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Introduction 
 

The ray tracing is approximate method for simulation 
the scattering, propagation and penetration of 
electromagnetic radiation in regions of space large in 
comparison with radiation wavelength. In many cases it is 
only one reasonable method for numerical solution of such 
problems, because known numerical methods as Finite 
Element Method (FEM) for frequency [1] and time 
representations (FDTD) [2] are efficient only for regions 
limited by pair of wavelengths. For simulation the wave 
propagation in urban and indoor environment the best are 
hybrid methods with sharing ray tracing method [3]. In 
spite of combination of different methods the complicated 
geometry of tasks requires to carry out some 
simplifications [4]. The specific geometry sometimes allow 
us to use two - dimensional (2D) simulation [5] instead of 
three-dimensional (3D) simulation. 2D simulations are 
often used to compare results given by ray tracing and FE 
or FDTD methods because for 2D simulation region 
dimension can be some wavelengths. 

Often FE or FDTD methods are applied for 
calculating the scattered field in small regions (the 
observation point is located in this region). Still in some 
cases the scattered field is strong enough for continuation 
of ray tracing. In these cases the FEM region may bee 
treated as secondary source of radiation. Lately still most 
hybrids are created on base of FDTD method, but for 
signals with narrow frequency band FE method has some 
advantages.  

This paper gives a theoretical fundament for creating 
secondary ray sources of FEM region. For creating ray 
sources we must determine intensity and orientation of all 
rays on the boundary of FEM region. To explain the 
methodology we will use two-dimensional model. This 
model has following advantages: 

• mathematical description and the software is 
simple; 

• comparison of exact and approximate methods is 
possible; 

• drawing of geometry is not complicated. 
The 2D simulation can be compared with 

measurements for cases when electromagnetic field 
depends only from two co-ordinates or dependence from 
the third co-ordinate is known. Successfully 2D simulation 

can be applied for wave propagation in tunnels or in 
waveguides.  

Because we are interested in field calculation for 
signals with narrow frequency band the most reasonable 
method is FEM.  

For analysis is selected sinusoidal source with 
polarisation - TE {  }. yxz EEH ,,
 
Methodology of source creating 
 

Let the FEM region has a shape of cylinder (Fig.1.) 
with radius . The scatter is located in this region. 

Through region propagate an incident field . The 
incident field creates the scattered field that outside the 
FEM region is marked with the Pointing vector. The 
Pointing vector on the boundary of FEM region determines 
the intensity and orientation of secondary rays.  
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Fig. 1. A FEM region with scatter and incident rays 

 
For numerical calculations the FEM region must bee 

covered with mesh. The mesh truncating in this case must 
be carried out by Boundary Integral (BI) method.  

Part of the FEM region is illuminated by incident ray 
that on Fig.1. is depicted as region between boundary rays. 
In this region the nonzero incident field will appear in the 
field equations. For TE wave the vector wave equation 
(region without current sources) becomes: 
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where index t denotes transversal operator; - relative 
complex permittivity; for nonmagnetic materials relative 
permeability can be simplified .  
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The vector product can be transformed for 2D case to 
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This transformation gives for the scalar equation zH
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The field is typically decomposed as a sum from 
incident and scattered fields: 
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Now the wave equation for scattered field is 
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The weak form of wave equation for FEM region 
with square Ω  and weighting function W  is [1]: ),( yx

[ ]

[ ] ∫∫∫

∫∫

Ω

Ω

⋅⋅=⋅∇⋅⋅+

+⋅⋅⋅⋅+∇•∇−

dsfWdlHW

dsHWkHW

C

scat
z

scat
zr

scat
z

)()()()(

)()()()( 2
0

rrrnr

rrrr

rrrrr

rrrr
ε

 

For numerical calculations all FEM region is covered 
with mesh from triangular elements. Every local 
triangle has unique element identification and three local 
nodes, which are at the same time global nodes (Fig.2.). 
Numeration of local nodes is always counter-clockwise.      
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Fig. 2. Triangular node based mesh elements, local and global 
nodes 

The scattered field may be represented  
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where basis function for triangle e-th element that occupy 
region  is: eΩ





 ∈⋅+⋅+=

otherwise;,0
;for),(

ee
i

e
i

e
ie

i
ΩycxbayxN r

r

 

.
)()()()(

;
)()()()(

;
)()()()(

12131312

12131312

12131312

eeeeeeee

e
j

e
ke

i

eeeeeeee

e
k

e
je

i

eeeeeeee

e
j

e
k

e
k

e
je

i

yyxxyyxx

xx
c

yyxxyyxx

yy
b

yyxxyyxx

yxyx
a

−⋅−−−⋅−

−
=

−⋅−−−⋅−

−
=

−⋅−−−⋅−

⋅−⋅
=

 

The coefficients are expressed by co-ordinate of e-th 
triangle. 

