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Introduction

The generalized mathematical model of controlled
linear oscillating device aspects presented in this paper
allows analyzing the system as a linearized automatic
control system, evaluating two-mass mechanical system,
assuming the equivalent linear load and nonlinear electrical
system elements.

There are several ways of building mathematical
models for such devices and there control systems:

e Using magnetic field equations [1, 2];

¢ Analyzing the control of oscillation coordinate in
real time [3];

e Presenting a differential forms of the system, but
not all the variables are time-dependent [3, 4, 6];

¢ Evaluating the model by their supply voltage usage
and their effect [4];

e The usage of automatic
electropneumatic systems [5];

e Mathematical models by analyzing the magnetical
circuit using finite elements [2, 7-9].

e Modeling of fault analysis of the moving part of the
mechatronic device [10];

There are a lot of presentations of the separate parts
or more complex models which involve one or several
parts of the physical model. The paper presents concept of
building linearized mathematical model for such devices.

control systems in

General system overview and main assumptions

The analysis of the controlled double-sided linear
oscillating mechatronic device investigates the double
mass double-sided springless linear oscillating electrical
motor-compressor (Fig. 1). The investigation of the system
could be split in three main subsystems analysis:

o Electrical subsystem analysis;

e Control subsystem analysis;

55

e Mechanical subsystem analysis.
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Fig. 1. Block diagram of linear oscillating mechatronic device

with control system structure as a controlled double-sided
springless linear oscillating electrical motor-compressor
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The system mathematical model could be realized by
using the mathematical model of such mechatronic device.
Due to the oscillating origin of the system there two main
regimes to be investigate: a) transient processes (starting
the system, change of the load or task signals), b) quasi-
stationary processes (when the transient processes are
over), which is analyzed in the paper. The assumptions for
the mathematical model building are:

o All the variables in the model are time-dependent;

e The mechanical part is a two mass system, with
linear equivalent stiffness and damping properties;

e The analysis of the system could be presented by
creation of the automatic control system and using transfer
function of the subsystems or their parts;

e The real electrical subsystem is not linear
(containing: inductance nonlinearity — saturation, which is
presented in the paper; thysristor nonlinearity), but is
converted to the equivalent linear subsystem,;

e The mathematical model of electrical subsystem
estimates these parameters — losses in the windings, losses
in the magnetic circuit, time-dependent winding
inductances and mutual inductance direct voltage drop of



thyristors — assumed 2 V. The neglected parameters —
voltage drop in the current feedback resistor 74;

e The exciting force of the system is nonlinear, but
the analysis is simplified by using superposition principal
and analyzing the system effect from each force effecting
harmonic separately and finally summarizing all the
results;

e The oscillations /(7)) of the system is linear, and
contains 1% harmonic only and a constant component (1)
which appears only due to the existence of additional
constant external force, the oscillation amplitude is
constant in quasi-stationary processes [6, 8, 11]

h(ty=Hy+H',,-sin(at + ¢p,), (1)
here /(7)) — oscillation coordinate; H, — constant oscillation
part; H’,, — oscillation amplitude (when H, = 0, H’,=H,,);
¢, — oscillation phase; w — oscillation frequency;

e The control system is digital and the controlled
algorithm is based on controlling the oscillation of the
system only by analyzing the total electrical systems
harmonics  parameters (harmonic amplitudes and
harmonics phases relative to voltage phase). The control
system consists of total current feedback, harmonic
analyzer; A/D and D/A converters, microcontroller with
control algorithm and impulse generator. Some parts
already could be involved in the microcontroller
architecture.

Finalizing the mathematical model could be
presented in the time-dependent differential form or
algebraic form and further wusage of Laplace
transformations and z transformations could be applied.

