state occurs, causing the voltage to rise and fall.
After approximately 0.08 s, the processes reach a steady
state. The voltage value is higher than the set value.

Voltage (kV)
800
600
400

200

-200
-400
-600

-800

0 0.006 0.01 0.015 0.02

Time (s)
Fig. 4. Voltage waveform on 464 km of line in system No. 1.
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Figure 5 shows the current waveform in the penultimate
discretisation node of the line. At t = 0.01s, the current
reaches a value close to 1 kA. In steady state, the current
value is approximately 690 A.

Current (A)

800 -
600
400
200 -
0
-200
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0

0.015 0.02 0.025 0.03 0.035 0.
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Fig. 5. Current waveform on 464 km of line in system No. 1.
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Figure 6 shows the voltage waveform in system No. 2 at
the penultimate discretisation node. The figure shows a faster
transition to steady state compared to system No. 1. The peak
voltage value is also significantly lower.

Figure 7 shows the current waveform at the penultimate
discretisation node of the line. The initial current value is
lower than the steady-state value.

The presented waveforms differ from those characterising
system No. 1. First, they are milder in nature and have shorter
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transition processes. This is due to the nature of system No. 2,
namely that this system is only a representation of the load
ensemble. In system No. 1, the electromotive force on both
sides of the line was taken into account. This is a
representation of distributed power generation. Therefore, in
system No. 1, voltage sources appear at both ends of the ling,
resulting in more dynamic processes.
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0
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Fig. 6. Voltage waveform on 464 km of line in system No. 2.
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Fig. 7. Current waveform on 464 km of line in system No. 2.
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Figure 8 shows the voltage waveform at the last
discretisation node in system No. 3. This system differs from
system No. 1 only by adding a compensation battery. The
other parameters remain unchanged. The dynamic transient
states of the voltage are clearly visible in comparison to the
waveform in Fig. 4.
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Fig. 8. Voltage waveform on 464 km of line in system No. 3.
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Figure 9 shows the current waveform in a 464 km line.
Once again, significant differences can be observed in
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comparison to the current flow in system No. 1. The system
reaches a steady state after 0.15 s. The highest current value
in the transient state reached 1224 A. In steady state, the
current value is 688 A.

Current (A)

1000 -

500

-500

-1000

0.005 0.01

0 0.015 0.02 0.025 0.03 0.035 0.04

Time (s)

Fig. 9. Current waveform on 464 km of line in system No. 3.

Figure 10 shows the spatial distribution of voltage and
current in system No. 1 at time t = 0.0031 s. The graph shows
slight distortions in both the current and voltage waveforms.

Voltage (kV) Current (A)
1000
800 |

600 -

-200 ¢

-500
=400 |

-600 -
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— — Current (A)
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Fig. 10. Spatial distribution of current and voltage in system No. 1 at time

t=0.0031s.
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Figure 11 shows the spatial distribution of voltage and
current in system No. 2 at time t = 0.0031 s. Compared to the
distribution shown in Fig. 10, a smaller phase-shift angle
between the current and voltage is observed.
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Current (A)
600 |

1500
400 |
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1500

-200
-500
-400
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— — Current (A)
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200 300
Distance (km)

Fig. 11. Spatial distribution of current and voltage in system No. 2 at time
t=0.0031s.
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Figure 12 shows the spatial voltage and current waveforms
in line 3 attime t = 0.0031 s. The influence of wave processes
in the line on the shape of the current and voltage waveforms
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is clearly visible. In the distribution shown in Fig. 12, current
and voltage waves moving between the line terminals were
observed. The dynamics of wave processes depend on the
characteristic impedance of the line and the impedance at its
edges.

Voltage (kV) Current (A)

800 1000
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400 500

200 ¢

-400
-500
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— — Current (A)

-800 |
-1000
260 360

Distance (km)
Fig. 12. Spatial distribution of current and voltage in system No. 3 at time
t=0.0031s.

0 100 400 500

By comparing Figs. 10 and 12, similar current and voltage
values can be observed at the ends of the intervals. A
significant difference is the appearance of current and voltage
waves as a result of the addition of a capacitive element. This
is due to a change in the termination impedance. It is also
important to match the value and nature of the impedance at
the ends with the characteristic impedance of the line.

Figures 13-15 show the temporal and spatial voltage

waveforms in individual systems during the time
t e (0; 0.04) s.
1000 0.04
3
< 0 0.03
=
= 0.02
-1000
0 0.01 N
&)
q&’% ‘V‘“e\
(e} 500
0/4'/;,/ 0

Fig. 13. The temporal-spatial waveform of voltage in system No. 1 in time
t €(0; 0.04) s.
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%
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Fig. 14. The temporal-spatial waveform of voltage in system No. 2 in time
t €(0; 0.04) s.
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1
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Fig. 15. The temporal-spatial waveform of voltage in system No. 3 in time
t €(0; 0.04) s.

The waveforms in Figs. 13 and 14 are similar, gentle in
nature, and smooth. Only gentle voltage waves passing
between line terminations can be observed. The waveform in
Fig. 15 clearly indicates intense wave processes occurring in
the line. A voltage wave is generated, reflecting off-line
terminations. The travelling wave exhibits a time-attenuated
character.

The use of time-space waveforms facilitates the analysis of
processes occurring on the line. The deformations and
behaviour of electromagnetic waves are more clearly visible
in the waveforms. This facilitates the analysis of wave
dynamics in relation to time and space.

IVV. CONCLUSIONS

The mathematical models developed enable the analysis of
real energy systems with various popular configurations.

The use of circuit approaches to determine the boundary
conditions of the telegrapher equation is sufficient to model
typical power systems.

On the basis of the results of computer simulations, the
impact of load impedance on wave processes can be
observed. The impact of energy sources on the stability of
power grids can also be seen.

Using the concepts presented, it is possible to develop
mathematical models describing power compensation in
systems with a large number of distributed sources. The
extension of the concept to three-phase systems also remains
an open question. The possibility of using overhead HVDC
networks in parallel with existing HVAC networks can also
be considered.
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