
27 

ISSN  1392 – 1215  ELEKTRONIKA IR ELEKTROTECHNIKA.  2004. Nr. 3(52) 
 
 

T 180 TELEKOMUNIKACIJŲ INŽINERIJA 
 
 
 

Performance of Nonuniform  PAM Constellations for Gaussian 
Channel 
 
Z. H. Perić  
Faculty of Electronic Engineering, University of Nis, Serbia;  e-mail: peric@elfak.ni.ac.yu 
S. M. Bogosavljević 
Telecom Serbia, Nis Vozdova 13 a, 18000 Nis, Serbia 
 
 
Introduction 
 
 In this paper, the Gaussian source quantization is 
done by using three different quantization methods[1,2]. 
The Gaussian source is an optimal information source, 
with average power as a constraint. We analyzed Pulse 
Amplitude Modulation (PAM) signal constellation 
obtained by means of different quantization methods for 
Gaussian channel. We quantized the Gaussian source 
applying the method given in [2], which gives the 
equiprobable appearance of signal constellations points, 
then, we quantized the same source using Lloyd-Max’s 
iterative quantization method and finally we performed  
Re-optimal quantization [1]. Re-optimal quantization is 
utilised because of minimization of average distortion for 
transmission through binary symetric channel [1], but we 
utilize Re-optimal quantization because of design of signal 
constellation for transmission through Gaussian channel in 
this paper.  The first two methods are designed for noise-
free transmission whereas the noise influence is considered 
by the third method. Also this paper presents the analysis 
method for the determination of the optimal signal 
constellation points disposition after quantization, when 
the error probability is minimized under the power 
constraint[3,4]. 
 The combined method for the signal constellation 
design is considered in this paper. This method has two 
steps: the first step is the application nonuniform 
quantization (quantization methods of the noiseless 
transmission) and  the second one is the nonlinear point 
transformation. The quantization methods of the noiseless 
transmission for the signal constellation design are 
considered in paper [5]. The nonlinear transformation is 
considered in [6] taking, the equiprobable transmission and 
great constellation points into account. In this paper, a  
method for determining, the conditional minimum is used. 
The minimum of the average error probability caused by 
the channel noise ( in dependence on the information 
source is discrete or continual) is determined [3,4]. The 
average transmission power is a constraint in determining 
the conditional minimum. The analysis for the sixteen 
points PAM signal constellation is presented. 

 
Nonuniform  quantization of Gaussian source 
  
 In this section, a Gaussian source quantization, using 
three different methods of nonlinear quantization, is 
performed. The analisysis is done on the basis of the signal 
constellation gain. We quantized the Gaussian source 
applying the method given in [2], which gives the 
equiprobable appearance of signal constellation points. 
After that, the same source is quantized  using Lloyd-
Max’s iterative quantization method and finally we 
performed  Re-optimal quantization.  
Using the first method(I) we obtain the decision levels 
(rk ) and reconstruction levels (m k ) given by:  
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where  L-is the number of levels, P-is average power.  
 The second method (II) is Max’s iterative 
quantization which leads to rk  and  m k given  by [1]: 
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where is p rr( )-probability density function of the source. 
 In order to investigate the quantization influence  on 
symbol error probability for the Gaussian channel,  Re- 
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optimal quantization(III-method) for model given on Fig. 1 
is used.   
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Fig. 1. Transmission of quantized amplitudes through a noisy 
channel 
 
 The reconstruction and decision levels for this model 
are obtained by the error variance optimization.      
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Pk j,  -is channel matrix elements, q(n)-is quantization 
error, c(n)-is noise, σs

2 -is average noise power. 
 Decision levels (rk ) and reconstruction levels (m k )  
can be calculated from [1]: 
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 The average error probability and power of one-
dimensional signal constellation can be calculated as 
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where σn
2  is an average noise power, mj is the j-th 

representation level, L is a number of  levels   
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pr (r)  is a  probability density function of the Gaussian 
source, and rk are the decision levels.  yjl and yjr are defined 
in the following way (see Fig. 2.). 
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Fig. 2. One-dimensional signal constellation and a decision 
region example 
 
