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Abstract—In this paper, we employ the analogy between the
representation of the floating-point (FP) format and the
representation level distribution of the piecewise uniform
quantizer (PWUQ) to assess the performance of FP-based
solutions more thoroughly. We present theoretical derivations
to assess the performance of the FP format and the PWUQ
determined by this format for input data from the Laplacian
source. We also provide a performance comparison of two
selected 8-bit FP-based PWUQs. Beyond the typical evaluation
of the applied FP format, through the accuracy degradation
caused by the application of both FP8 solutions in neural
network compression, we also use objective quantization
measures. This approach offers insights into the robustness of
these 8-bit FP-based solutions with respect to changes in input
variance, which can be important when the input variance
changes. The results demonstrate that the allocation of bits to
encode the exponent and mantissa in the FP8 format is
important, as it can significantly impact overall performance.

Index Terms—Accuracy; Floating-point arithmetic; Neural
network compression; Quantization.

|. INTRODUCTION

Quantization is a technique with enormous applications in
recent years due to numerous benefits it provides, especially
in the compression of neural networks (NNs) [1], [2].
Quantization performs mapping 32-bit floating-point (FP32)
values to a smaller set of discrete values, thus approximating
the original 32-bit values with lower-bit values. Accordingly,
quantization decreases the memory footprint and the costs of
NN deployment [1], [3], [4]- The reduced precision of the
representation of numerical values is the cornerstone of
speeding up training and inference in NN [5]. However, these
benefits often come at the expense of reduced accuracy of
compressed neural networks (NNs). The choice of the
quantizer model for the compression of an NN is very
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important, as using an aggressive low-bit quantization model
may lead to significant accuracy degradation [2], [3], [6], [7].

Among the numerous quantization models for compression
of FP32 values, researchers have focussed special attention
on the simplest uniform quantization corresponding to the
fixed-point format [1], [8], [9]. Compression of values
represented in the FP32 format into fixed-point format values
has certain advantages because some edge devices only
support integer arithmetic [4]. However, as highlighted in [1]
and [4], 8-bit quantization based on the fixed-point Int8
format can result in significant accuracy degradation. This is
not the case with piecewise uniform quantization (PWUQ)
corresponding to the FP8 (8-bit floating-point) format, as
concluded by empirical evaluations of the effectiveness of
two different FP8 formats in a wide range of tasks, models,
and data sets [10], [11]. The reason for this is that many NNs
have a nonuniform distribution of parameters [3], [4], which
makes it intuitively obvious that a nonuniform FP8
representation could potentially outperform the uniform
representation defined by the Int8 format.

As new hardware has recently been released by NVIDIA
Corp. [12], supporting the two FP8 formats examined in [10]
and [11], the current focus of researchers has shifted towards
these formats (see, e.g., [4], [5]) and their application in both
the training and post-training phases. In the case of post-
training quantization [6], which we address in this paper,
quantization is applied to the pre-trained multilayer
perceptron (MLP) weights.

The rest of the paper is structured as follows. In Section 11,
we provide the research framework and list the contributions
of the paper. In Section Ill, we describe the FP format. In
Section IV, we exploit the analogy between the FP format and
PWUQ and derive formulas for the evaluation of the
performance of PWUQ for Laplacian data, which reflect the
performance of the corresponding FP-based solutions. In
Section V, we evaluate the performance of the two FP8
formats using an objective measure from quantization and
accuracy degradation, and analyse the robustness of these 8-
bit FP-based solutions to changes in input variance. Finally,
in Section VI we conclude the paper.
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Il.RESEARCH FRAMEWORK AND CONTRIBUTIONS

The effect of quantization error in compressed NNs is
typically evaluated by assessing the accuracy degradation
relative to the baseline NN model with weights in the FP32
format [2], [3], [6]. In this paper, we examine the potential of
two FP8 formats from [12] by using not only the degradation
of accuracy, but also the signal to quantization noise ratio
(SQNR). Specifically, we estimate the error introduced in the
representation of NN parameters by drawing an analogy
between the distribution of FP values and the level
distribution of PWUQ. Assuming a Laplacian probability
density function (PDF) for the data to be quantized, which has
been shown to effectively model weights in MLP [3], [13],
we derive expressions for the mean-square error (MSE)
distortion and the SQNR of the PWUQ. The number of
PWUQ segments and the step sizes within each segment are
determined by the allocation of bits to encode the exponent
(e) and mantissa (m) in the FP format, as elaborated in Section
IV. Our analysis focusses on two FP8 formats that differ in
their bit allocations for the exponent and mantissa, with a
particular emphasis on understanding how these bit
allocations influence the performance of FP8 formats.

