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1Abstract—Aiming at the problems of low control precision 

and poor anti-disturbances ability of permanent magnet 

spherical actuator (PMSA), an active disturbance rejection 

trajectory tracking control method based on nonlinear 

extended state observer (NESO) is proposed in this paper. 

Firstly, the multivariable and strong coupling mathematical 

model of the PMSA is obtained by rigid body rotation 

coordinate transformation and the Lagrange dynamic equation. 

Then, the tracking differentiator is used to reduce the influence 

caused by the expected trajectory jump. In addition, NESO is 

designed to observe and calculate coupling of the system, 

external disturbance, and model error online. Finally, the 

nonlinear control law is used to compensate for the observed 

disturbance, and the stability is proved based on the Lyapunov 

equation. Simulation and experimental results show that the 

proposed control scheme can achieve decoupling and tracking 

control of the complex system in the presence of model error, 

random disturbance, and other uncertain factors, has good 

control accuracy and response speed, and has strong robustness 

to uncertain disturbances. 

 

 Index Terms—Permanent magnet spherical actuator; Active 

disturbance rejection control; Trajectory tracking; Nonlinear 

extended state observer. 

I. INTRODUCTION 

PMSA has the advantages of simple structure, small 

volume, high positioning accuracy, fast response speed, and 

good dynamic and static performance. Because it can realize 

the motion of multiple degrees of freedom in the narrow joint 

space and directly drive the load, thus simplifying the motion 

control system. Therefore, once proposed, it has attracted 

much attention and has been widely used in the fields of 

high-end equipment demand, such as multi-dimensional 

precision machining [1], radar tracking system [2], human 
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prosthesis [3], new energy vehicle [4], etc. 

However, a permanent magnet spherical actuator (PMSA) 

is a typical multivariable, coupled, time-varying nonlinear 

system. Therefore, in the process of body design [5], 

magnetic field and torque analysis [6], [7], dynamics analysis 

[8], and PMSA motion control [9]–[11], more factors should 

be considered than the traditional motor.  

To make PMSA from theoretical research to practical 

application, many control schemes have been put forward. 

The more classic is to apply the traditional Proportional 

Integral Derivative (PID) control to PMSA [12], [13]. 

Although the PID control method is simple in design and 

easy to implement, it is difficult to guarantee the accuracy of 

this control method when there are external disturbances and 

uncertain factors, and it is difficult for simple PID control to 

have a good effect on the complex nonlinear system of 

PMSA. To reduce the influence of external disturbances and 

uncertainties on the control system, the sliding mode control 

is applied to many fields, such as the permanent magnet 

synchronous generator [14], and so is the PMSA [15], [16]. 

Although the scheme can overcome the uncertainty of the 

system and has certain robustness to external disturbances. 

However, due to the special structure of the PMSA and the 

problem of buffeting when the state trajectory reaches the 

sliding mode surface, it is difficult to guarantee good 

dynamic performance by using this controller. Reference 

[17] attempts to use an adaptive iterative method to control 

PMSA. This method does not consider the coupling effect of 

the system and has certain requirements for the calculation 

speed of iterative tools, so it is not suitable for practical 

application. Although the computational torque method 

[18]–[20] can be used to decouple the system, it does not 

have a good suppression effect on the external disturbance of 

uncertainty. In addition, some scholars proposed to introduce 

a neural network with good robustness and decoupling to 

solve the above problems. However, the scheme requires a 

lot of calculation, so it is difficult to ensure the real-time 
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control of the scheme [21]–[23]. In addition, a parameter 

identification method of the Coulomb friction model is 

proposed for nonlinear friction, and it is compensated in the 

closed-loop control [24]. However, the distribution of 

friction torque field needs to be obtained through complex 

simulation and experiment, which is also difficult to ensure 

real-time performance. To obtain cascaded 6-DOF motion, a 

robust terminal sliding mode control method is proposed to 

precisely manipulate the orientation of the spherical motor in 

the motion frame [25]. However, some parameter design is 

relatively troublesome and it is difficult to take into account 

both tracking error and chatter. 