The analysis mathematical model of electrical
subsystem

The analysis of the mathematical model consists of
building an equivalent electrical circuit of the oscillating
mechatronic device. There are several possibilities of
realizing this circuit, which are presented in Fig. 2. The
figure shows that there are two ways to analyze the
variation of the inductances or magnetic conductivity — on
the basis of oscillation amplitude % [8, 11, 12] or time ¢.
The mathematical model presented here will be build by
using the variant shown in Fig. 2 a) and using time-
dependent variables.
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Fig. 2. Different types of equivalent winding schemes of linear
oscillating mechatronic device: a) losses in winding and magnetic
circuit, oscillation-dependent or time-dependent inductance and
mutual inductance are estimated; b) mutual inductance is
neglected; c) losses in magnetic circuit is neglected; d) mutual
inductance and losses in magnetic circuit is neglected

d)
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The assumptions mentioned above let’s to build the
equivalent electrical circuit presented in the Fig. 3. This
circuit is similar to the presented in papers [13], but there
was no mutual inductance estimation and the inductances
were oscillation-dependent [8, 9, 12, 13].
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Fig. 3. Equivalent electrical diagram of controlled double-sided
linear oscillating mechatronic device with the thysristor voltage
converter

The primary system (2) build by using Kirchhoff’s
Laws is presented below:

i(2) =iy (1) —ip (1), A
i (@) =ip (D) +ip (1), B
i1 (1) =ipp (D) +ix (D), C
u(t) = i i1 () + d(Ll(ztiu(f))J_r d(M(Z:Lz(f)) N
'H”Thyrl(t), . . I (2)
u(t) =ryiry (1) + d(ly (2;]‘2(0) + d(M(Z;“(t)) +
FUThy2 0, 17
0 = riijp (1) — { d (3;“ @ , d(M(ZZLz(t)) } 1l
0 = ryyiny (1) {d(Lz (Z;’Lzm) . d(M(ZZiu(r»} -

here i(f) — total current of the circuit; ij(t) and i (f) —
currents of the each branch of the circuit; i () and i () —
inductive currents of the each branch; i,(7) and in(¢) —
currents in braches estimating the magnetic losses; L(%),
Ly(f), M(t) — time-dependent inductance of each circuit
branch and mutual inductance; r; and r,; — resistance of
each winding; r, and r, — equivalent resistance for
estimating magnetic losses; u(f) supply voltage
u(ty=U,sin(w?); gy, (f) and ug,,-(f) — voltage drop on
thyristors of each branch.

The analysis of the system (2) can be simplified by
making these notices:



a) The first equation is independent for making time
dependent differential equation and can be calculated
separately;

b) The mutual inductance effect is negative.

The differential form of the electrical subsystem after
rearrangements would be:

L) dLl(f) _ M) dra (1) _[ UIUPIN dL1(t)] i) +
dr nithny o dt
L aM(@©
r ipa (1) + —— (u(t) = ugpy (7)), (3)
M([) Ll( ) +L (t) dLZ(t) dA;t(t) iL](l)—
—(% + M] 20+ ()~ g2 (1).
nytrp o dl n1+
The equation system (3) in the matrix form would be:
MOED A x0)+b00), @
here the matrices of the equation (4) are:
ipy (1)
= 5
X0 Lm(ﬂ} )
L@ -M (Z)}
M(7) = ) (6)
L M) Ly(n)
_| e dL(@) dM (1)
A(Z) _ n1tns dt dt
0] [ 0|
dt 1 +7rn dt

12— (1)~ 1)
b(r)=| 1 1r22”12 ( | ®)

m Nu(®) —ugpyo (1)

The analysis of the differential equation system has
several aspects — the nonlinearities of inductances and
thyristors influencing the solution. The inductance could
be presented in the oscillating amplitude dependent sine
form with constant part [6] (Fig. 4 a, in figure the
oscillation amplitude is relative):

L (h(t)) = Ly +K sin [H(;) ;r J )
Ly (h(f)) = LO—Ksn[ 7o) ”} (10)
H, 2

here L, — constant inductance part assumed in oscillation
center. The coefficient K is equal:

Lmax - Lmin

2 sin[”]
2

K= (11)
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here L, — inductance of winding, when A(Y)=H,,; L., —
inductance of winding, when A(¢)=-H,,.