The contributions of this paper can be outlined as follows:

— A theoretical approach to evaluate error made in NN

parameters representation using two FP8 formats is

proposed;

— A comprehensive performance evaluation of two FP8-

based solutions is provided, using both accuracy

degradation and objective quantization measures;

— Our analysis examines whether the value of SQNR and

the accuracy degradation are affected by the allocation of

a given number of bits for encoding the exponent and

mantissa;

— Our analysis also investigates the robustness of these two

FP8-based solutions to changes in input variance, which

can be crucial in layer-wise quantization [14], especially

when data statistics change rapidly between layers [1].

I1l. FP FORMAT

The IEEE 754 standard defines a 32-bit single precision
floating-point format (FP32) by which a real number y can be
represented in binary form as in [15]-[18]

y =(sa,a,..a,bb,..b,),, (1)
where bit s is used to encode the sign, e = 8 bits (a1a;...a¢) to
encode the exponent E

e-1 .
E=(aa,.4,),=).2a.2, )
i=0
and m = 23 bits (b1b>...by) to encode mantissa M
m-1 .
M = (ble"'bm)Z = me—i 2'. (3)
i=0

Bit s is O for positive numbers and 1 for negative numbers.
In what follows, assume that we can use (1)—(3) to specify
the FP format for the given e bits to encode the exponent E
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and m bits to encode the mantissa M. For practical
implementation purposes, 1 + e + m should be the power of
2. From (2) and (3), we can conclude that exponent E takes
integer values ranging from Emin = 0 to Emax = 2°-1, while
mantissa M takes integer values ranging from Mmi, = 0 to
Mmax = 2™-1.

As with the FP32 format, where the decimal value of the
exponent is biased by b = 127, for the arbitrary FP format, the
exponent is also biased

(4)

©)
For the given value of e, the value of b determines from

b=2""-1. (6)
The biased exponent E” then takes integer values ranging
from E™min t0 E"max, given by:

{

where Emin is reserved for encoding 0, and E”max is reserved
for encoding infinity and NaN (not a number) [15]. Therefore,
integer values of E* ranging from E"min+1 to E"max-1 are used
to represent numbers.

According to the observed FP format, for the given values
of e and m, the real number y determines from

E,,=-b=1-2""

- 2°—1-b=2°" "

*

E

max

y=(-12"(1+M /2")=(-1)°2" (1+M/2"). (8)

This FP format, like the FP32 format, is symmetric about
0. For simplicity, we focus on the positive numbers
represented in this FP format, as the symmetry around 0
ensures that the negative numbers can be treated similarly.

IVV. PIECEWISE UNIFORM QUANTIZATION IN ACCORDANCE
WITH FP FORMAT

A. Analogy between FP Format and Piecewise Uniform
Quantization

For 2¢-2 values of the biased exponent, which take integer
values in the range from E"min+1 to E"max-1, and for 2™ integer
values of M from Mpin = 0 t0 Mmax = 2™-1, we can calculate
from (8) all real values of y represented by the observed FP
format. These values are indeed piecewise uniformly
distributed across the segments, such as the distribution of
representation levels in PWUQ (Fig. 1). PWUQs have proven
to be suitable for quantization of data having Laplacian PDF
[19], [20].

The number of segments of our PWUQ in the positive part
of the values, following the analogy between the FP format
and the PWUQ, is then S = 282, and the number of
representation levels in each segment is 2™. The levels of
PWUQ representation in the positive part of the values for the
i" segment (i =1, 2, ..., 2¢-2), can be determined from (8) as
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Fig. 1. Two consecutive segments of PWUQ for m = 2.
For the calculated yma, from (11), we can determine
yi; =(-D°2"" (1+ j/2" ) = ™ =t 0 = Y +As /2. With this, we have determined the
= 2ib-m (2m + j), i=12,..5,j=01,..,2"-1. (9) support region of PWUQ denoted with L—ts”"",ts“ppj.

