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Introduction

We investigate a plane capacitor with a round hole.
The distribution of electric field in the hole is interesting
for us when difference of potentials between the plates of
capacitor is taken. Let be diameter of the hole
incomparably smaller than width and length of capacitor
and the distortion of field near the capacitor edge has not
influence to the field of hole.

The important case of such capacitor is standard both
surfaces copper laminated textolit plate used in electronics.
We can have a valve controlled by electric field if we fill
the hole of this plate by electrorheological fluid ERF. If
electric field is created, ERF become stiff and the valve
closes. The perspective application of such valves is the
Braille display for the blind.

Mechanical characteristics of ERF valves depend on
electric field distribution in the hole. This distribution
depends on the diameter of hole, capacitor thickness and
difference of potentials between plates.

Theoretical analysis of electric field in the round hole
of air plane capacitor is performed in this paper. Next
paper will be published later. Theoretical results, obtained
there, will be used in the next paper for investigation of
cases of capacitor with insulator, of pocket with some
layers of capacitors, of liquid in the hole with permittivity
different at air and other. The results of mathematical
experiment will be presented in the next paper, too.

Electric field near the air plane capacitor

We investigate the air plane capacitor (see Fig. 1).
The one edge of capacitor coincides with the plane x=0
and other — with the plane x=-c0. The plane y=0 is in the
half distance between capacitors. The voltage between the
capacitor plates is 2V}, and the thickness of capacitor — 24.
Let potential of upper plate of capacitor be V,, and the
potential of lower plate - (-V}). The potential of the plane
y=0 will be equal to zero in this case, and the distribution
of field will have the mirror symmetry with respect to this
plane.
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The distribution of electric field at the edge of the air
plane capacitor is known [1]. It is obtained using
conformal mapping. Let the plane, shown in Fig. 1, be
complex: z=x+jy. We obtain the distribution of potential
and electric field in this plane using a transformation:
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Fig. 1. The two-dimensional model of plane air capacitor and the
view of field near the edge of capacitor
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There w=w(z)=v+ju is complex potential, u=u(x,y) -
potential and v=w(x,y) — flux function. The values of
coordinates x and y, corresponding to selected values of u
and v, can be calculated as real and imaginary parts of
expression (1):
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and relative parameters
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The equations (2) and (3) will have the following
shape in this case:

Xg = l(evS cosug +vg + 1), (6)
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Electric field is homogeneous in the internal points of
capacitor far from edge:
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The strength of electric field can be calculated in any

point of plane z=x+jy , as derivative E, =

d_w' We
dz

indicate by index v the strength of electrical field £, and
distribution of potential u, near the capacitor in absence

other objects in surroundings. The relative values of
electric field strength with respect to value E, are used:
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The y component of the strength of electrical field
Esy is important in many cases. This component can be

calculated by differentiating the expression (3):

1 |duSV

£ E e’ cosug, +1

Vy:E_o E0| dy

. (10)
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If we want to calculate E or E\S,y in any point x,, ys,

the functions ug, (xs,»s) and vy (xg,»s) must be

calculated in the beginning, using system of equations (6)
and (7).

The field between two plane capacitors

We consider two plane air capacitors with parallel
edges. Let the distance between edges be d=2R,, the
corresponding plates of capacitors be in the same planes
and the potentials of corresponding plates be equal. The
field of both capacitors is symmetric with respect to plane
¥s=0. The potential of this plane is V,=0, the potentials of
upper plates are V;. Therefore it is sufficient to investigate
the field in the upper half-plane y;>0 (see Fig. 2).

Origin of the coordinate system is situated in the
middle of distance between edges of capacitors, the axis y
is parallel to edges and perpendicular to plane of plates.
The relative coordinates of the edges of the first and
second capacitors are, correspondingly:
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Fig. 2. The field between two plane capacitors
h Ry
Ys1 = Vs2 :Z:L X1 = s> X2 =T Iy :7' (11

The strength of the electric field £ ?2 (x5,y5) can be

calculated in any point between the capacitors as the sum
of the fields which both capacitors create:

E182(xsays) :Els(rs +xsa)’s)+E§(rs - X5,Ys), (12)
-1, <x,<r, 0<y,<I.
The equality |E5(r, v) :‘Ef(rs, v,)| is right on the

y axis, therefore:

EISZ(rsvys)zzeyEls(rssys)' (13)
The field is related with the charges distributed on the
capacitor plates. The electric charge surface density can be
expressed in any point of plate x;,1 in this way:
o (x5.]) = £,60|E(xs.D) (14)
where §=8,86-10"%F/m — permittivity of vacuum, & —
relative permittivity of material.