Considering all these issues, it may be a better choice to 

apply active disturbance rejection control (ADRC) 

technology to decoupling and tracking control of PMSA 

given uncertain factors, such as model error and random 

disturbance. ADRC evolved from PID control [26]. It inherits 

the essence of the classical PID controller and introduces 

state observer technology based on modern control theory. 

The uncertain and complex factors, which are coupled by the 

internal dynamics without modeling, external disturbances, 

and complex nonlinear factors, are regarded as the total 

disturbance of the system. The extended observer is used to 

estimate the total disturbance online and compensate in the 

feedback control link, so that the multivariable system can be 

decoupled easily. Moreover, it does not need the 

mathematical model of the controlled object. It is very 

powerful to suppress the interference and noise and has a 

small amount of calculation. It can significantly improve the 

real-time performance of the system. At present, more 

in-depth research has been performed in the fields of motion 

control system [27], [28], satellite control system [29], robot 

motion control system [30], and four-rotor control system 

[31]. Among them, reference [32] has tried to apply ADRC 

technology to the PMSA field for the first time, and has 

obtained certain anti-interference ability and decoupling 

effect. However, because the design scheme is essentially 

PID control based on the linear extended state observer 

(LESO), the control accuracy is still not guaranteed. 

Therefore, based on the ADRC model, this paper uses a 

nonlinear extended state observer (NESO) to observe the 

internal coupling and external disturbance of the PMSA 

system online. Therefore, the control scheme in this paper has 

the following advantages: 

1. The ADRC control scheme proposed in this paper uses a 

nonlinear structure, which can achieve better control 

accuracy when applied to the PMSA; 

2. The improved NESO only contains a few parameters, 

which greatly simplifies the process of parameter setting; 

3. The control strategy in this paper can effectively 

eliminate the influence of internal dynamics and external 

uncertain disturbance in PMSA and has strong decoupling 

and robustness. In addition, less calculation makes the 

control scheme have better real-time performance, better 

static performance, and dynamic performance. 

The contents of this paper are arranged as follows. Section 

Ⅱ introduces the basic structure and dynamic model of the 

PMSA. In Section Ⅲ, an ADRC scheme based on a nonlinear 

state observer is proposed. In Sections Ⅳ and Ⅴ, simulation 

and experimental studies are carried out to verify the 

feasibility and superiority of this method. Finally, the idea 

developed is summarized in Section Ⅵ.  

II. BASIC STRUCTURE AND DYNAMIC MODELLING OF PMSA 

A. Structure of PMSA 

Reference [33] introduces the detailed structure of the 

PMSA in this paper. The structure of the PMSA is shown in 

Fig. 1(a), and the simulation model is shown in Fig. 1(b). It is 

composed of rotor, stator shell, permanent magnet, coil, and 

output shaft. The stator is designed as two-hemispherical 

shell structure. The stator coil is divided into two layers, 12 in 

each layer, which are evenly and symmetrically fixed on the 

two hemispherical shells. The spherical rotor is fixed to the 

spherical shell of the stator. There are four layers of 

alternating polarity, symmetrical, and evenly distributed 40 

permanent magnets in the rotor. The rotor is supported by a 

ring at the bottom. Due to the influence of the motor 

structure, the rotor output shaft is limited, and the attitude 

angle can only change in a certain range. The rotation angle 

of the x-axis α and the y-axis β is from -37.5 ° to 37.5 °, and 

the rotation angle γ of the z-axis is not affected, which is still 

from 0 ° to 360 °. The schematic diagram of the rotation 

mode is shown in Fig. 1(c). 

 
(a)                                                 (b) 

 
(c) 

Fig. 1.  (a) Prototype of PMSA; (b) Physical model of PMSA; (c) Rotation 

mode of the rotor. 

