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1Abstract—This paper is devoted to designing a fractional 

order Proportional Integral Derivative (PID) type sliding mode 

control method (FO-PIDSMC) for a non-linear liquid level 

coupled tank process system. By considering the individual 

advantages of the FO calculus and PID type SMC method, this 

proposed FO-PIDSMC technique is designed to integrate the 

FO calculus method with PID type SMC scheme to obtain an 

accurate and robust liquid level tracking in terms of the 

predefined reference trajectory. The real-time experimental 

results of the proposed controller suggest a dramatic 

improvement over the traditional process system controller 

methods in both trajectory tracking and required control 

action. 

 
 Index Terms—Sliding mode controller method; Fractional-

order calculus; Process system; Liquid level coupled tank 

system.  

I. INTRODUCTION 

In many industrial areas, the liquid level control between 

tanks is a crucial application, such as water distribution [1], 

biochemical [2], power generation, petrochemical 

processing [3], and so on. In these applications, the liquid is 

stored in more than one tank connected with a hole. In this 

type of system, generally, the electrical pumps are used as 

actuators to motorize valve systems. Besides, the flowmeter 

and pressure sensor can assist to obtain a liquid level for 

control applications. This process system has a nonlinear 

behavior due to the dynamic parameter variations and 

pump-valve characteristics. The classical industrial process 

applications, traditional (Proportional Integral Derivative - 

PID) control methods are beneficial controller methods for 

linear and basic systems. In spite of this, the classical PID 

type controller methods are incapable to fulfil the demands 

of controlling high accurate liquid levels during the 

application due to the nonlinear behavior of the system. For 

this purpose, many nonlinear control algorithms have been 

performed to control this type of system. To solve the 

problems mentioned above and to provide high precision 

liquid level control, a nonlinear control method should be 

used. 

In the literature, various non-linear control techniques are 

performed to liquid level process systems to obtain high 

precise control, such as adaptive based [4] and fractional 
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order controller [5]–[7], back-stepping controller [8], a 

model-based back-stepping controller [9]. 

Additionally, different types of fuzzy-based controller 

methods have been considered to obtain accurate control 

over the system nonlinearities, disturbance, and parameter 

changes [10]–[12]. Although these are crucial benefits, the 

fuzzy-based controller efficiency can be disrupted in terms 

of large delay conditions. Because the Fuzzy logic controller 

uses trial and error for optimization and has several tuning 

parameters (fuzzification, defuzzification, and inference). 

Therefore, it takes some time to set parameters in a real-time 

application [13]. 

In the literature, the Sliding Mode Control (SMC) 

methods have gained attraction recently, especially as a 

process control algorithm [13], [14]. The crucial benefit of 

the SMC is an effective and robust control process in terms 

of the unknown parameters and unmodeled dynamics. In 

addition to this, by controlling a nonlinear dynamic system 

in terms of the external disturbances of uncertainties, system 

states have stayed on the sliding surface with the help of the 

switching function in SMC [15], [16]. In recently, many 

types of SMC methods are developed for controlling various 

types of dynamic systems for instance the terminal SMC 

[17], the second-order SMC [18], high-order SMC 

techniques (HOSMC) [19], and the integral SMC (ISMC) 

[20]. In these types of SMC methods, two different control 

components have consisted. The first component is called 

the “phase control law” which is obtained by the 

approximate model of the endowed system. Another 

component of the SMC is presented as the “switching 

control law”. This switching control law is composed to 

guarantee the uncertainties of the system. By combining 

these parts of the SMC, a very efficient, effective, and 

robust method can be developed for controlling the process 

system. In literature, an integral sliding mode controller for 

heat exchanger process water system is designed by Fan and 

Yang [21]. The results of their proposed method performed 

well in uncertainties during the simulated examples. In [22], 

the terminal SMC has been performed to the complex 

pneumatic and hydraulic process systems in simulation, as 

well as in real-time application. Their controller provides 

avoiding uncertainties by following the expected 

acceleration time sequence accurately. 