Assuming the equation (1) equations (9) and (10)
could be rewritten in time-dependent form (Fig. 4 b):

(HO 0+H',

Ly(t) = Lo + K sin @) -sin(wt +@y,) ﬂJ (12)

H
J (13)

(12) and (13) are suitable for transient and quasi-
stationary regimes of the oscillating mechatronic device
and so the amplitudes Hy(?) and H’,(¢) are time variables,
but when analyzing quasi-stationary these parameters are
constant. The oscillation amplitude H,, — is the maximum
limited oscillation value, which is constant in any process
and H, part only exist due the constant external force, if
not present the part H, is neglected. The oscillation
amplitude H’,, — is real oscillation amplitude, which
depends on the firing angle of the thyristors, supply
voltage value and might be equal or less then H,,.

m

HO(t)+H' (1)-sin(wt +¢) =
H
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Fig. 4. The graphics of motor winding inductance dependence on:
a) oscillation coordinate; b) time
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The other part of equation (3), which is nonlinear, is
the derivative of the inductances of the windings, which
equal to:

dli(t) Kr cos Hy()+H'y, () sin(of +¢p) 7 N
dt 2H, H, 2
[dl—i?t(t) de @) sin(wt + @y,) +

+wH',, (t) cos(wt + ¢y, )), (14)



dL,() __dL(®) (15)
dt dr

Analyzing the quasi-stationary process the equations
(12)-(15) could be rewritten:

L) =Ly+K sin[(k(Ho) +k(H'",, ) sin(ot + ¢’h))'§} (16)

Ly(t)y=Ly—-K sin((k(HO) +k(H',, )sin(wt + (/’h))'%} 17

dLy(0) _ Knok(H'y)
dr 2

xcos[(k(HO) +k(H',,)sin(wt +¢;,)) -%j-cos(a)z +d,), (18)

dLy(t) _  Krmawk(H',,) o
dt 2

x cos[(k(HO) +k(H',,)sin(ot + (Dh)).%j -cos(at + ¢y). (19)

The coefficients k(H,) and k(H’,) represent the
relative constant part of oscillations H, and oscillating
amplitude A’,, of the oscillating mechatronic device

H' H
k(H',y)=—"1, k(Hg)=—2.
(H'y) 7 (Hy) 7

m

(20)

m

These coefficients (20) must obey the rules, which
estimate the limitation of oscillation of the moving part of
oscillating mechatronic device

| K(H o) +k(H,, )< 1ot | k(H',, ) S Lif k(Hg)=0. (21)

The dependencies (18) and (19) are presented in Fig.
5 b, where in Fig. 5 a) the inductance derivates dependent
from the relative oscillating amplitude are represented. The
coefficients (20) in Fig. 5 are assumed: k(Hy;) = 0 and
k(H’y,) = 1. The reduction of k(H’,) or k(Hy)+k(H,) leads
to more linear electrical system in the accordance to the
inductance variations of the windings.
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Fig. 5. The dependence of motor winding inductance derivative
on: a) oscillation coordinate; b) time

The mutual inductance and its derivative which are
presented in the equations (2), (3), (6) and (7) are not
detailed in this paper because of the variety of the
constructions of the magnetic system of oscillating
mechatronic, it would require more investigation in the
future. As it was shown above in the equations (16)-(17)
the time dependent equations are nonlinear and their
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Laplace transformation could be produced only by
changing the equations the equivalent, which could be
transformed. The parts of mentioned equations should be
replaced are:

kin () = sin[(k(Hw +k(H',, ) sin(ot +pp))- gj (22)

keos () = cos((k(Ho) +k(H',, )sin(ot + @y, )).%} (23)

