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1Abstract—This letter proposes an effective pre-processing
technique for robust estimation of signal parameters via
rotational invariance techniques (ESPRIT)-based single-tone
frequency estimation against an I/Q mismatch. For the
implementation of a high-accuracy ranging/radar system,
parametric-based algorithms such as MUSIC, ESPRIT and
their variations have been adopted due to their superior
estimation capability for single-tone frequency estimations.
Since most ranging/radar system have the direct conversion
architecture, I/Q imbalance problem occurs in the form of
spurious frequencies of the frequency spectrum. For this
reason, the proposed pre-processing technique is designed to
make use of the Hilbert transform structure for received
signals. The estimation performance of the proposed pre-
processing technique in single-tone frequency is derived and
compared with the results from a Monte-Carlo simulation. The
root-mean-square error (RMSE) of the proposed method is
compared with that of an ESPRIT-based method for various
parameters.

Index Terms—ESPRIT, pre-processing technique, single-
tone frequency, Hilbert transform, I/Q mismatch.

I. INTRODUCTION

Single-tone frequency estimation is one of the main
challenging in wireless systems [1], [2]. It has numerous
applications in the instrumentation and measurement issues
such as testing of sine waves and the single-target detection
of the radar. Specifically, millimeter-wave wireless systems
(30 GHz to 300 GHz) have recently become increasingly
widespread for radar systems [3] such as frequency
modulated continuous wave (FMCW) radar. In the
millimeter-wave systems of the FMCW radar, direct
conversion types of architecture are commonly implemented
to reduce the cost and power consumption of the receiver.
However, because the conventional direct conversion
architecture is sensitive to local oscillation and the matching
between the components of the in-phase (I) and quadrature
(Q) channels, they have especially an effect to DC offset and
I/Q imbalance [4]. Although there have been many efforts to
improve the accuracy of the single-tone parameter estimation
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process in the presence of AWGN, this problem has not
been addressed in conjunction with the I/Q mismatch
problem. The I/Q imbalance problem strongly affects the
signal processing part when estimating parameters.

For frequency estimations, there are parametric and the
non-parametric approaches. Well-known parametric
methods are multiple signal classification (MUSIC) [5],
matrix pencil [6], Propagator [7] and estimation of signal
parameters via rotational invariance techniques (ESPRIT)
[8]. The non-parametric methods include the discrete Fourier
transform (DFT), the Blackman-Turkey method and the
Bartlett method. The performances of the parametric
methods are superior to those of the non-parametric
methods. Among the parametric methods, ESPRIT achieves
quite good performance and is thus widely used.  In this
letter, we propose an effective preprocessing technique for
robust ESPRIT-based single-tone frequency estimation
against instances of I/Q mismatch.

II. SIGNAL MODEL

The chirp signal is used widely for millimeter-wave
systems such as radar [3] and communication systems [9]
because a received chirp signal can be changed to a
sinusoidal signal by a de-chirping process.

A. Received Signal without I/Q Imbalance
In FMCW radar, the transmitted baseband chirp used for

time delay estimation is obtained from the models as

2
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where ωc denotes the carrier frequency, ωs is the initial
frequency, μ is the rate of change of the instantaneous
frequency of a chirp symbol and Tsym is the signal period of a
chirp symbol. Assuming a time-invariant channel over Tsym,
the received signals, perturbed by additive white Gaussian
noise (AWGN), can be represented by

 ( ) ( ),y t as t z t   (2)
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where z(t) is the AWGN with noise power σ2 and a and τ are
the complex amplitude and time delay of the received signal,
respectively.

To apply parametric-based algorithms such as ESPRIT
and MUSIC, de-chirping is done to transform the received
chirp signals into sinusoidal signals. In practice, de-chirping
is defined as the conjugate multiplication of the received
chirp signals and the reference chirp signals r(t) as in ([9],
(9)), such that

*( ) ( ) ( ),d t y t r t (3)

where (·)* means the phase conjugation, d(t) indicates that
y(t) is transformed into exponential form. Eq. (3) shows that
the transformed signals d(t) as in ([9], eq. (10)) after low-
pass filtering have a sinusoidal waveform such that

( )( ) ,j td t ae  (4)

where η(t) = -μτt -ωsτ + μ/2τ2. At this point, the time delay of
arrival (TOA) parameter τ is changed to the frequency
components of the single-tone sinusoids, as shown in (4).
Thus, the time delay parameter estimation problem of the
received signal y(t) is converted to a frequency estimation
problem of the transformed sinusoids d(t).