In addition to the aforementioned control methods, the 
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fractional order (FO) control technique is also a very 

attractive control method in the literature. In terms of 

increasing the efficiency of the aforementioned controller 

techniques, in some studies, fractional-order is considered 

during the process control to increase the system robustness 

due to an arbitrary order of the ordinary and the integral 

calculus [23]–[31]. 

In this work, a mathematical controller design has been 

developed for considering the benefits of FO calculus and 

SMC techniques. The designed FO with PID type SMC 

technique (FO-PIDSMC) has been performed for controlling 

the proposed liquid level control system. In literature, the 

PD-SMC and Fractional-SMC have been theoretically 

executed in [32]. The proposed technique considers the 

combination of FO calculus with the PID type SMC model 

for a liquid level process system for the first time in the 

literature. The reason for performing fractional-order 

calculus combined with PID type SMC is to provide fast 

finite-time convergence, accurate liquid level tracking, 

chattering free control, and avoiding uncertainty during the 

real-time process motion. Moreover, the nonlinear dynamic 

equations of the liquid level coupled tank process system 

have been analytically obtained. To show the effectiveness 

of FO-PIDSMC, an experimental application is executed by 

the conventional Feed Forward-PI (FF-PI) controller 

technique. The real-time execution and outputs prove that 

the given FO-PIDSMC technique progressively increases 

the system’s controller efficiency compared to the 

traditional process control techniques. 

The structure of the paper can be given as follows. 

Section II demonstrates the mathematical modeling of the 

coupled tank process system structure. The FO calculus 

method is given in Section III. The PID type second-order 

SMC design is given in Section IV and the experimental 

outcomes are executed in Section V. Lastly, the conclusions 

are given in Section VI. 

II. DYNAMIC MODEL OF THE COUPLED TANK SYSTEM 

The liquid level coupled tank system is illustrated in Fig. 

1. An electrical motor actuates the system’s pump. As 

shown in Fig. 1, Tank 1 and Tank 2 are connected together 

with an orifice. Additionally, the pressure sensor consists 

each tank for the level measurement. 

 
Fig. 1.  The liquid level coupled tank system. 

So, as to create a mathematical model of the system, 

firstly, the time derivation of the liquid level can be 

considered as taken into account the fluid dynamics law as 

follows 

  
1

    1,2.L t F F ii IN OUTA i ii

 
   

 
 (1) 

In (1),  iL t  shows the position of liquid in the tanks 

( ),cm  
iINF  and 

iOUTF  are in/out flow water percentages 

3( / )cm s  for the ith tank. In (1), Ai shows the cross-sectional 

area  2 .cm  In fluid dynamics law, 
1INF  is related to the 

voltage applied to the actuator of the liquid level system’s 

pump, as shown in (2) 

  
1

.IN p pF K V t  (2) 

The pump’s constant 3( / )cm Vs  is given by 
pK  and the 

control input (voltage pump  u t  (Volt)) is named by 

 .pV t  Additionally, considering Bernoulli’s law, the 

outflow velocity from the orifice of the individual tanks 

 
iOUTv t  is presented by (3) 

    2 .
iOUT iv t gL t  (3) 

In this situation, the ach liquid tank’s outflow water 

percentage (
iOUTF ) is calculated from (4) 

    2 .
iOUT i iF t a gL t  (4) 

In (4), g  shows the gravitational acceleration 

( 2981   /cm s ), and the outflow water orifice’s cross-

sectional area (
2cm ) is presented by .ia  Due to the system 

mechanical structure of the liquid system, the inflow water 

of Tank 2 (  
2INF t ) should be equal to the outflow of Tank 

1 (  
1OUTF t ) as follows 

    
2 1

.IN OUTF t F t  (5) 

So, in the light of the aforementioned explanation above 

in (2)–(5), the mathematical background of the fluid 

dynamics of the liquid level system can be obtained as 

follows: 

  
   1 1

1

1

2
,

pK u t a gL t
L t

A


  (6) 