B. Dynamic Model of PMSA 

Since the rotor of permanent magnet synchronous motor is 

a rigid body, the kinematic model of PMSA can be 

established according to the transformation of the coordinate 

of the rotation of the rigid body and the Lagrange dynamic 

equation [34] 

 ( ) ( , ) ( , ) .+d -
   

  Δ
f

M C T T        (1) 

where ( , )


Δ    is the model error, d is the external 

disturbance, Tf  is the friction force encountered in the 

process of rotor motion,  
T

  θ  is the angular 

displacement,   
T

x y z
T T TT =  is the PMSA control 

torque, M is the inertial matrix, and C is the Coriolis matrix. 
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The components of M and C can be expressed as follows: 

 

2 2 2 2 2

11 cos cos cos sin sin ,

( ) cos sin cos ,

sin ,

x y z

12 x y

13 31 z

M =I I I

M = I I

M =M =I

    

  



  






 (2) 

 
2 2

23

( ) cos sin cos ,

sin cos ,

0,

21 x y

22 x y

M = I I

M =I I

M

  

 









 (3) 

 32

33

sin ,

0,

,

31 z

z

M =I

M

M I





 

 (4) 

 

2 2

11

2

2 2

12

2 2

2 2

13

( sin sin ) sin cos

( )cos sin cos ,

( cos sin ) cos cos (

sin ) ( cos sin ) sin cos ,

cos ( cos sin ),

z x y

y x

x y z

x y

x y

C = I I I +

I I

C = I I I

I I

C =- I I

    

  

     

      

   



 

 




 

  



  

   





 (5) 

 

2 2 2

21

2

22

2 2

23

( cos sin )( cos ) ( cos

sin ) sin cos cos sin cos ,

( ) sin cos ,

cos ( cos sin ),

y x x

y z z

x y

x y

C = I I I

I I I

C = I I

C = I I

    

        

  

   



  






   


  


 





(6) 

 

2

31

2 2

2

3

2 2

33

( ) sin cos cos

( cos sin ) cos ,

( ) sin cos cos

( cos sin ) cos ,

0

x y

x y z

2 x y

x y z

C = I I

I I I

C = I I

I I I

C = .

   

   

   

   










 


  




 

    




 (7) 

Thus, the control model is obtained as follows 

 -1( )( ( ) ( ) ).d
•• • • •

f
= -M Tθ θ C θ,θ θ- θ,θ - -T  (8) 

III. DESIGN OF ADRC 

In general, ADRC consists of three components: a tracking 

differentiator, a nonlinear state feedback controller, and a 

nonlinear extended state observer. The ADRC flow chart for 

PMSA is shown in Fig. 2 and is described below. 

According to the flow chart, build the ADRC control 

module for PMSA, as follows. 

A. Tracking Differentiator 

The essence of traditional PID control is to eliminate error 

based on error feedback. However, the feedback is 0 at the 

initial time, which makes it easy to produce overshoot. In this 

paper, a nonlinear differential tracker is used to solve the 

overshoot problem. Assuming that the expected trajectory of 

the three rotation angles is V, the expression of the tracking 

differentiator is as follows 
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where .
T

   x y z
V V V V  h is the sampling time, which 

should not be too small. Otherwise, although the tracking 

accuracy can be improved, the noise may also be amplified. 

  is to determine the tracking speed. The fst (.) function is 

the synthesis function of the fastest control, which is used to 

solve the problem of slow tracking speed when the overshoot 

is removed. 

The expression of the fst (.) function is as follows 
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where: 
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Fig. 2.  PMSA ADRC flow chart. 
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B. NESO 

If all the effects are regarded as the total disturbance m, 

according to the dynamic control model of (8), the dynamic 

model of rotation angle is as follows 

 
-1 ( )( ( ) ).E m  

•• • •

M Tθ θ C θ,θ θ  (13) 

According to (8), the control model of rotation angle is as 

follows: 
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where =
1

x θ  and =
•

2
x θ . 