Due to the uniform distribution of representation levels and
decision thresholds within each segment, we determine the
uniform step size in the i"" segment from (9) as

A =27"01=12,.,8, (10)
and decision thresholds from
t1,0 =0
_ , (11)
tn =Y +%, i=1,2..5,j=01,..,2" -1
that is, from
tl,O = 0
. o [(12)
4 =20 (2‘" +2171],i =12,.,8,j=12,..,2"
As it holds
ti+1,0 = tili‘iv
[ : (13)
tio =t i=12..,5-1

from (13), we can conclude that t* =t (Fig. 1) and that

the following holds for the boundaries of the i"" segment,
denoted by t™ =t,, and t™ =t ,

e
tilow - tilow -

upp
ti

(14)

In other words, the boundaries of the segments follow a
geometric progression with a common ratio of exactly 2. To
assess the observed FP format and PWUQ), as specified in the
following, we also specify the highest value of the
representation level of PWUQ, i.e., the highest number that
can be represented by the considered FP format. This value is
calculated from (8) for i = Emax-1 = 2%-2 and j = Mpax = 2™-1
as

(e-1) (m+ (&)
Yowe = Ve 1w, =2 (1-27") =277 (15)
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B. Derivation of Formulas for Performance Analysis of
Piecewise Uniform Quantization for Laplacian Data
Source

To estimate the error introduced by representing numbers
in the considered FP format, we evaluate the performance of
the corresponding PWUQ using objective measures from
quantization, such as distortion and SQNR [21], [22]. The
distortion of PWUQ in question, for given values of e and m,
and the assumed PDF of the data to be quantized, p(x, o), is
the sum of the granular mean squared error (MSE) distortion
and the MSE overload distortion

D™ (o) = Dél,e,m) (o) + D(El’e'm) (o), (16)
respectively, specified by asymptotic formulas:
(Le.m N AZ
Dy (o) = ZZﬁ R (o), (17)
i=1
D((Jl,e,m) (O') -2 J' (X— ymax)2 p(X,U)dX- (18)

Yimax

Asymptotic formulas, such as those given in (17) and (18),
have been shown to be highly accurate for the high-resolution
case [21], [22], which is the case we will analyse in the
following. In (17) and (18), 2 arises from the symmetry of the
PWUQ and the corresponding FP format, S denotes the
number of segments in the positive part of the values,
(S =25 2), while A;j and ymax are given by (10) and (15),
respectively. Pi(¢) denotes the probability that the input
sample x, with variance ¢ and PDF, p(X, o), belongs to the it"

segment denoted with | t*, " |

tIUpp

R()= | p(x,0)dx.

tiluw

(19)

Since our research was driven by the initiative to analyse
the performance of two FP8 formats from [12] applied in
post-training quantization, we assume here the Laplacian

PDF
p(,0) = —Lexp Y21
Il \/EO- o ]

(20)
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which models well the PDF of weights in neural networks [3].
By substituting (20) into (19), we obtain

2

which is further transformed by (14) into

Re)=3

\/_lsow

P (o) =exp {— 3\/2%'% }sinh [ ;

o
ib-t ib-t
1 \2 2| . 1 \2 <2
=exps—3x|1-—— sinh| | 1-— |=——|. (22
p X( 2m+1) o [ 2m+1} o ( )

Using (15)—(18), (20) and (22), and assuming as in (15)
that it holds 1— 2™ ~1, we determine the MSE distortion

oy, 1

1 e,m)

(o) = c* exp4 —

L L

2 2
sinh 2—
(e

S-b
+
k=1-b

2(k-m)

expq—3x

(23)

Further substituting (23) into the expression of SQNR [21]
SQNR®™*™[dB] =10log,,(¢? / D™*™ (5)),  (24)

where the variance of the signal to be quantized is ¢%, and in
dB is defined by:

v[dB]=10log,,(c* / &%),

v/20
O ’

(25)
(26)

O=0,1

we can calculate SQNR®¢™ [dB] for o%¢ = 1 (a common
choice for reference variance, o%ef, is the unit variance).

C. Two Different Solutions of Piecewise Uniform
Quantizers Specified in Accordance with the FP8 Format

Let us assume the FP8 format for the triple of numbers
(1,5, 2) from [12], whereas 1 bit is used to encode the sign,
e =5 bits and m = 2 bits are used to encode the exponent and
mantissa, respectively. Given that S = 28-2 = 30, for the first
PWUQ solution specified according to FP8, by substituting
the triple of numbers (1, 5, 2) into (6), (9), (10), and (12), we
determine the value of bias

% = 2°* ~1=15, (7)
the uniform step size in the i segment
A =92 917 i 212,30, (28)

the representation levels in the positive part of values for the
i segment

(152) _

yeed =2 (44 1),i=12,..,30,j =0,1,2,3, (29)
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the decision thresholds of the i segment
=0