      1 2

2 1 2

2 2

2 2 .
a a

L t gL t gL t
A A

   (7) 

By taking into account (6) at equilibrium (  1 0L t  ), the 

steady-state pump voltage (  1u t ) gives 
10 ,L  which 

describes the steady-state Tank 1’s level, and also by 

considering (7) at equilibrium (  2 0L t  ), figures out 
10L  

in Tank 1 and this calculation gives
20L , which describes the 

requested steady-state constant for Tank 2’s level. These 
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calculations are given in (8) and (9) as follows: 

   10

1 1

2
,

p

gL
u t a

K
  (8) 

 

2

2

10 20

1

.
a

L L
a

 
  
 

 (9) 

After all these calculations, the deviation variables can be 

defined by considering the operating range in terms of the 

small departure voltages (  1u t ) and heights (    1 2,L t L t ) 

as follows: 

 

   

   

     

11 1 10

21 2 20

2 1

,

,

.

L t L t L

L t L t L

u t u t u t

 


 


 

 (10) 

The second-order SMC can be defined as  2 .u t  

Therefore, (6) and (7) can be converted as follows: 

 

    

    

1

1 10 11

1

1 2

1

2

,
p

a
L t g L L t

A

K
u t u t

A

   

   (11) 

 

    

  

1

2 11 10

2

2

21 20

2

2

2 .

a
L t g L t L

A

a
g L t L

A

   

   (12) 

As it is seen from (11) and (12), the couple tank system 

has nonlinear dynamic equations due to variations of the 

system’s parameter, valve, and pump characteristics. Hence 

the proposed SMC to the proposed model performs the 

linearization of the desired system model based on an 

operating point      10 10 1,  , .L u t L u t  Considering the 

first-order Taylor’s series approximation about (
20 10, ,L L  

and  1u t ) from (11) and (12), it leads us as follows: 

      11 1 11 1 2 ,L t L t u t    (13) 

      21 2 21 2 11 ,L t L t L t    (14) 

where: 

 

1

1 1

1 10 1

2 1

2 2

2 20 2 10

,    ,
2

,   .
2 2

pKa g

A L A

a ag g

A L A L

 

 


  





  


 (15) 

After all, utilizing (13) and (14), the level control of Tank 

2, (  2L t ), is computed. The subsystem out/in flow is given 

by 
21L  and 

11,L  which are used in (14) as an input and 

output. Additionally, the subsystem dynamics in (13) and 

(14) are calculated as Laplace transforms of these equations 

given in (16) and (17): 

   1

1

1

,
1

K
G s

s



 (16) 

   2

2

2

,
1

K
G s

s



 (17) 

where 
10

1

1

2
,

pK gL
K

a g
  

1 20

2

2 10

,
a L

K
a L

  
1 10

1

1

2
,

A gL

a g
   

and 
2 20

2

2

2
.

A gL

a g
   Equations (16) and (17) can be 

considered for conventional PI, second-order SMC, or other 

non-linear control techniques. Table I represents the coupled 

tank system’s parameters. 

TABLE I. THE LIQUID LEVEL SYSTEM PARAMETERS. 

Description Symbol Value&Units 

Constant of Pump Flow pK
 

33.3 / /cm s V  

Gravitational constant g  2981 /cm s  

Tank 1&2 Outlet Areas 1 2a a  20.1781cm  

Tank 1&2 Inside Cross-

Section Areas 1 2A A  215.5179 cm  

III. METHOD OF FRACTIONAL ORDER 

In this section, a piece of fundamental information about 

the FO calculus is given. The Riemann-Liouville definition 

is the most frequently used in scientific literature. The 

fractional derivative and integral of ath order of function f(t) 

are illustrated by [31]: 

  
 

 

 

 
1

0

1
,

tn

n n

d f t fd
f t d

ndt dt t





 




 
 

 
   

   
 (18) 

    
 

 

 
1

0

1
,

t f
f t f t d

t

 






 




 