B. Received Signal with I/Q Imbalance
Since millimetre-wave radar systems including direct

conversion use extremely high frequencies, they are
associated with the I/Q imbalance. In (3), we assume that the
reference chirp signal r(t) has a perfect I/Q balance. For an
analysis of transformed signals perturbed by I/Q imbalance,
we assume that the reference chirp signal r'(t) has the I/Q
imbalance. The output of the reference r'(t) with the I/Q
imbalance is expressed as

( ) cos( ) (1 )sin( ),r t X j X      (5)

where X = (ωc + ωs)t + (μt2)/2 and θ and β represent the
error of the phase and the amplitude due to the I/Q
imbalance, respectively. The conjugation of (5) can be
changed as [10]

*( ) +  ,jX jXr t e e     (6)

where 1 2{1 (1 ) }je      and

1 2{1 (1 ) }.je      After de-chirping and low-pass
filtering, it is determined that the transformed signals dIQ(t)
due to the I/Q imbalance have a sinusoidal waveform such
that

( ) ( )
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The received signal perturbed by I/Q imbalance dIQ(t) can
be represented by a sum of the complex scaled desired signal
and interfering signal in the imaginary frequency of the
desired signal.

III. PROPOSED PREPROCESSING TECHNIQUE

The proposed method is composed of a two-step approach
for the compensation of the I/Q imbalance error in order to
estimate the single-tone frequency.
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Fig. 1. I/Q imbalance compensator.

A. Preprocessing Technique for I/Q Imbalance
Compensation

The proposed preprocessing technique for the I/Q
imbalance compensation is shown in Fig. 1. The discrete
time model of dIQ(t) received through analog-to-digital
converter (ADC) can be described such that
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where 0,..., 1,n N  Ts denotes the sample period and N
represents the number of samples per Tsym. In addition, in
order to clarify the signal model with the I/Q imbalance, the
following explanation omits the noise term, z[nTs], in (8) for
simplicity. Re(dIQ[n]) and Im(dIQ[n]) in (8) are fed into
Hilbert transform functions of the I and Q channels,
respectively. Here, Re(·) and Im(·) means the real part of the
complex signal and the imaginary part of the complex signal,
respectively. The goal of the Hilbert transform is to generate
a complex-valued N-point signal from the real-valued signal
as shown in [11]. In the Hilbert transform of the I channel,
Re(dIQ[n]) is transformed by using N-point DFT such that
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where 0,1,..., 1k N  . After DFT, an N-point one-sided
spectrum is obtained via
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To compute the inverse DFT (IDFT) of the N-point one-
sided spectrum (I)

hilb[ ]F k the complex analytic signal is
computed by
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where for 0,1,..., 1n N  . The Hilbert transform of the Q
channel from the imaginary-valued signal uses a procedure
identical to that of the Hilbert transform of the I channel.
And then, by multiplying (I) *

hilb [ ]f k and (Q)
hilb [ ]f k obtained

from the Hilbert transform of the I and Q channels,

respectively, the k-th error term ferr[k]=
ˆˆ(1 ) je  induced

due to the I/Q imbalance is achieved. After ferr
*[k] is

multiplied by (Q)
hilb [ ]f k , the k-th compensated signal fcomp[k]

is obtained. Finally, the k-th compensated complex signal
dcomp[k] is acquired from the sum of Re(dIQ[k]) and jfcomp[k]
i.e. dcomp[k] = Re(dIQ[k]) + jfcomp[k].

B. TOA Estimation by ESPRIT
Using the compensated signal dcomp[k] with N samples, the

autocorrelation matrix Rdd of L by L is defined as

dd comp comp0 ,HN L
n

R d d (12)

where the sequence dcomp = [dcomp[n],…, dcomp[n+L-1]]T with
length L, (·)H and (·)T is the Hermitian transpose and
transpose, respectively. The eigenvalue decomposition
(EVD) of Rdd has a form given by
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where the signal eigenvector matrix S=[s0, …, sM-1] contains
M eigenvectors which span the signal subspace of the
correlation matrix, the noise eigenvector matrix G = [g0, …,
gL-M-1] indicates L-M eigenvectors spanning the noise
subspace of the correlation matrix, and λn denotes the n-th
eigenvalues of Rdd. The largest M eigenvalues of λ0, …, λM-1

correspond to the M eigenvectors of S. The other
eigenvalues λM, …, λL-1 correspond to the eigenvectors of G
such that λM = …= λL-1=σ2. Let us define the S1 and S2

