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Introduction

It is an easy task to calculate the resistance of a
conductor carrying steady state current. In order to find the
current density in the same conductor, the task becomes
harder for especially complicated geometries which may

require a solution of the Laplace’s equation [1], 02  V

then the gradient of the potential function, V J


,

where J


– current density, V – electric potential. The
application of this method which is widely in use is easy
for some geometries like CaCS (Cartesian coordinate
system) and CyCS (Cylindrical coordinate system) but
requires special attention when other geometries like the
SpCS (Spherical coordinate system), OSCS (Oblate
spheroidal coordinate system), PSCS (Prolate spheroidal
coordinate system), TOCS (Toroidal coordinate system),
BSCS (Bispherical coordinate system), etc. [2,3] are in
consideration. In this study, a straightforward calculation
of the current density in the conductor for the CyCS and

the OSCS is performed by using the equation, RI J


.
The calculations also revealed the source of the surface
charge density on the surface of the conductor carrying
steady state current. The calculations are given in the
following sections.

Properties of the CyCS and the OSCS

Properties of the CyCS, z,, :

Limits of the variables:

 0 ,  20  ,  z (1)
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Gradient operator in the CyCS:
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Properties of the OSCS,  ,, :

Limits of the variables:

  , 11   ,  20  (4)

Differential length elements:
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where  – permeability.

Gradient operator in the OSCS:
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Ohm’s Law and the gradient of the scalar function-
resistance

The well known Ohm’s law is described as
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where R – electric resistance,  – electric conductivity.
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When a medium described by the differential volume

element, sdddv




 is filled with an isotropic conducting

material (), in the direction of 

d , the exact parametric

resistances in the orthogonal directions can easily be found
as below:

resistance in  direction:
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resistance in  direction:
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resistance in z direction:
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for the CyCS since the current may be confined to a region
by insulating boundaries, without causing fringing fields

[4]. In eq. (7–12) 12   , 12   and 12 zz  . The

electric field intensity in any direction (eg. ,  and z) may
not easily be calculated since it may require the solution of

the Laplace’s equation, 02  V then the gradient of the

potential function, VE


, where E


– electric field
intensity. The calculations become harder for other
complicated geometries (e.g. the OSCS, PSCS, ToCS,
BSCS, etc.).

A novel and easy method of calculating the
electric field intensity without involving complicated
calculations and any assumptions is presented. The

suggested approach only uses RIE


, where I –

electric current. An application of RIE


(eq.1) in the
orthogonal directions for the CyCS is shown below:
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The gradient operation is performed over the second
variables, 222 ,, z while the first variables, 111 ,, z are

kept fixed. In eq.(13–15), there are 3 components of E


in
any orthogonal directions which represent the current
densities in the orthogonal directions to be obtained by

using EJ


 and the surface charge densities [5–9] to be

obtained by using ED


 , where D


– electric flux

density,  – permittivity. For example, in eq.(9), the z

component of zE


represents the electric field in the

conductor in the direction of current flow, while  and 

components of zE


represent the source of surface charge

densities on the conductor due to current in the conductor

of finite size limited by  210  ,  20 21 

and  210 zz .

The calculations for the OSCS are given as below as
the further examples. The gradient operation (6) is again
performed over the second variables, 222 ,,  while the

first variables, 111 ,,  are kept fixed.

Resistance in  direction:
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Resistance in  direction:
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Resistance in  direction:
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Electric field intensities in the orthogonal directions:






































































a

a

a

E









2
1212

2
2

2
2

2

1
1

2
1

12
2

12
2
2

2
2

2

1
1

2
12

2

1212
2
2

2
2

2
2

2

))(()1)(1(

)tan(tan

)()(

)tan(tan1

))((1

1

a

a

a

I
, (25)
















































































a

a

a

E









2
1212

2
2

2
2

2

12

12

1212
2
2

2
2

2
2

2

12
2

12
2
2

2
2

2

12

122
2

))(()1)(1(2

)1)(1(

)1)(1(
ln

))((1

1

)()(2

)1)(1(

)1)(1(
ln1

a

a

a

I , (26)










































































































































































































































































































































a

a

a

E









)tan

)(tan(2

)1)(1(

)1)(1(
ln

)(

)1)(1(

2

)tan

)(tan(2

)1)(1(

)1)(1(
ln)(

)tan

(tan2
11)(4

)tan

)(tan(2

)1)(1(

)1)(1(
ln)(

1

)(2

)1)(1(

)1)(1(
ln

1)(2

1
1

2
1

12

12

12

12

2
2

2
2

2

2

1
1

2
1

12

12

12
12

2
2

2
2

2

1
1

2
1

2
2

12

2
212

2

1
1

2
1

12

12

12
12

2
2

2
2

2

2
2

12

12

12

2
212

a

a

a

I . (27)

In (16-27), 12   , 12   and 12   .

In  direction, the resistance and the current density
represent the spreading/constriction resistance and current
density respectively. The mentioned quantities were
obtained by the transformation from the capacity solutions
and the charge density analogy (projection principle)
previously [10–11].

Unit vector transformations between the OSCS and
the CaCS,
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(28)

gives a further insight into the vector properties of the
current density for the OSCS. The radial () and axial (z)

components of the fields, J


and E


can easily be obtained
and from which radial and axial components of the
resistance can be calculated by using the equation below.

 
vv

dvpdvRIP EJ


2 , (29)

where P – power, p – power density.



36

Conclusions

The gradient of the scalar function-resistance is
used to find the electric field intensity and current density
in the conductor carrying steady state current where
traditionally the Laplace’s equation is employed. The
components of the gradient also give the source of the
surface charge density due to current carrying conductor.
The similar comments may be developed for electric and
magnetic fields described by

C
Q

1
E


and H


(30)

respectively; here C – capacitance,  – reluctance,  –

magnetic flux, Q – electric charge, H


– magnetic flux
intensity. Here, the fringing fields must be taken into
consideration due to the finite size effects.
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

и плотности электрического тока в проводнике RI J


. Предложенный метод
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
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