 
  (19) 

where 1n  <   < n  and n  show an integer value. 
nD  

and 
n

 demonstrate the fractional derivative and integral 

part, respectively. Euler’s Gamma function,  Γ . , is 

presented by 

   1

0

Γ λ .te t dt



    (20) 

The nth order derivative  /n nd dt  of the fractional 

derivative operator,  f t , can be turned into as 

   
 

 .
nn

n

n n

d f td
f t f t

dt dt

  
 

   
 

 (21) 

The most important specification of the proposed 

controller (FO-PIDSMC) is the less sensitivity to variation 

which occurs to parameters of a liquid level coupled tank 

system. With the help of FO calculus, more effectiveness 

and efficiency are provided in the desired controller in terms 
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of the arbitrary order of the ordinary derivative and integral 

computation. The strength of the proposed controller (FO-

PIDSMC) for the liquid level system is more effective than 

the FF-PI method in terms of more degrees of freedom 

(DOF) for setting. The extra 2-DOF in the fractional order 

controller gives more effectiveness for the setting of the 

dynamic behavior when compared to the FF-PI technique. 

So, the FO techniques have a crucial effect on the controller 

system behavior to decrease the steady-state error and 

stability. 

IV. FO-PID TYPE SECOND-ORDER SLIDING CONTROLLER 

DESIGN 

In this section, the PID type SMC method is created so as 

to execute an effective liquid level trajectory tracking in 

terms of the presence of uncertainties. Figure 2 shows the 

proposed method block diagram. In this figure, the reference 

liquid level trajectory is compared with the real-time output 

of the coupled tank system for computing the error during 

the execution. In this case, a computed error will be used in 

a sliding surface function (S), and this function is also used 

to feed into the FO-PIDSMC.  

 
Fig. 2.  The proposed FO-PIDSMC block diagram for the proposed system. 

In this case, the state variables can be defined as follows: 

      1 2 1 ,x t x t L t   (22) 

      3 4 2 .x t x t L t   (23) 

Hence, by taking the inverse Laplace transformation of 

(16) and (17), the differential equation of the system can be 

obtained as follows: 

      
1

¨
1

1 1 2

1 1

1
,

K
x t x t u t

 
    (24) 

      
2

¨
2

3 3 2

2 2

1
.

K
x t x t u t

 
    (25) 

The process outputs are given by  2x t  and  4 ,x t  and 

 
12u t  is equal to the control input of Tank 1, and 

   
22 1u t L t  are the control inputs of Tank 2. Hence the 

second-order equation of motion can be obtained in a matrix 

form as follows 

         
¨

2 1
2 1 2 1 2 1 2 1

, ,x
x x x x

  x f x g x u t ζ t u t  (26) 

where the bounded lumped uncertainty is given by 

  
2 1

.,
x

ζ t u t  In addition to the aforementioned above, the 

tracking error  
2 1x

e t  is given as follows 

   2 1 2 12 1
.x xx

 de t x x  (27) 

The controller is divided into two sub-sections, such as 

the phase control law and switching feedback law to avoid 

the limited unknown uncertainty in the system. The 

designed controller is divided into two sub-sections as the 

phase control and switching feedback part to meet the 

limited unknown uncertainty in the system. Equation (28) 

gives the PID type sliding surface function as follows 

 

 
2 2 2 2

2 2

2 1 2 12 1

2 1

( ) ( )

.( )

d   



x x

x

p x i xx

d x

s t k e t k e τ

k e t  (28) 

In (28), the PID control gain matrix parameters are 
2 2

,
xp

k  

2 2
,

xd
k  and 

2 2
,

xi
k  respectively. In (28), a FO-PID type sliding 

surface is created by using an aforementioned FO calculus 

as follows 

 

 

 
2 2 2 2

2 2

2 1 2 12 1

2 1

( ) { ( ) }

( ) .