matrices, which is S1=[IL-1 01×L-1]S, S2=[01×L-1 IL-1]S, IM

denotes M × M identity matrix and 0M×N means M × N zero
matrix. The sub-matrices, as shown in earlier work [12], are
factorized by:
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S = A C
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where A1=[IL-1 01×L-1]A, A2=[01×L-1 IL-1]A, A = [a(ω0) …
a(ωM-1)], a(ωm)=[1 e-jωm …e-j(L-1)ωm]T, ωm= mTs, D = diag[δ0
… δM-1], diag(·) means the diagonalization of the matrix, δm

denotes the frequency of the transformed complex
exponential signal for the m-th time delay of the received
signal i.e. δm=e-jωm and C denotes the non-singular
transformation matrix of M by M. In order to obtain δm, the
eigenvalues of ϕ is used such as ϕ=C-1DC. Thus, ϕ is
expressed such that

1 1 1 2.  * -1 *(S S ) S S (15)

Among several ϕs, the first time delay of received signal
0̂ is determined by the first eigenvalue of ϕ such that
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where ( )  means the phase angles for a complex signal.

IV. PERFORMANCE ANALYSIS OF RMSE AND CRLB
In this section, the reduced root-mean-square error

(RMSE) of the estimator for the received signal distorted by
the I/Q imbalance, the ratio of the RMSE of the proposed
method to the RMSE of the signal perturbed by the I/Q
imbalance and the Cramer-Rao lower bound (CRLB) are
derived. The distorted signal, dIQ[n], leads to a signal to
noise ratio (SNR) reduction of the received signal. From (7),
the distorted signal dIQ[n] is divided into the negative
frequency and the positive frequency. Compared to (4), the
amplitude of the negative frequency decreases with  .

Therefore, the reduced SNR ∆ due to  can be expressed
as follows

1020log ( ).  (17)

In the AWGN channel, the RMSE of the estimated TOA
for the signal perturbed due to the I/Q imbalance δIQ can be
expressed as in (17) from earlier work [6] with the SNR
which denotes as γ i.e. γ=a2/σ2 such as
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1 1 .
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 

(18)

The RMSE of the proposed method has similar
performance comparing with the ideal ESPRIT because the
proposed method removes the effect of the I/Q imbalance.
The ratio of the RMSE of the proposed method to the RMSE
of the signal perturbed due to an I/Q imbalance R can be
formulated such that

0.1
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Therefore, the RMSE of the proposed method is improved
with   .

In the CRLB, the ESPRIT-based TOA estimation is based
on a single-tone sinusoid signal. For the received signal in
(4) in the AWGN channel, the CRLB for the ESPRIT-based
TOA estimation δτ is derived from an earlier result [10] such
that

2
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V. SIMULATION RESULTS

We present Monte-Carlo simulation results averaged over
10,000 estimates to verify the performance of the proposed
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algorithm. The TOA performance of the proposed algorithm
is compared with those by conventional algorithms, in this
case the ESPRIT-based TOA estimation algorithm, in a
variety of the I/Q imbalance cases. This letter only takes into
account the RMSE for single-tone frequency. For the
proposed and conventional algorithms, their RMSEs are

defined such that   21, 1
1

1/ ,
N

n
n

N  


  where 1,n is the

first time delay estimation of the n-th Monte-Carlo trial and
N is 10,000. In the following simulations, we set the
parameters as shown in Table I.

TABLE I. SIMULATION PARAMETERS FOR AWGN CHANNEL.
Parameter Value

μ 7.3158 × 1012

Ts 31.25 ns
Tsym 1.1875 μs

In Fig. 2, the proposed algorithm is analysed for the
RMSE of the estimated TOA for the signal perturbed due to
the I/Q imbalance and compared to other algorithms and
CRLB values. We compare the RMSE of the ideal ESPRIT
algorithm with RMSE of the proposed estimator in TOA.
Because the analysis assumes a high SNR, the analysed
RMSE and the simulation results for the proposed
algorithms are not well matched in SNR areas below 5 dB in
Fig. 2.
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Fig. 2. Simulation and analytic results of TOA in the AWGN channel.
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Fig. 3. Simulation and analytic results of TOA with various values of Tsym
with SNR = 15 dB.