Therefore, according to the characteristics of the PMSA, a 

third-order NESO is designed to observe the coupling and 

disturbance of the system. The extended nonlinear observer 

is expressed as seen in (15): 
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where 1x 1y 1z1
,

T

f f f  
 

f  2x 2y 2z2
,

T
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f  are the values observed by NESO, 

with the initial value of 1f  being set to 0; 

,
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b  are the parameters 

to be set by the observer, and ( )fal , e  is a nonlinear 

function, and its expression is as follows 
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where   is the parameter of the nonlinear function, which is 

selected in (15), 
1 [0.5 0.5 0.5],   

2 [0.5 0.5 0.5].   

C. Nonlinear State Feedback Controller 

After the tracking differentiator and the NESO are 

designed, in order to have better control performance, the 

nonlinear state feedback controller is used 

 ,p dK * fal , ,δ K * fal , ,δT e e            (17) 

where 
11 1= Ve f  and 

2 2 2= .Ve f  

To compensate for the total disturbance observed 
3f , the 

following results can be obtained 

 
0 3( )* .

E
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D. Power on Strategy Design System Current Calculation 

As described above, after designing the relevant modules 

of y-axis and z-axis, respectively, how to calculate the 

required current of the system through torque can be 

considered. Because the PMSA used in this paper is an air 

coil, the interaction of a single rotor pole can be expressed by 

the following equation without considering the saturation 

effect of magnetic field 

 ( ) ,
ri sj

ri sj

s s
f Ni

s s
ij ij

T θ





 (19) 

where i is the number of permanent magnets, the value ranges 

from 1 to 40. j is the number of coils with a value ranging 

from 1 to 24. ,ri sjs s  is the vector position of rotor permanent 

magnet and stator permanent magnet, Ni is the number of 

ampere turns of coil, its value is 2400. ( )f θ  is the moment 

angle characteristic of the single stator and the rotor pole 

action, which can be obtained by the fitting method, and θ  is 

the rotation angle. 

From (19), when all the stator and rotor poles of the PMSA 

interact, the resultant torque of the whole motor is 
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Equation (20) is written in the form of a matrix 
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 (21) 

where , ,i i ifx fy fz  is the torque component along the , ,x y z  

direction generated by the unit current, matrix A changes 

with the rotation angle. 
iJ  is the current of the ith coil. 

According to (21), the required current of each coil in the 

system is as follows 

 .-1

E
J A T   (22) 

E. Stability Proof of NESO 

To prove the stability proposed above, we need to use two 

continuous positive definite functions U, W.  

Firstly, there exists a positive definite matrix in the 

following form 

 

1

2

3

1 0

0 1 .

0 0

a

= a

a

Q

 
 

 
  

 (23) 

Let the positive definite matrix P be the solution of the 
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Lyapunov matrix equation ,T  PQ Q P E  where E 

represents the third-order identity matrix. Define the 

functions U and W as: 

 ( ) , ,U    3
μ Pμ μ μ R  (24) 

 ( ) , .W 3
μ μ μ μ R    (25) 

So: 
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where 
min max

( ), ( ) P P  denote the maximum eigenvalue and 

minimum eigenvalue of matrix P, respectively,   is the 

Euclidean norm. 

Let 
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following error system: 
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Considering the derivative of ( ( ))U tμ  along (31) with 

respect to t, we can deduce that 
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where 
1 2 3, , ,     are the constants that can make the 

equation exist. According to the definitions of functions U 

and W, we can know that there are constants of this type. 

From (32), it can be obtained that 

 3

2 1

( ( )) ( ) 1
.

2 2

d U t U
b

dt




 
  

μ μ
 (33) 

From the definition of (27) and U and W, it can be seen that 
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Combined with (28), it can be concluded that 
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According to (35), when 0,b   ( ) 0,ie t   the observer 

is stable. 

