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Introduction

Complex mechatronics products are defined in
technical documentation as an entire series of parameters,
the values of which determine the level of product quality.
Parameters can be differentiated according to their
importance regarding the implementation of purpose
functions. International standard 1S0-2859-0 [11]
recommends to divide parameters into two — A, B — or
three — A, B, C — classes (groups). Here A — most
important or significant parameters, and B, C — secondary
or less gignificant parameters. Such classification of
parameters is convenient when analyzing problems of
multiparametric product quality control [2-9]. When
imitational modeling is applied, stochastic models of
quality level are required for separate parameters, their
groups and for entire product.

Assume, that product is characterized by |-
dimensional random vector of independent parameters
X =(Xq,X5,..., X, ). Probability of defective product 6,
(in respect of the i-th parameter) is a random quantity (r.q.)
with its density g;(6;), distribution function G;(6;) and
main numerical characteristics. mean E@; =p; and

dispersion V6, =0'i2, where i=212,...,I. For practical
application we are going to use additional dispersion
characteristics:  standard deviation o :,N@i and
variation coefficient v; =20 [1].

|
Probability of good product n; according to one

parameter is
n=1-6;. (1)

is characterized by density goi(ni),
(Di(ni)’ mean Emn; =g and

R.d. n
distribution  function

disperson Vn; =V, :oiz. relation

formulas are valid:

The following

;i =1-u,
gi(0)=¢;(1-6), 2
G/(6,)=1-®;(1-6,).

The probability of defective product for the entire
product r.q. 6 and probability of good product r.q. n are

calculated as[12]

|
U:HUi’
= €)

0=1-n=1-[]0-0).
i=1

Since n; are inter-independent r.q., the following
equationisvalid

|
o) =] Joi0m) - 4
i=1

In generd, the distribution function ®(n) of the
random multiplicativer.q. n =n,...n, according to [1, 10]
is defined by I-dimensional integral

|
() = jj...ﬂ__l[sol(m)soz(nz)..w. (m )dnydlmy..dny - (5)
D, i=

here D, - integration range. Then density o(n) is
expressed according to (6)

o(n)= —dq;(") : ©6)
n

Using analogy with (2) for entire product
9(0) =p(1-6), G(0) =1-0(1-6). ()

Means En and E6 of the rg.n and 6 are



calculated as

|
En=u=Hui-E9=u=1—u- ©)
i=1
Dispersion VO =Vn = o2 is calculated by applying
unifying formula of dispersions of two parameters 012 and
o5 (9)

2 272 272 2 2
Op =01 Uy, +05; +0105,1 =2. (9)

If 1>2, then we join o5 Wwith o3, and receive

0123 and so on. According to the analogy with dispersion
characteristics of one parameter we will use the standard
deviation o =+V0 and variation coefficient v=2.

)7
Further we will analyze particular cases, when functions
0i(6;) and ¢;(n;) are beta-distributions in respect of
Separate parameters.

Beta-distributions

We will provide the main formulas, required for the
further analysis, when r.q. 6; and also n; are distributed

according to the beta-distribution with shape parameters
a, b and marking that: 6, ~ Be(aj,by ), n; ~ Belby,a;)
(1]:

_Rp 14 & -1 b1
{gmeo-a (a.0)0" (1-6) 10

o) = B M@ b L)

(ab)ep - D@Irb)

here B;(a,b; )= B = T +h)

gamma function, T'(z )= (z —1r(z —1) or T(n)=(n-1),
when nisawhole number (h.n.), i =1...1;

b
g +h

— beta function, F(Zi) -

ai P—
My =—— =1y =
& +h
— (11)
o2 aby Hi Hi

T (@+h)’(a+b+l) & +h o+l

w:ﬂ:fi;;;s. 12)
Oj b

If a =1 and g; is sufficiently small (y; < 0.03),
then b >>1and v; =1,i.e oj = .

Density g;(6;) has maximum at the point 6y
(mode) [8]

a -1
M =———. 13
M= h 2 (13)

Respectively the maximum of density ¢; (n; ) isat the
point nip =1-06jy -

It is obvious, that (9)—(13) formulas may be applied
for entire product, if r.q. 6 ~Be(a,b), or for separate

groups A, B, C, if their defectivity levels 6,5, 05, Oc are
characterized by beta-distribution.