For the received signals including I/Q imbalance error, the
RMSE of the proposed algorithm is nearly identical to the
ideal case, while the ESPRIT method with I/Q imbalance

becomes saturated from the point when SNR = 10 dB.
Figure 3 shows the RMSE values of various estimators as
the number of samples N increases. Regarding the change of
the sample number N, N increases to 114 such that Tsym =
3.56 μs. When N increases, the RMSE of the proposed
estimator improves. In particular, for the proposed estimator,
when N changes from 38 to 114, the RMSE characteristics
improve by more than twofold, showing a change from
4.25e-9 to 1.71e-9.

VI. EXPERIMENTS

In a real situation, to verify the robustness of the proposed
method, a variety of experiments are performed in an
anechoic chamber located at Daegu-Gyeongbuk Institute of
Science & Technology (DGIST) in Korea. In Fig. 4, the
chamber is built for wireless signals of 8 GHz to 110 GHz.
The dimensions are 10 m(L) ×5 m(W) × 4 m(H). As shown
in Fig. 4, moving targets can move back and forth for our
experiments. We develop the radar verification equipment as
shown in Fig. 5. By an external signal from the DSP board,
the transmitted signal of the RF transceiver is generated. The
received signals, which are called as beat signals, are
captured by a Tektronix TDS8200 sampling oscilloscope.
The captured data was used to verify the proposed algorithm
as described in the next section.

Fig. 4. Photo of the chamber room at DGIST.

Power
supply

DSP
board

Developed RF
transceiver Oscilloscope

Fig. 5. Measurement setup of the 24 GHz FMCW radar.

A. The Description of RF Transceiver
A block diagram of the 24 GHz FMCW radar system is

shown in Fig. 6. The system is consisted of a transmitter, a
transmitting antenna of multiple elements, a receiving
antenna, and a receiving channel. The transmitter generates
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FMCW signals which have a chirp signal. The initial
transmission time of each sweep is controlled by the DSP
board. A photograph of the 24 GHz radar system is shown in
Fig. 7.

The transmitter comprises a voltage-controlled oscillator
(VCO), frequency synthesizer and a 26 MHz oscillator. To
generate the FMCW source, a frequency synthesizer controls
the input voltage of the VCO. An RF signal is spread to the

TX antenna and receiver mixer via the power divider.
The receiver contains a LNA, a mixer, a high-pass filter

(HPF) and a low-pass filter (LPF). The receiver has an
overall noise figure of 8 dB. The gain and noise figure of the
LNA are 14 dB and 2.5 dB, respectively. In order to
generate the beat signal, an RF signal is down-converted by
the mixer. The measured 3 dB cutoff frequency of the HPF
and the LPF are about 13 KHz and 2 MHz, respectively.

Fig. 6. Block diagram of the 24GHz FMCW radar system.

Fig. 7. Photograph of the 24 GHz FMCW radar system.

B. Antennas

Fig. 8. Measured radiation pattern of the antenna.

An antenna architecture in the receiving antenna is a
microstrip-patch antenna. This microstrip-patch antenna has
a gain of 15.6 dBi and a 3-dB beamwidth of 24°. The

microstrip-patch antenna of the same type is mounted on the
components of the transmitting antenna. The measured
radiation pattern of the antenna with horizontal polarization
is shown in Fig. 8.

C. Experiments
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Fig. 9. Range map of the proposed method for the target located at ranges
of 0.5 m and 2.5 m.
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In chamber environment, we carried out single-target
experiments. In order to evaluate the performance of the
proposed algorithm, the conventional ESPRIT with I/Q
imbalance are compared. In this single-target scenario, three
different single-target scenarios are performed. When a
target was located at ranges of 0.5 m and 2.5 m relative to
the FMCW RF module, the range RMSE of the proposed
method was obtained as shown in Fig. 9. In Fig. 9, the range
results of the proposed estimator are found at 0.47 m,
0.72 m, 1.4 m, 1.75 m and 2.19 m, which the mean of
ranging RMSE is 0.0061 m. Compared to the range map of
the ESPRIT with I/Q imbalance in Fig. 9, it can be seen that
the RMSE of the proposed estimator, which the mean of
ranging RMSE is 0.0132 m, is better than that of the
conventional estimator.

VII. CONCLUSIONS

For robust ESPRIT-based single-tone frequency
estimations considering I/Q mismatch, we proposed an
effective preprocessing technique. The estimation
performance of the proposed preprocessing technique in a
single target is analysed for the RMSE of the estimated TOA
for the signal perturbed due to the I/Q imbalance and
compared with Monte-Carlo simulation results. The
proposed method is achieved similar performance of the
ideal ESPRIT method without the I/Q imbalance with
various parameters.
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