IV. SIMULATIONS 

This section verifies the feasibility of the proposed control 

strategy in the presence of random disturbances. First, the 

dynamic simulation model of PMSA is established in 

ADAMS. The moment of inertia of PMSA is measured as 

seen in (36): 

 

2

2

0.01548( ),

0.01571( ).

x z

y

I I Kg m

I Kg m

   


 

 (36) 

Let the system sampling time parameter 0.01,h   tracking 

factor 10,   NESO parameters  0.01 0.01 0.01 ,b   

and set the desired trajectory 

   [10sin( ) 10cos( ) 5 ] .
T Tt t t      θ  (37) 

Also, the model error is set as seen in (38) 

 ( , ) 0.25 ( ) 0.25 ( , ).
• •

θ θ M θ C θ θ    (38) 

Add a random disturbance 

 sin( ) .d ht h   (39) 

At the same time, two groups of comparative simulation 

are added, which are the linear extended state observer 

(LESO) and traditional Proportional Derivative (PD) control. 

The parameters are set as follows. 

PD control: Kp = 0.1, Kd = 0.02. 

The structures of LESO and TSMC-F are shown in 

references [25] and [32], respectively. Setting parameters: 
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[50 50 50].
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 (41) 
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The tracking effect of the three axes is shown in Figs. 3–5, 

and the tracking error is shown in Figs. 6–8. Table Ⅰ shows 

the mean square deviation of different angles under different 

tracking methods.  

 
Fig. 3.  Comparison of the tracking effect of α angle. 

 
Fig. 4.  Comparison of the tracking effect of β angle. 

 
Fig. 5.  Comparison of the tracking effect of γ angle. 

 
Fig. 6.  Comparison of the tracking errors of α angle. 

 
Fig. 7.  Comparison of the tracking errors of β angle. 

 
Fig. 8.  Comparison of the tracking errors of γ angle. 

The simulation results show that, compared to the ordinary 

PD control, the control errors of the three axes under NESO 

are reduced by 76.5 %, 84.5 %, and 76.5 %, respectively. 

Compared to conventional LESO control, the NESO control 

errors of the three axes are reduced by 38.9 %, 65.7 %, and 

44.4 %, respectively. In addition, compared to the TSMC-F 

control, the control errors of the three axes under NESO are 

reduced by 22.8 %, 30.7 %, and 64.4%, respectively. The 

simulation results show that the NESO control can 

effectively reduce the errors caused by internal coupling, 

friction, and uncertainty, and can provide better control 

accuracy than other control methods. 

TABLE Ⅰ. MEAN SQUARE ERRORS VERSUS THE DIFFERENT 

ANGLE. 

Items PD LESO TSMC-F NESO 

Errors on 

angle α 
1.7133 0.8970 0.6952 0.5339 

Errors on 

angle β 
3.0317 1.3541 0.9655 0.6688 

Errors on 

angle γ 
0.8875 0.1503 0.1288 0.0459 

V. EXPERIMENTS 

The experimental device is shown in Fig. 9. It consists of a 

PMSA, a upper computer, a MEMS sensor, a driving circuit, 

and a power supply. The detailed structure of PMSA used in 

this platform is described in Section Ⅱ. 

In this paper, an MEMS wireless position sensor is 

installed on the output shaft of PMSA, which can 

communicate with the upper computer controller through 

Bluetooth serial communication. The position information 

detected by the MEMS sensor is used as feedback to control. 

The accuracy of position detection of PMSA used in this 

paper can be seen in [35]. The operation principle of the 

experimental platform is to calculate the current required by 

each coil after the upper computer gets the Desired position 

and the real-time position measured by the MEMS sensor, 

and then the current source will power up the driving circuit 

to make the PMSA move towards the new position. The 

driving circuit consists of 24 ARMs, each of which controls 

the current of a single coil of PMSA. 