Biparametric mechatronics products

Product is characterized using two parameters
i =12, which are distributed according to beta
distribution ((10)—(13)). Then according to (3), equations
n=nnz, 0= 01 +92 —0192 arevalid.

In order to avoid integration bands n; =0 we use
dependency (14)

F(y)=P{Y <y}=1-P{y >y} (14)

here F(y) is distribution function of r.q. Y, P{Y >y} is
probability, that Y >y. In this way, when Y >y,
integration range D, (5) is defined by hyperbola
n=mn, with upper variation interva limit n; =1
according to [10] (Fig. 1).
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Fig. 1. Two-dimensional integration space D77 =2
We receive

(D(Tl) =1- j(pl(m)dm j% (772 )dflz =

n nlm

1 1
=1—(Ble)_1J- .[771b1_1772b2_1' (15)
n nlim
A=) ¥ (A- 1) ¥y dn,

e )= dd)_(n) = Jl.i (Pl(nl)(/)z(%jdm =

d
n n771
1 1
=1—(Ble)_1J. J.Ulbl_lnzbz_l' (16)
n nln



It can be proved, that with any positive values of g
and by we receive 6 ~ Be(a,b), i.e. density g(0) is beta-
distribution with parameters a, b:

a=a +ay,,
b_{bz,then b =b, +a,,b >b,, 17)
~|b,thenb, =y +a,b <h,.

It is obvious, that it is advisable to use such cases in
modeling, since integration procedures are not needed any
more. Thus the sufficiently abundant entirety of
distributions g(6) can be obtained with minimal whole-

number valuesof a;: @ =1 and & =2. Then

(18)

B(Lh)=h, then a =1
B(2h)=h(h +1), thena =2.

When any positive values of a;, b are present,
density g(f) can be approximated with sufficient

precision using beta-density g, (9) with parameters a’,

*

b :

e _ i sk 1
a =u(—=-1, b =at=a(—=-1),
u(a2 ) p (ﬂ ) (19

g, (0)=B@",b")e?* L1-0)° L

here u, m — according to (8), o= 0-122 — according to
(9), B(a* b’ ) —according to (10).
Relative approximation error & isequal (in percent)

g, (9)
5 =[2e2 _1]-100% 20
[g(e) ] (20)

Assume, that a =a,=1,

(b =by +1).

by=3, by=2

L=0 , g be(42:49)
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Fig. 2. Density g(0): ay =ap, =2; b =3, by, =2
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We decrease parameter b, down to b, =1. Receive
0~Be(4l), ie. a=4, b=1, when g =2, b =3,
b, =1, i =12 (seeFig. 3). If byisincreased upto by =4,
when & =b, =2, we receive beta-distribution g(6) with
a=4, b=2 (Fig. 4).
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Fig.3.Density g(0): a1 =a, =2; by =3, by, =1
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Fig. 4. Density g(0): ay =ap, =2; by =4, by, =2

Assume, that a; and by values are transformed into
non-whole number (rational) values. a; =1.6, a, =2.3,
b, =4.4, by, =3.7. We approximate the exact expression

of g(f) using beta-density g, () with parameters a",
b* (Fig. 5) and:
1 = 0,267, u, =0,383, u3=0548, o2 = 0,028,
02=0034, c%=003;a =402, b =332;
01(60y) =13.256,° (1~ 6)>*;
g, (0) = 90,789%%(1- 9)>%, (21)
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Fig. 5. Density g(0): & =1.6, a, =2.3; by =44,
b, =37

Three-parameter products

Three parameters (1 =3) ae often used to
characterize mechatronics products; then