If the potentials of capacitor plates are not varied, the
electric field and distribution of charges are not varied in
both capacitors, too. But some charges on the plates of the
first capacitor are induced by the field of the second
capacitor and conversely (see the dotted line in Fig.2).
Therefore the charges induced by self electric field in any
capacitor are redistributed in comparison with the alone
capacitor.

We know [1], that the surface charge density o on the
edge of the plane capacitor is out and away greater than in
the inner area of the plate of capacitor (if the edge is
infinite narrow, o—x). Therefore we can evaluate the
diminution of field of any capacitor because of the
redistribution of charges investigating the electric field in
the plane of the edge of the first capacitor x;=-r,. The mean

value of y component of electric field strength £}, , inthe

plane x=-r, is the same as in the alone capacitor:

v
)= —2 =1, (15)
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0<y,<I.
We can express the y component of electric field
strength of the second capacitor E5 y in the plane x;=-r; by

the y component of the first capacitor, E3; y if it could be

alone:

ES, (21, v5) = m(r) ESy, 0,5, (16)

where the coefficient m(r;) evaluates the part of field, the
second capacitor creates in the plane x=-r;.

This equation is right for any point y; of the plane x=-
r:

EISZy(_rS’ys) = Elsy(o’ys)+E§y(2rs’ys) =
= Elsy(o’ys) + m(rs)E\slly(zrs’ys) = E\S/Iy(o»ys)-

(17

We use the coefficient K;, for evaluating the
diminution of field of the alone capacitor, when other
capacitor is approached to it:

Els(xsays):KuEsl(xsaYS)- (18)
We can express K, from the equation (17):
Ky = Ky (rg) =1-m(ry). (19)

The coefficient m(r;) can be calculated using the
expressions (10), (7) and (8), where xg =27, . For the case
r=h, ie., r=1, m(1)=0,166 and K,=0,834. The electric
field is directed along y axis in the middle of distance
between capacitors, i.e., on the axis of symmetry x,=0 and
can be calculated in this way:

Epy(0,y5) = Efy, (0, 35) = 2K 2 Eqy (15, ¥5) . (20)

The field in the round hole

Electric field in the round hole of plane capacitor is
two-dimensional like the field near the plane capacitor. If
we use the cylindrical coordinate system r, 6, z, the electric
field is the same in any plane f=const. Such field is
axisymmetric. We will use the notes of coordinates
accepted for rectangular coordinate system: x;=r, y;=z. Let
the origin of coordinate system x=0, y=0 be on the axis of

hole. We express field strength E®(x, ) in any point of

hole by distribution of field on the axis:
E}=e,E;(0,y)=e,E}(ys), derivatives
[ES )T B )T LES )T ES (917 o of  this

distribution and the distance x; at axis, using equations [2]:

S _
E’ =e.E; +e Ey,

Ei(xs,ys)=E§<ys)—}‘[E§(ys)]”x§ +é[ﬁ§(ys)]” 4@

B30 =SB 00 %+ T 00T ..
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The value of the field E% on the hole axis can be

calculated using the expression (20) of field E7,(0,y,) on
the axis of symmetry between two plane capacitors.

Relation between axisymmetric field and plane parallel
field on the axis of symmetry

We can calculate field on the axis of hole using
known distribution of plane parallel field on the axis of
symmetry (20). But we must evaluate two moments in this
case: 1) total three-dimensional field on the axis y (Fig. 2)
is obtained by different ways for plane parallel field and
for axisymmetric field; 2) charges are redistributed on the
edges of plane parallel capacitors and on the edge of round
hole in different way.

The section of capacitor with round hole in the plane
xy, containing the hole axis, is shown in Fig. 3, a. The view
of analogical section of two plane capacitors is the same.
The view of two plane capacitors from above, i.e., on the
plane xz is shown in the Fig. 3, b and d. The view of the
capacitor with round hole on the same plane is shown in
the Fig. 3, cand e.