  The analysis for the sixteen points PAM signal 
constellation is presented. The error probability 
dependence on signal-to-noise ratio SNR, for different 
quantization methods, is shown in Fig. 3. 
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Fig. 3. Error probability for nonuniform constellations is 
obtained using three different quantization methods 
 

The quantization constellation gain (G) is defined as 
difference between SNR for nonuniform  constellation 
(SNRn) and SNR for uniform constellation  (SNRu), when  
the  error probabilities (Pe) are equal and the bit rates are 
almost equal  [4] : 
 

  )()()( PeSNRPeSNRPeG un −= .  (9) 
 

 The gains for the previous three quantization methods 
are shown  on Fig. 3.  
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Fig. 4. The gain (G) for three quantization methods  
 The negative gain (-G) for the first method is evident 
from Fig. 4. G gain depends very much on quantization 
method.  
 
Nonlinear transformation of PAM signal constellation  
points 
 

Better performance of PAM signal constellations 
obtained by method I and II we can improve using 
nonlinear transformation of PAM signal constellation. The 
error probability PAM signal constellation decreasing 
obtained by using the method in paper [4]. The error 
probability for the first quantization method, is illustrated 
in Fig. 5. 

 
 

18 20 22 24 26 28 30 32

1E-6

0.00001

0.0001

0.001

0.01

0.1

 B e f o r e  n o n l i n e a r  t r a n s f o r m a t i o n  a n d  r e s c a l i n g
 A f t e r   n o n l i n e a r  t r a n s f o r m a t i o n  a n d  r e s c a l i n g

P
 e 

  p
 e

 r 
 s

 y 
m

 b
 o

 l

S N R  ( s i g n a l - t o - n o i s e  r a t i o )  
 

Fig. 5. Error probability per symbol before and after nonlinear 
transformation and rescaling for the first  quantization method 
 

Observing graphic for probability error after 
nonlinear transformation on signal constellation obtained 
by method I and before nonlinear transformation (Fig 3) 
we can conclude then  PAM signal constellation obtained 
by method II  is better. Therefore we will calculate 
nonlinear transformation gain only for PAM constellations 
obtained by method II now. 

The nonlinear transformation gain is defined as a 
difference between SNR before (SNRbefore)  and SNR after 
(SNRafter) the nonlinear transformation (G) of the signal 
constellation, when the error probabilities (Pe) are equal 
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is a gain due to the nonlinear transformation. The gain 
obtained by the nonlinear transformation of the signal 
constellation points initially generated by the second 

quantization method of the Gaussian source are shown in 
Fig. 6. The signal constellation design is done separately 
for each SNR value, and the constellation having the  
maximal gain  is obtained.  
 The aim of paper [6] is the analysis  of nonlinear 
transformation named warping transformation of the 
uniform constellation for equiprobable transmission where 
the solution is obtained using the continual approximation. 
An increase in nonlinear transformation gain with a 
decrease of SNR for equiprobable constellations may be 
observed as in [6]. On the contrary, with nonequiprobable 
nonuniform constellations, the gain decreases with SNR 
decreasing.  

Fig. 6. Gain (G) after nonlinear transformation  
 

Analysis 
 
We will make comparison gains for Re-optimal 

quantization method and combined method for fixed 
probability error. From this comparison we will decide 
which method for design PAM signal constellation is 
better. The total gain (for combined  method) is equal to 
the sum of the quantization gain and gain caused by the 
nonlinear transformation. For probability errors which are 
from practical importance Pe=10-5 and Pe=10-6 Re-optimal 
quantization method is  better  than combined method 
approximately 0.3 dB. Still one advantage of this method 
is in total smaller complexity  at design PAM signal 
constellation.   

 
 
Conclusion  
  
 In this paper, the Gaussian source quantization is 
done by usage of three different quantization methods. The  
gain depends on probability density function. So,  the 
Gaussian source is used  and  the quantization method 
influence on the gain is analyzed . The effective method 
for PAM system signal constellation construction for 
transmission over the Gaussian channel is also presented in 
this paper. The nonlinear transformation for determining 
the conditional minimum under the average power 
constraint is used. Re-optimal quantization method for 
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design PAM signal constellation is better and simpler than 
existing methods.  
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