1 1 1
D) =1-(BBB) [ | | m = g™

n nlmninm,

x (1-m) % (L-1,)% " (1 1n5) % dn, dny, dng

b1 1 1
n: b, —-by-a;  b,-b;-a a; -1
o(n) = [ ] s @-my) ™ x
B,B,B; n nim
x (1=12)* (g, —n)™ " dn, dny (21)
With any positive values of &, by, i =123 the

approximation g(6) — g, (6) according to (20), when
fi = fioliy, 1 =1-ji, 0% = of3 according to (9).
Letushave a; =2, bj =3, | = 3; receive (Fig.6)
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Fig. 6. Density three - parametera; =2, by =3, i =1,2,3
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When inserting u, o2 vaues into (19), we obtain

a =66, b =18 and g,(0)=36.820>%(1-06)282

(see Table 4 and Fig. 6); 6 =-5.13% at the point
Oy =0.87.

Tablel. |1 =3; & =2, b =3,i=123; 6, ~Be(6.61.82)

0 02 | 04| 06 08 | 09 |095]| 6y

g(0) [0005|015| 096 | 2,91 | 324 | 227 | 3,34

9,(0) 0004|014 | 099 | 2,8 | 309 | 237|317
0y =087; 9(0)=9g(M)=0

We substitute uniform values b = 3 with the following

vaues. by =6, b,=4, b3=2. Then we have
6, ~Be(26), 0,~Be24), 603~Be22) and
6 ~ Be(6,2) (Fig. 7), when

1 5 1

1 3 1
H2=73.02= 0,0317,95(0,) =200(1-6)", 6y = 2 (23)
U3 =05,03 =0,05,95(0;) =60(1-0) 05, =05  (24)
u=0,75,07=0,0208, g(0) = 420°(1-0) , 0y, =g (25)

9‘5“ =3, 4~ Q)e(QG; 4.‘32)
) 9}((&)\ 280\

98 | // gﬁ,@‘.
/

'/
1/

-

/
L~ ) o

02 04 06 08 14

Fig. 7. Density three - parameter &, =2; by =6, b, =4,
b;=2,i=123

Practical applications

Two groups A, B;, u=6%, |=4,
A€i=l2,B€i=3,4Ej,ai=1, aj=2.

Beta-distribution modeling results are resented in
Table2.

r=s=2,

>



Table2. | =4, u=6%,groupsA,B; r =s=2 References
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o
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D. Eidukas, R. Kalnius. Stochastic M odels of Quality Level of M echatronic Products// Electronics and Electrical Engineering. —
Kaunas: Technologija, 2008. — No. 3(83). —P. 43 —-48.

Method is offered for synthesis of stochastic distributions of defectivity levels of multiparametric mechatronics products with
interindependent parameters. This synthesis can be performed in groups of parameters or for entire product according to known
distributions of defectivity levels of separate parameters. Synthesis models of density functions were presented, when defectivity levels
of separate parameters are distributed according to beta law, with minimal whole-number values of one of the shape parameters.
Limitations were determined, when defectivity levels are also described by beta-distribution according to parameter groups or for entire
product. It was shown, that in such case models is considerably simplified, since multi-integration procedure is no longer needed, and
also complex density models are not required any more. It was offered to use approximation by beta-density when any values of beta-
distribution shape parameters are present. Although it was noted, that when the number of product parameters increases, approximation
precision decreases. For practical applications it is advisable to differentiate average defectivity levels of separate parameters according
to selected defectivity level of entire product, when ratio between defectivity levelsin separate groupsis selected or according to needed
dispersion of parameters (selected variation coefficient). 11l. 7, bibl. 12 (In English; summariesin English, Russian and Lithuanian).



J. Diingykac, P. Kaabnioc. BeposiTHOCTHBIE MOJeJH YPOBHS KadecTBa MHOrONapaMeTPH4YeCKMX MeXaTPOHHBIX H3/eJIMii
/l dnexrponuka u nekrporexuunka. — Kaynac: TexHosorus, 2008. — Ne 3(83). — C. 43 —-48.