The equations (22) and (23) values according (21)
varies in range [-1; 1]. The equations could be replaced
using known trigonometric functions expansion to series:

w 2
sin(z) = z- H[l—(éj } (24)
k=1
cos(z) = 10‘01 -2 ’ (25)
e z(2k+1)) |

here z the angle or its equation; & — number of series
members. The equations (22) and (23) after the analysis
and selection of how many members of the equations (24)
and (25) to take into account will take the shape:

ksin (1) = ((k(HO) +k(H',, )sin(et + @,))- %j x

{1_((]{(}10)”(”"1“in(wfwh))ﬂ "

3
<]1

k=1

2k

A (k(Ho>+k(H'm>sin(wz+¢h>))2
kcos(t)—kl;[J:l ( v .(27)

After the composing of the equations (16)-(19) and
equations (26) and (27), the new formulas of inductance
and derivatives of inductances become linear and the
Laplace transformation could be realized.

The nonlinearity of thryristors depends on the firing
angle a of the thyristors and the dissipation of the magnetic
field of the analyzed branch, which could be represented
by currents i;,(f). If the resistors r,; would not be taken into
account, the representative currents would be i (7). After
the linearization of the thyristor nonlinearity, all the system
(3) equations transformed using Laplace transformation.

The aspects of control subsystem
The control subsystem content was mentioned above

and more detailed signal distribution in the feedback is
presented in Fig. 6.

Feedback
signal
i = I +

+ Tl -s'n[nmr+g7,,)
LR

Harmonic

analyzer Microcontroller

Fig. 6. Feedback signal distribution of control system



The microcontroller realizes the control algorithm of
oscillation amplitude by using the total current i(z) first five
odd harmonics amplitudes and phases, and also the DC
part if present (28)

iOy=1Iy+ X1, -sin(not+e;,), (28)

n=1,3,5

here I, — DC of total current; /,, — n" total current

harmonics amplitude; n — harmonics order; ¢,, - n™ total
current harmonics phase. The 5™ order of the harmonics is
analyzed assuming the higher harmonics are very small
[13]. The harmonic analyzer would work using FFT and
algorithm for the current phase extraction.

The analysis mathematical model of mechanical
subsystem

The analysis of the mechanical linear two-mass
system is simpler task, than electrical. The Fig. 7
represents the linear mechanical system.

scheme of double-mass

mechanical
mechatronic device: a — detailed, b — simplified

Fig. 7. Equivalent

The two masses system represent: 1 — “stator”, 2 —
moving part. Mechanical subsystem parameters are:
masses m; and m,, damper properties - stiffness C; and
damping coefficient R;, equivalent air spring stiffness C,
and damping properties of friction estimated by damping
coefficient R,. Analyzing the simplified equivalent
mechanical system (Fig. 7 b) the time-dependent
differential equation system would be:

myay (¢) + (R + Ry)vi (¢) — Ryvo (1) +
+(C1+ C)hy (1) — Cohy (1) = 0,

myay (1) — Ryvi () + Ryv, (1) —
= Coly (1) + Cohy (1) = Foxeire (1),

(29)

here a,(f), ay(f) — accelerations of oscillations of “stator”
and moving part respectively, m/s>; vi(¢), vo(7) — velocities
of oscillations of “stator” and moving part respectively,
m/s; h(f), hy(f) — oscillation coordinates of “stator” and
moving part respectively, m; F,..(f) — exciting force of
the moving part of mechatronic device, N.

The exciting force in general form consists of
constant external force Fy and electromagnetic force F,,,(f)
of the oscillating mechatronic device. The electromagnetic
force also consists of constant part, main and higher odd
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harmonics. The estimated higher harmonics are 3™ and 5",
because the total current (28) equation the highest order of
the harmonics are also 5"

Fexcite(t) :i_FO +Felm(t) = iFO +Felm.0 +

+ zFelm.mn 'Sin(na” + Preim.n )’
n=1,3,5

(30)

here F,;,,o — constant part of electromagnetic force; F, un
— n" electromagnetic force harmonics amplitude; n —
harmonics order; n"™ electromagnetic force
harmonics phase.