  



x x

x

p x i xx

d x

s t k e t k e t

k e t  (29) 

To use the error function in the proposed control 

technique, (30) can be taken when the derivative of (29) is 

taken twice as follows 

 

 

 
2 2 2 2

2 2

¨ ¨
2

2 1 2 12 1

2

2 1

( ) { ( ) }

( ) .









  



x x

x

p x i xx

d x

s t k e t k e t

k e t  (30) 

Taking twice derivative of the error function, (30) can be 

further written as follows 

 

   
 

2 2 2 2

2 2

¨ ¨ ¨
2

2 1 2 1 2 12 1

2

2 1

{ ( ) }

( ) .

x x








   



x x

x

dp i xx

d x

s t k x x k e t

k e t  (31) 

Substituting 
¨

2 1xq  from (26) for (30), yields 

          

 

2 2

2 2 2 2

¨ ¨

2 1
2 1 2 1 2 2 2 1 2 1

2 2

2 1 2 1

,

( ) { ( ) }.

x

  

 
     

 

 

x

x x

dpx x x x x

d x i x

s t k x f x g x u t ζ t u t

k e t k e t                                     (32)

As it is clear that if  
2 1

,
x

s t   
2 1

,
x

s t  and  
¨

2 1x
s t  are 

convergence to zero in the sliding surface condition, then 

the tracking error  2 1( ) xe t  also goes to zero. By this 

convergence, considering the  
¨

2 1
0,

x
s t  the reaching 

phase control law (
2 1xrp

u ) is obtained as follows 
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      

 

2 1

2 2 2 2

2 2 2 2

¨
1

2 1
2 2 2 1 2 1

2 2

2 1 2 1

( ,

( ) { ( ) }).

x

 



 

   

 

x

x x

x x

drp x x x

d i

x x

p p

u g x x f x ζ t u t

k k
e t e t

k k
 (33) 

However, to control the system in terms of only 

considering the reaching phase control is not an effective 

way. So, as to guarantee that the proposed system is more 

effective against system disturbances, the switching control 

law,
2 1

,
xsc

u  should be added to the control signal 

        
2 1

1

2 2 2 22 2 2 1 2 1
.


 

xsc x xx x x
u g x λ s t µ sign s t  (34) 

In (34), 
2 2x
λ  and 

2 2x
µ  show the switching gains, 

respectively. Thus, the total feedback control law, (
2 1xtotal

u ), 

is written as follows 

 

   

    

 

  

2 1

2 2

2 2

2 2

2 2

¨
1

2 1
2 2 2 1

2

2 12 1

2

2 1 2 2 2 1

2 2 2 1

(

, ( )

{ ( ) }

).

x











  

  

  



x

x

x

x

x

dtotal x x

d

xx
p

i

x x x

p

x x

u g x x f x

k
ζ t u t e t

k

k
e t λ s t

k

µ sign s t  (35) 

V. EXPERIMENTAL RESULTS 

The FF-PIDSMC and the classical PI controller have been 

considered in terms of both tanks experimentally. The 

experimental setup is illustrated in Fig. 3.  

 
Fig. 3.  The experimental setup system. 

The controller has been created on SIMULINK. The Q8 

DAQ device from Quanser Company has been run to 

perform real-time executions. The sampling time for the 

setup has been adjusted to 0.001 s. 

To test the controller’s efficiency, a step and the sawtooth 

reference signal are combined and used together on both 

tank configurations. This kind of signal is very crucial for 

liquid level process control systems to obtain the system’s 

performance. In this experiment, a step reference signal runs 

for 15 s, and then a sawtooth reference signal runs for 45 s 

during the real-time execution. Figures from 4 to 6 show the 

liquid level trajectory tracking and controller signal of the 

proposed FO-PIDSMC controller, respectively. As seen 

from Fig. 4, the proposed FO-PIDSMC provides a pretty 

fast and effective output during the real-time execution, in 

addition to this, performing an acceptable small overshoot 

on the trajectory and precise tracking performance as 

compared with the classical FF-PI controller.  