The field on the axis point A is created by the charge
located in any point P of capacitor plate with round hole
(Fig. 3, ¢) or in any points P or P’ of the first or the second
plane capacitor plates (Fig. 3, b). Let » be the distance
between points A and P (or P'), p - the distance PO’(or
P'O’) between the point P(or P') and y axis on the plate
plane, « - the angle between the line 7 and the plane z=0, S
- the angle between the line » and the plate plane. Strength
of electric field £, in the point A can be calculated using
the same expression for both cases:

L, ayipdar,
(p,a)

>

/2 o
Eg=|EA=2 ] (22)

€0 0 Ry T

where o(p) — the distribution of the surface charge density
on the capacitor plate. This distribution is the same for
both cases.

We can write the integral (22) otherwise:

2 Tipotorp,

Eq= (23)
€0 R,
where /(p) has the same form for both cases:
/2 da
I(p)="] : 24
0 V(p, CZ)

The distance r(p,) can be expressed as relation
' o

p
= =
cosff cosacosf

for the case of plane capacitors

(see Fig. 3, a and b). We use index p for the integral /(p) in
this case:

/2
cos pcosa COS
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L) =— | (25)
€0 0 P &P



P
cos

(see Fig. 3, a and c). The index r is used for the integral
I(p) in this case:

The expression r =

is right for the round hole

/2
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Dividing I to I,, we obtain the coefficient K,, which
show how many the electric field on the axis of symmetry
would be greater in the axisymmetric case than in the
plane parallel case if the redistribution of charges is not
evaluated:

T
2 27)

It was shown above, that if we approach two plane
capacitors one to other the field diminishes in any
capacitor. It is happened since the charges situated on the
plate of first capacitor act the charges situated on the plate
of other capacitor. The charges redistribute. They
redistribute in the case of round hole, too. This
redistribution is different in both cases. We evaluate the
differences between the charge distributions in both cases
investigating the interaction between the charges,
distributed on the edge. The variation of field because of
the redistribution of charges was evaluated by the
coefficient m(r;) in the plane parallel case. This coefficient
defines the action of charge, situated in the point M, to the
charge, situated in the point N. The action can be evaluated
by the x component of field strength, in the point N created
by a charge, situated in the point M (see Fig 3, d and e).
But all charges situated on the edge of plate or hole create
the field in the point N. For the plane parallel case total
value of x component of field strength Ey,, in the point M
can be calculated (see Fig. 3, d), using integral:

_ L /2 Tro(2Ry /cosar) o
€0 —m/2 (2R, /cosar)?

TRo T

sada = =,
26‘0RO

Ey (28)

px

where 7y — linear electric charge density on the edge.
For the case of round hole (Fig.3, e) the x component
Epe of total strength of electrical field in the point M can

be expressed

7'5/2 . 2R

Eviee = € TROTZN0 652 gdey = — RO (29)
€0 —n/2 (2R cosar) 2&0Ry

In comparison with plane parallel field the action to a

charge in point M increases two times: Ejpy, /EMpx =2.

Therefore, the field because the redistribution of charge
must decrease by part 2m(r;) . The field on the axis of hole
varies because of the redistribution of charges by part:

K, =1-2m(ry). (30)
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Fig. 3. The comparison of plane parallel and axisymmetric
fields: a, b and ¢ — formation of total field on the axis, d and
e formation of charge pushing field

In the plane parallel case the field varies on the axis
of symmetry by part K ,=1-m(r).

Therefore the coefficient Ky;, which evaluated the
redistribution of charges on the edge of round hole, can be
expressed with respect to plane parallel case in this way:

Ky = K _ 1-2m(ry) '

Ky 1=m(r) Gl

The field E% on the axis of the round hole can be
calculated using the field distribution near the alone plane

capacitor Ef,y (r5,ys) and evaluating (20), (27) and (31):

E/S\(ys) = Els\y = 2KaKMK12ESy(rssys) =
=nl- 2m(rs)]E\S/y(rs>ys)~

(32)

The distribution of field in the hole if Ry=h

The case, when the diameter of hole is equal to
distance between plates is important for practice. In this
case re=1. Using the equations (6), (7) and (9) we
calculated the relative values of field E°,(/,y5) in plane
xs=rs=1 for some values y; of the interval [0,1]. The
calculation results are presented in the table 1.