. (30)
{52) 2'”( 2‘21j|—12 130,j=1234

Applying (23) for the triple of numbers (1, 5, 2), we obtain

33
D2 (o)=0o exp{ 22/0'}+

k-1 K-L
{ -3x2 2/o-}sinh(Z 2/o-). (31)

Let us further assume the FP8 format for the second triple
of numbers (1, 4, 3) from [12], where 1 bit is used to encode
the sign, e = 4 bits and m = 3 bits are used to encode the
exponent and mantissa, respectively. Given that
S =28- 2 =14, for the second solution of PWUQ specified
according to FP8, by replacing the triple of numbers (1, 4, 3)
in (6), (9), (10), and (12), we determine the bias value

2k
——exp
k=14 96

15
+

b4 =2 -1=7, (32)
the uniform step size in the i segment
A Z 178 _ 0 12 14, (33)

the representation levels in the positive part of values for the
i segment

y:Y =270(8+ j),i=12..14,j=01..7, (34)

the decision thresholds and the boundaries of the it segment

tl(1,4,3)

.0

=0

{143) _ oi 10[8+212 1) i=12,..14,j=12,..,8 -
(39)

As in the previous solution, by replacing the specified
triple (1, 4, 3) in (23), we obtain the following

lz
22/0'}+

1 1
+Z—exp{ _3x2"2 /o-}sinh(zk2 /0'} (36)

D (5) ~ o exp{

Eventually, for both FP8 solutions, applying (24)-(26),
(31) and (36), for the variance given of the signal to be
quantized, o2, we determine the values of SQNR®-¢™ [dB].

V.NUMERICAL RESULTS

To evaluate the performance of the selected FP8 formats,
we use the analogy with PWUQ, which enables us to
determine the MSE distortion introduced by this format in the
representation of the data. Since the Laplacian PDF models a
large number of phenomena, such as the weight distribution
in neural networks [3], [13], we assume that the data have the
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Laplacian PDF. In other words, we evaluate the performance
of the FP8 format by analysing the logarithmic ratio of the
variance of the input data, ¢2, and the MSE introduced by this
format, i.e., by determining the SQNR of the corresponding
PWUQ from (23) and (24). Since the distortions of PWUQs
corresponding to the formats FP8 with parameters e =5, m =
2, and e = 4, m = 3 are given by (31) and (36), respectively,
we substitute (31) and (36) into (24) for different variance
values to determine the SQNR values for the observed
formats FP8 (1, 5, 2) and FP8 (1, 4, 3). Our results are shown
in Table | and Fig. 2. We can conclude that both analysed FP8
formats are robust to variance changes, with the FP8 (1, 4, 3)
format achieving a higher SQNR. The robustness of the
considered 8-bit FP formats results from the fact that the
uniform step size per segment changes according to the
geometric progression as follows: A, 2A;, 22A1, 2°Ay, ...,
25-1A;. This is also a characteristic of robust piecewise linear
companding quantizers used in speech signal coding [19].

TABLE I. SQNR FOR INT8 [8] AND TWO FP8 FORMATS (FP8 (1, 5, 2)
AND FP8 (1, 4, 3)).

e SONR
INT8 FP8 (1,5, 2) FP8 (1,4, 3)
0,1 0.7918 24.9400 31.2444
0,3 5.5630 24.9402 31.2455
0,5 7.7815 24.9402 31.2454
1 10.7918 24.9405 31.2460
3 15.5630 24.9408 31.2461
5 17.7815 24.9402 31.2457
10 20.7918 24.9406 31.2459
32
0 e
—— (15.2)
—— (1,43
- ] e R e bt EEEEEEEEEr e
i) |
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Fig. 2. Dependence of SQNR on v [dB] for two FP8 solutions.