To verify the performance of the proposed FO-PIDSMC, 

the mean squared error (MSE) values are calculated and 

tabulated in Table II. The maximum peak overshoot value 

(Mp) of the FF-PI controller is greater than that of the FO-

PIDSMC controller, and the mean squared error (MSE) 

value of the FF-PI controller is greater than that of the FO-

PIDSMC controller.  

 
Fig. 4.  Step + sawtooth responses for Tank 1 configuration. 

TABLE II. SUMMARY OF EXPERIMENTAL RESULT FOR TANK 1. 

Controller Mp MSE 

FF-PI % 5,89 17,0269 

FO-PID-SMC % 0,31 12,0564 

 

The error of the Tank 1 level in the real-time process can 

be defined as the error between the given reference and the 

real-time measured trajectories. In Fig. 5, the maximum 

error percentage of the step and sawtooth is negligible for 

the proposed FF-PIDSMC and the maximum error 

percentage of the step and sawtooth reference is about 

5.89 % for the FF-PI. 

 
Fig. 5.  Tracking error for Tank 1 configuration. 

The reason for the outperformed results during the real-

time process is that the FO-PIDSMC control signal is more 

robust and effective than that of the FO-PI (Fig. 6) thanks to 

combining with SMC control and FO calculus techniques.  

 
Fig. 6.  Control inputs for Tank 1 configuration. 
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Lastly, the same liquid level reference trajectory is also 

performed for coupled Tank 2 due to verify the FO-

PIDSMC’s efficiency in coupled Tank 2. As shown in Fig. 

7, the proposed FO-PIDSMC gives a quite fast response 

with a small overshoot in trajectory. In this experimental 

setup, the proposed controller of Tank 2 computes the 

reference liquid in Tank 1, while the other controller 

computes the real-time system’s pump voltage command to 

guarantee the real-time liquid level in Tank 2.  

 
Fig. 7.  Step + sawtooth responses for Tank 2 configuration. 

In Fig. 8, the maximum error percentage of the step and 

sawtooth is negligible for the proposed FF-PIDSMC and the 

maximum error percentage of the step and sawtooth 

reference is about 2,54 % for the FF-PI. 

 
Fig. 8.  Tracking error for Tank 2 configuration. 

As also seen in Fig. 9, the outperformed results during the 

real-time process is that the FO-PIDSMC control signal is 

more robust and effective than that of the FO-PI. Similarly, 

to show the efficiency of the proposed controller, the MSE 

values in terms of the level values of Tank 2 are given in 

Table III. The real-time results verify that FO-PIDSMC 

works well for Tank 2. As shown in Table III, the Mp of the 

proposed controller is less when compared with the FF-PI 

controller. In conclusion, the findings of this real-time study 

demonstrate that the proposed controller gives an efficient 

real-time trajectory tracking response compared to the FF-PI 

controller and the precision of the coupled tank system is 

quite effective. 

 
Fig. 9.  Control inputs for Tank 2 configuration. 

TABLE III. SUMMARY OF EXPERIMENTAL RESULT FOR TANK 2. 

Controller Mp MSE 

FF-PI % 2,54 10,1834 

FO-PIDSMC % 0,13 7,2543 

VI. CONCLUSIONS 

In this experimental application, the proposed FO-

PIDSMC technique has been given to control effectively the 

uncertain non-linear liquid level coupled tank system in 

undesired circumstances. In terms of performing accurate 

trajectory tracking, finite-time convergence, and chattering-

free control inputs, the FO-PIDSMC control technique is 

presented. By combining FO calculus with the SMC control 

technique, the effect of the measures’ disturbance is 

compensated. The experimental results proved that the FO-

PIDSMC gives a remarkable real-time liquid level trajectory 

tracking performance during the experimental process. 

Based on the experimental results (Tank 1), MSE error is 

decreased about 40 %, and MSE error is also decreased 

about 50 % for Tank 2. Owing to the FO calculus action of 

the proposed control technique, the FO-PIDSMC controller 

follows the given liquid level reference trajectory with a 

very small error when compared with the responses of the 

FF-PI controller.  
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