The (29) system equation could be rewritten only
respectively to the oscillation coordinates /,(f) and /(¢)
Due to the linearity of the mechanical system differential
equation system could be replaced with one using Laplace
transformation:

PFelmn =

my p*Hy(p)+(Ry +Ry) pH\(p)— Ry pH  (p) +
+(C1+C)H (p)-CyHy (p) =0,

myp® Hy (p)= Ry pH1(p)+ Ry pH (p)—
—CrH(p)+CoHy(p) = Foxcite (P)-

(€2Y)

After analysis of the system such transfer functions
could be extracted:

H,(p)
_ (Rop+Cy)
mp* + (R +Ry)p+(Ci +Cy)

Wi m2(p) =

(32)

Hy(p) _
Foxcite(P)
b'] p+ b'o

Win(p) =

(33)

asp* +asp’ +ayp® +ap+ap

>

Hy(p) _
Fexcite (p)

byp® +bip+by

Wi (p) =

(34)

a4p4 + 03173 + azpz tapta

Wy1(p) = pPWii(p), Wa(p)=p*Win(p),  (35)

here the coefficients are: a;=C;'C,, a;=C;"Ry*Ri-C,,
ay=Cymy+Cy (m+my) Ry Ry, az=R - my+Ry (mi+my),
asg=mji my, b ’OZCZ, b ’1:R2, b0:C1+C2, b1:R1+R2, b2=m1.

The other transfer functions can also be extracted and
analyzed in search of amplitude and phase response of
oscillation amplitude of oscillating mechatronic device.

Conclusions

The conclusions of this mathematical investigation of

the mathematical model of linear oscillating mechatronic
devices are:
The mathematical model of oscillating
mechatronic device could be split in three subsystems to
analyze electrical, control and mechanical behavior of
mechatronic device;
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This paper presents the general mathematical model of double-sided splingless linear oscillating mechatronic device — oscillating
motor-compressor which is supplied by thyristor voltage converter. The model presents possibilities to evaluate losses of the windings
and losses in the magnetic circuit, nonlinear inductances, mutual inductances, special current feedback using harmonic analysis for the
control, oscillations not only of the moving part, but also the “stator” oscillations. Also using this model such parameters can be
calculated — oscillation centre drift, oscillating coordinates and velocities of mover and stator, all currents and voltages, electromagnetic
force, harmonics of each time-dependent parameter. I11. 7, bibl. 13 (in English; abstracts in English and Lithuanian).

A. Senulis, D. Eidukas, E. Guseinoviené. Apibendrintasis valdomo tiesiaeigio Svytuojamojo mechatroninio jtaiso matematinis
modelis // Elektronika ir elektrotechnika. — Kaunas: Technologija, 2011. — Nr. 2(108). — P. 55-60.

Straipsnyje aptariamas apibendrintasis dvipusio bespyruoklio $vytuojamojo tiesiaeigio mechatroninio jtaiso — $vytuojamojo
kompresorinio variklio, maitinamo i3 tiristorinio {tampos keitiklio, matematinis modelis. Sis modelis leidzia jvertinti nuostolius apvijose
ir magnetingje grandingje, netiesinius induktyvumus, abipusj induktyvuma, naudojama specialy srovés griztamaji rysj, kurio veikimo
principas yra pagristas harmonine analize, o rezultatai naudojami valdymui. Siame modelyje taip pat {vertinami ne tik judziosios dalies,
bet ir ,statoriaus” Svytavimai. Naudojant toki modelj galima apskaiCiuoti §iuos parametrus: Svytavimy centro poslinkj, Svytavimy
koordinates, tiek judziosios dalies, tiek ,statoriaus® greicius ir pagreicius, elektros grandinés srovés ir itampas, elektromagneting jéga,
taip pat kiekvieno parametro harmonikas. I1. 7, bibl. 13 (angly kalba; santraukos angly ir lietuviy k.).
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