We choose Galerkin testing (W  ) and obtain 
the element equations 
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                                                                    for j=1,2,3. 

Here is number of triangular elements that have 
edge on surface of region or number nodes on boundary 
(author recommend to choose odd number). 

sN
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is normal derivative on region boundary.  
Global  
nodes 

Due to the orthogonality of testing functions, from (4) 
it is possible to obtain equations for every element of the 
mesh. Summing them we get equations for every node of 
the mesh. These equations lead to a system of equations 
with a sparse matrix. But this system is not solvable 
because unknown are the field intensity in every node and 
its normal derivative on the boundary. To truncate mesh on 
the boundary of FEM region we use BI conditions tying on 
boundary field and its normal derivatives [1]. The 
Boundary Integral Method for mesh truncating uses exact 
solution of c ntour integrals to calculate the scattered field 
in the point r :  

or

1 2 Local 
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where 2D Green function: 
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Boundary equation (5) contains incident and scattered 
fields, which have to be separated 

 

).(),()(

)()],([

)()],([

),()()(

//2
/

/

///2//

///2//

//2
/

/

rrrr

rrrn

rrrn

rrrr
Cr

rrr
r

rrrr

rrrr

rr
r

r
r

FdlG
n

H

dlHG

dlHG

dlG
n

HH

C

D
i
z

C

i
z

D
C

scat
z

D
C

D
scat
zscat

z

∫

∫

∫

∫

=⋅⋅
∂

∂
−

−⋅⋅∇⋅=

=⋅⋅∇⋅−

−⋅⋅
∂

∂
+

∈

 (6) 

For more compact subscript we use: 
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To solve  (4) together with (6) in Galerkin basis we 
have to discretize (6).  For unknown functions we employ 
the piecewise constant expansion on boundary 
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where ∆ . sN/2πϕ =
The region boundary and angles are sketched on Fig. 

3. 
Now, for any boundary segment, values of the field 

and its normal derivatives are approximated with its 
average value at nodes.  This approximation simplifies 
integrating for (6). 
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Fig. 3. Functions and angles on boundary of region  
 

Now the assembled system (4) and (7) have to be 
solved and the field for every node in the region and its 
normal derivatives on boundary are determined. 

On boundary most preferable is cylindrical system 
co-ordinate. For this case on : ρ=r
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Now from Maxwell equations we can determine 
components of scattered electrical field: 
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where  - free room impedance.  0Z
The Pointing vector for scattered field  
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Radiated power from the new ray is determined by 
real parts of the Pointing vector: 
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and field intensity 0/2 ZH rayray
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The new ray is located between angle  and 

 (Fig. 4.). 
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Fig.4. Secondary ray between bold lines: ; 

- angle between x axis and s-the radius (  ). 
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The secondary rays are obtained from the Pointing 
vector of scattered field and its normal derivatives on the 
region boundary. 
 
Conclusion 
 

This paper explains a combination of ray tracing and 
finite element methods. The Pointing vector of scattered 
field is obtained using boundary integral method for mesh 

truncating. Some numerical results for hybrid method with 
secondary source are presented in paper [5]. 
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explains solution method for two - dimensional FEM region with a boundary integral mesh truncating. Solving the system of FEM 
equations and boundary conditions, the field and its normal derivatives on boundary of region are determined. This solution gives 
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Для симуляции распространения электромагнитных волн в помещениях часто используются гибридные методы. В 
микроволновом диапазоне гибриды строятся на основе лучевого метода. В данном случае для расчета поля в областях с 
мелкими препятствиями выбран метод конечных элементов. Статья рассматривает двумерный модель с применением 
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