With the FP8 (1, 5, 2) format, an SQNR of approximately
24.94 dB is achieved throughout the observed variance range,
while with the FP8 (1,4,3) format, an SQNR of
approximately 31.24 dB is achieved in the same variance
range. These results also demonstrate that the value of SQNR
is influenced by the way the allocation of a given number of
bits is performed to encode for the exponent and mantissa.
When one bit less is used for coding the exponent, while the
total number of bits remains 8, we observe a higher SQNR
value for 6.3 dB. This is because the number of bits defined
to encode the exponent e dominantly determines the highest
value that can be represented by the FP format (see (15)), as
well as the uniform step size, A, i.e., the resolution of the
format. The higher the value of e, the higher the values that
can be represented by this format. Consequently, for a given
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total number of bits (8 bits in the FP8 format), the higher the
value of e, the lower the resolution of the format, meaning the
larger the uniform step size. Specifically, for e = 4 from (15),
we calculate ymax = 240, whereas for e = 5, Ymax = 57344. For
the range of variances, we observe in dB scale
v[dB] e [-10 dB, 10 dB], and the Laplacian PDF (see Fig. 3),
the values to be represented in the FP format are much smaller
than ymax = 57344. Therefore, these values are better
represented in the format with the smaller ymay but with higher
resolution. This choice of e = 4 results in less error when
presenting the data and achieves a higher SQNR.

0.8

0.7

0.6

0.5

p(x)

0.4

0.3

0.2

0.1

0.0

-5
Fig. 3. Laplacian PDF of zero mean and unit variance.

Finally, let us compare the FP8 format with the int8 format
corresponding to uniform quantization [8]. To this end, let us
determine the MSE distortion and SQNR of the int8 format
given by (17), (18) and (24) for Aj = A =1 as follows:

[l—exp{—\/E Xinax \/Exmx}, (37)

—— 2 —
TR

SQNR™*[dB] =10log,, (o*/D"* (<)),

D™ (o)
(38)

where Xmax = 127 is the highest value that can be represented
in int8 format. From Table I, we can conclude that the
considered FP8 formats provide significantly higher
robustness to variance changes, and achieve a substantially
higher SQNR compared to the int8 format.

In addition to evaluating the performance of the two FP8
formats using SQNR, we assess their performance based on
the accuracy degradation caused by representing the FP32
weight values in the pretrained MLP using the FP8 formats
considered. We use the pre-trained MLP model from [14] to
ensure that the same weights are subjected to quantization.
Briefly, the MLP model consists of three fully-connected
layers and has been pre-trained on the MNIST data set. The
accuracy of the pre-trained model, referred to as the baseline
due to its use of FP32 weights, is 98.1 %. Unlike the work in
[14], where uniform quantization was applied to weights that
were normalised before quantization, in this paper, we deal
with PWUQ and do not perform weight normalisation
because the robustness of the PWUQ model allows it.
Applying the first PWUQ model determined by the FP8
(1, 5, 2) format, we determined that the accuracy amounts to
97.76 %. The accuracy of the MLP with the second applied
PWUQ model, corresponding to the FP8 (1, 4, 3) format, is
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slightly higher and amounts to 97.93 %. Therefore, the
accuracy degradation compared to the baseline model is
0.34 % and 0.17 %, respectively. Consistent with the SQNR-
based performance evaluation, FP8 (1, 4, 3) outperformed
FP8 (1,5,2), resulting in less accuracy degradation.
Furthermore, both FP8 models significantly outperformed the
int8 model, since the accuracy of the MLP with the applied
int8 model amounts to 9.8 %. As NVIDIA Corp. [12] recently
launched new hardware supporting the two FP8 formats
analysed in detail in this paper, we believe that our theoretical
framework presented for arbitrary FP formats could
significantly contribute to the development and practical
application of emerging FP formats.

VI. CONCLUSIONS

This paper utilised the analogy between the FP format and
piecewise uniform quantization to comprehensively evaluate
the performance of FP-based solutions, using both accuracy
degradation and SQNR as metrics. The results have shown
that two 8-bit FP-based solutions can indeed have different
performances when different numbers of bits are allocated for
encoding the exponent and the mantissa. In addition, for the
two selected 8-bit FP-based PWUQ models, we have shown
that similar robustness to variance changes is achieved by
both models, whereas higher SQNR values are achieved by
assigning more bits for encoding the mantissa, i.e., fewer bits
for encoding the exponent. We have concluded that for the
wide range of variances observed in dB scale
v[dB] € [-10 dB, 10 dB] and Laplacian PDF, it is better to
present the values in FP8 format with a smaller ymax value, but
a higher resolution. This choice results in less error when
presenting the data and provides a higher SQNR and a smaller
accuracy degradation of the pre-trained MLP model. This
observation highlights a potential practical application of our
results: estimating and comparing SQNRSs across different FP
formats can guide the selection of FP parameters (e and m) to
represent NN parameters when these parameters adhere to a
Laplacian probability density function. Future work may
explore extending these insights to other FP formats and
broader data distributions, further validating the generality
and applicability of the proposed approach.
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