IIpenyoxena METOANKA CHHTE3a BEPOSTHOCTHBIX PaCIpeeNieHUi ypoBHS Je(PEKTHOCTH B OTJAEIbHBIX TPYINIax MapaMeTpoB U UL
MHOTOMApPAMETPUUECKUX MEXATPOHHBIX H3IENUI B IIEJIOM IO M3BECTHBIM pAaCIpPEAENeHUsIM BEpOATHOCTEH ypoBHeH Ae(eKTHOCTH
OTHENBHBIX HE3aBUCHMBIX mapameTpoB. IlpesncTaBieHbl MOAENH CHHTE3a NJIOTHOCTEH BEpOATHOCTEH, KOTZa YPOBHHM Ae(EKTHOCTH
OTAENBHBIX apaMETPOB OMHCHIBAIOTCS OeTa-pacnpeeseHHeM IPH MUHUMAIIBHBIX IIETOYHCICHHBIX 3HAYEHHUX OJHOTO U3 MapaMeTpoB
¢opmel. OnpeneneHsl OrpaHIYeHUs], IPY BHIOIHEHUH KOTOPHIX YPOBHU Ae(EKTHOCTH B OTAEGNBHBIX IPYNIAX U JUIS W3S B [EIIOM
Taloke OMHCHIBAIOTCS Oera-pacmpenenenneM. [lokazaHo, 9TO B TaHHOM CIIydae CYIIECTBEHHO YNPOIIAETCS MOAEIUPOBAHUE, TAaK Kak
OTHaJaeT HEOOXOANMOCTh MPOIEAYpsl MHOTOKPATHOTO WHTETPHUPOBAHMS, a TAKKE HE HYXKHBI BeCbMa CIJIOXKHBIE MOJENH INIOTHOCTEH
BeposiTHOCTeH. [IpennoskeHo mpu moObIX 3HAYEHUSX MapaMeTpoB (GOpMBI OeTa-pacnpeneneHus OTACNbHBIX MapaMeTPoB ISl CHHTE3a
UCIIONB30BaTh ANNpPOKCUMHpYIONe OeTa-pacnpenencHus. Jas MpakTUYeCKHX IPUIOKEHHH PEKOMEHIYETCsl CpeIHHE 3HAueHUs
ypOBHeH J1eeKTHOCTH OTIENBHBIX ITapaMeTpoB AuddepeHIpPOBaTh COMIACHO 3alaHHOMY YPOBHIO Jie)eKTHOCTH M3enus B uesaoM. M.
7, 6ubn. 12 (Ha aHTIMIACKOM sI3bIKe; pedepaThl Ha aHTIIUHCKOM, PYCCKOM U JIATOBCKOM $13.).

D. Eidukas, R. Kalnius. Daugiaparametriy mechatroniniy gaminiy kokybés lygio tikimybiniai modeliai // Elektronika ir
elektrotechnika. — Kaunas: Technologija, 2008. — Nr. 3(83). — P. 43 —48.

Pasitilyta metodika daugiaparametriniy mechatroniniy gaminiy su nepriklausomais parametrais defektingumo lygiu tikimybiy
skirstiniy sintezei parametry grupése ir visam gaminiui pagal zinomy atskiry parametry defektingumo lygiy tikimybiu skirstiniy.
Pateikti tankio funkciju sintezés modeliai, kai atskiry parametry defektingumo lygiai pasiskirste pagal beta désnj, esant minimalioms
sveikaskaitinems vieno i§ formos parametry reiksméms. Nustatyti apribojimai, kada defektingumo lygiai pagal parametru grupes ir
visam gaminiui taip pat aprasomi beta skirstiniu. Parodyta, kad tokiu atveju labai supaprastéja modeliavimas, kadangi nebereikalinga
daugkartinio integravimo procediira, o taip pat nebereikia sudétingy tankiu modeliy. Pasitlyta prie bet kokiy beta skirstinio formos
parametry verciy sintezei taikyti aproksimacija beta tankiu. Tafiau pazyméta, kad, augant gaminio parametry skaiciui, mazéja
aproksimacijos tikslumas. Praktiniams taikymams rekomenduojama atskiry parametry vidutinius defektingumo lygius isdiferencijuoti
pagal reikiama parametry isssklaidyma — pasirinkta variacijoskoeficienta. 1. 7, bibl. 12 (anglu kalba; santraukos angly, rusy ir lietuviy
k.).
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