Table 1. The results of electric field strength calculation

Vs 0 0,1 0,2 0,3 0,4 0,5
E,, | 0378 | 0376 | 0371 | 0364 | 0354 | 0,342
Vs 0,6 0,7 0,8 0,9 1

E 0,326 | 0,308 | 0,285 | 0,262 | 0,235

The function Ey, (1, ys) = Ey,(ys) , presented in the

table 1, can be approximated with error less than 1% by
expression:

E§, =0378-(1-0378y%) . (33)
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The field on the round hole axis can be calculated, 2. The strength of electric field can be calculated in
using expression (32). If Ry=h, r=1, a[l—2m(1)]=2,098. any point of the round hole if the field distribution on the
axis of hole is known.

Therefore
3. The strength of electric field on the axis of hole
EZ (y5) =0,792-(1-0,375 )’sz)- (34) can be calculated, as field on the axis of symmetry
between two plane capacitors evaluating redistribution of
Putting this expression into equation (21), we obtain: charges on capacitor plates.
s ) ) 4. The field on the axis of symmetry between two
E} (x5, 95) = 0,792(1-0,375y¢ +0,1875x5), plane capacitors can be calculated, using the well known
ES(xg,0) = 0,792-0375y,x, , (35) field distribution near the plane capacitor.
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OtBepcTHE B IUIOCKOM KOHAEHCATOPE MOXKET OBbITh MPUMEHEHO Ul KOHCTPYHPOBAHUS KIIAIAHOB, YIPABISIEMbBIX JJICKTPUUICCKUM
[OJIeM, MOITOMY AaKTyalbHO 3HAaTh, KAK B TAaKOM OTBEPCTHUH pacIpeleicHa HANpsDKEHHOCTh JIIEKTPUYECKOro Mmoiisl. B kpyriom
OTBEPCTUH MOJIE MOXET OBITh PACCUUTAHO, MOJB3YSICh XOPOLIO W3BECTHBIM PaCIpe/ICICHHEM KPAeBOro IMOJIsI IUNIOCKOT0 KOHJEHCATOpa.
Pacuer ymoOHO nenarh, MOJIB3YSCh OTHOLICHHEM 3HAYCHHH pealbHBIX KOOPAMHAT K IOJOBHHE PACCTOSHUS MEXIYy IIIaTaMu
KOHJIGHCATOpa, W PACCYUTHIBas OTHOLICHHE HAMPSDKCHHOCTH IOJsS B KOHKPETHOH TOYKE K 3HAYCHHIO HAMPSDKEHHOCTH BHYTPH
KOHJIEHCATOpa. DJIEKTPUUECKOe MOJe B JIFOOOH TOYKE KPYIJIOro OTBEPCTUS MOXKHO pAacCUMTaTh, 3HAsl paclpe/elieHue IOoJs Ha OCH
otBepctus. [lose Ha OCH MOXHO pacCUMTaTh, 3HAsI MOJIE B CEPEIUHE MEKAY ABYMs IUIOCKUMU KOHICHCATOPAMH C MapaulelIbHBIMU
KpasMH. DTO T0Jie MOXKET ObITh PacCYMTaHO KaK CyMMa KpaeBbIX MOJeil 000MX KOHICHCATOPOB, NOMHOXKCHHAas Ha 1Ba (akropa:
(bakTop, yYUTBHIBAIONIIMH HepepacrnpeeeHie 3apsfaoB B IUIaTaXx KOHACHCATOPOB, M (AKTOP, YYUTHIBAIOLIMN Pa3UYHbIA MEXaHH3M
00pa3oBaHus CyMMapHOW HAIPSHKEHHOCTH B IJIOCKOM MapaslieIbHOM M MepHIHaHHOM mojeil. [TonyueHsl BeipaxkeHns: 000ux (HakTopos.
IpencraBieHsl ynpoLCHHBIC BBIPAKEHUS MOJSI U MX KOMIIOHEHT Ul MPAaKTHYECKH BaKHOTO Cilydas, KOTJa PacCTOSHHE MEXIY
[UlaTaMu KOHJEHCAaTopa pPaBHO JUaMeTpy OTBepcTHs. PaananbHas cOCTaBISOIAs AlpPOKCHMHPOBAHA MPSIMOW 3aBHCHMOCTBIO, a
BepTHKaNbHas — mapadooit. Wi 3, 6ubn. 2 (Ha aHIIIUIICKOM sI3bIKe; pedepaThl Ha TUTOBCKOM, aHTJIMHCKOM U PYCCKOM 53.).
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