Set the desired trajectory to 

   [10sin( ) 10cos( ) ] ,
T Tt t et      θ  (42) 

where e is the natural logarithm. 

In this section, the PD and linear observer are also set in. 

The parameters of various control strategies are set in the 

same way as in simulation. 
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Fig. 9.  Experimental platform. 

The tracking effect of the three axes is shown in Figs. 

10–12, and the tracking error is shown in Figs. 13–15. Table 

Ⅱ shows the mean square deviation of different angles under 

different tracking methods. 

It can be seen from the figure that the control errors of 

three axes under the control of NESO are reduced by 53.1 %, 

78.7 %, and 53.2 %, respectively, compared to the ordinary 

PID control. Compared to the conventional LESO control, 

the control errors of the three axes are reduced by 23.2 %, 

62.2 %, and 33.3 %, respectively. In addition, the control 

errors of three axes under the control of NESO are reduced by 

17.4 %, 44.7 %, and 50.9 %, respectively, compared to the 

TSMC-F control. The experimental results show that the 

control method used in this paper can effectively suppress the 

influence of uncertain disturbance, friction, and other factors. 

It has high control precision, fast tracking speed, good 

dynamic performance, robustness, and decoupling. 

 
Fig. 10.  Comparison of the tracking effect of α angle. 

 
Fig. 11.  Comparison of the tracking effect of β angle. 

 
Fig. 12.  Comparison of the tracking effect of γ angle. 

 
Fig. 13.  Comparison of the tracking errors of α angle. 

 
Fig. 14.  Comparison of the tracking errors of β angle. 

 
Fig. 15.  Comparison of the tracking errors of γ angle. 

TABLE Ⅱ. MEAN SQUARE ERRORS VERSUS THE DIFFERENT 

ANGLE. 

Items PD LESO TSMC-F NESO 

Errors on 

angle α 
3.9303 2.5331 2.2353 1.8468 

Errors on 

angle β 
4.0415 2.5118 1.8409 1.0183 

Errors on 

angle γ 
1.2679 0.6011 0.4315 0.2120 

 

Obviously, for PD control, it does not consider the 

nonlinear factors of the model, so it is difficult to ensure that 

the controlled object has good dynamic performance. The 

LESO control uses the linear gain instead of the actual 

nonlinear gain, which cannot guarantee the excellent control 

accuracy. TSMC-F control is difficult to balance control 

accuracy and chattering in the parameter adjustment process. 

Therefore, the use of NESO control will have a better effect 

to a certain extent. 

VI. CONCLUSIONS 

For the trajectory tracking control system of PMSA, an 

ADRC scheme based on NESO is proposed in this paper. The 

NESO is used as the core part of the decoupling, and the 

coupling problem between different rotation angles is 
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transformed into the disturbance problem by using the NESO. 

For the problems of low accuracy and poor dynamic and 

static performance in general controllers, the contributions of 

this paper are as follows: 

1. It is worth noting that the improved observer has a 

nonlinear structure and contains only a few parameters, so 

the control of PMSA is more efficient.  

2. The simulation and experimental results verify the 

effectiveness and correctness of the control scheme, 

which can effectively eliminate the influence of cross 

coupling and external uncertain interference in the PMSA.  

3. In addition, the static and dynamic decoupling 

performance has been greatly improved, which is robust to 

the random disturbance.  

It provides a better choice for the following research of 

PMSA control and application, and it makes it possible for 

the spherical motor to replace the single axis motor in multi 

degree of freedom devices, such as manipulator and satellite 

attitude, etc. 

Although the nonlinear extended observer simplifies the 

process of parameter adjustment. However, under the control 

strategy proposed in this paper, it is still necessary to study 

further how to select the optimal nonlinear function and the 

value of the optimal parameters. In addition, the MIMO 

control system with better control effect can also be 

considered in the future. 
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