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Introduction 

Many living tissues are formed of separate cells 
connected in between by junctions capable of conducting 
the electric current. The properties of plasmic 
(electrogenic) membrane and intercellular contacts are 
important in studying the functioning mechanisms of 
tissues. The plasmic (electrogenic) membrane of excitable 
tissues cells is responsible for generation of ionic currents, 
which propagate through tissue via intercellular contacts. 
The purpose of intercellular contacts depending on tissue 
may be different. For example, the destination of contacts 
in myocardium is synchronization of contraction process. 
In non-excitable tissues the intercellular contacts give an 
opportunity for contiguous cells to interchange by various 
molecules. Therefore investigations of intercellular 
contacts permeability and electrogenic membrane ionic 
currents are actual in many branches of medicine. One of 
methods to investigate the electric properties of 
intercellular contacts is through estimation of the 
distribution of electrotonic potential in the tissue, close to 
the current electrode, by using a microelectrode, and 
through further theoretical analysis of anisotropic ohmic 
media [1–2]. Early modeling of electrotonic potential 
distribution in two-dimensional and three-dimensional 
syncytial tissue (RC-medium) for rectangular current pulse 
was performed when the current electrode is point-shaped, 
disk-shaped or spherical-shaped [3-6]. In solving these 
simplified cases, we obtained one of the features of 
RC-media: the time 21t , in which the electrotonic 
potential reaches half the steady amplitude, depends 
linearly on the distance r  between the point-shaped 
current source and the point where the electrotonic 
potential is measured. 

However in some cases of physiological interest, it is 
more appropriate to obtain the response to a step voltage 
pulse than to a step current pulse. The application of a 
voltage step to a cell cluster has become possible through 
the development of voltage-clamp techniques using 
microelectrodes (point-clamp). Application of whole-cell 
patch or other point voltage-clamp techniques risk subtle 
but significant error when measuring active ionic current 

properties in poorly space-clamped cells. A voltage-clamp 
experiment was simulated in a long one-dimensional cable 
of neuron and the simple numerical algorithm that corrects 
the distortions of incomplete space clamp was presented 
[7]. However the distribution of voltage step in 
three-dimensional tissue has not yet investigated.  

The purpose of this work is theoretical investigation of 
electrotonic potential V  distribution in three-dimensional m
( )zyx ,,

),,,( tzyxVV mm

 syncytial tissue modeling it as an isotropic 
continuous resistive-capacitive (RC) medium, when the 
voltage electrode is point-shaped or spherical. 

Distribution of electrotonic potential in a three- 
dimensional RC medium when a spherical voltage 
electrode is used 

The distribution of transmembrane electrotonic 
potential =  in three–dimensional 
isotropic RC medium is described by equation [6] 
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where ∇ - Hamilton operator (in Decart system of 
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medium space constant of electrotonic decay, ρ  – 
resistivity of intracellular medium, β – ratio of the cell 
plasmatic membrane area to the cell volume, T is a 
normalized time (T mt mmm CR=τ= , τ , mτ  – time 
constant of plasmatic membrane,  – resistivity of 
plasmatic membrane, C  – is the specific capacitance of 
the plasmatic membrane). 
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Laplace transform of equation (1) yield:  

( ) 012 =+−∇ mm VsV , (2) 

( )sZYXVmm ,,,=where V  – Laplace transform of function 
( )TZYXVV mm ,,,=  , ( xX λ= , yY = λ , zZ = λ ).  

The general solution of equation (2) is 
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where  and  are indices that depend on boundary 

and initial conditions, and 

( )sA ( )sB

λ222 zyxR ++= . When 
,  (a case of infinite medium), 

therefore 
∞→R ( ) 0, →TRVm

( ) 0s,RVm →  when . This condition is 
satisfied when . We obtain that 
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Let assume the initial conditions. We will consider that 
before a beginning of rectangular voltage pulse the 
electrogenic membrane was at the resting state, i.e. 

. Let assume that the center of spherical 
intracellular voltage electrode of radius  is in point 

, and the pulse of voltage is set as: 

( ) 00, =RVm

or
0=== zyx 0=V , 

when  and , when . Laplace transform 
of the voltage pulse is: 

0<T oVV = 0>T

 ( )[ ]
s

sTV
V sto −−

=
exp1 , (5) 

where  is a normalized duration of rectangular voltage 
pulse (

stT

mstst tT τ= , where  – duration of pulse, stt mτ  – 
time constant of electrogenic membrane). Next to spherical 
voltage electrode at point  (oR λoo rR = ) the potential 
value in the imaginary space is: 
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From (6) we obtain the expression of : ( )sA
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We substitute the expression of  into equation (4) 
and obtain final expression of solution of equation (1), 
when : 
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The solution (8) is valid in imaginary space. To obtain 
the actual values of potentials , inverse Laplace 
transform must be performed: 
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As the voltage pulse is of finite duration  and finite 
amplitude , the integral (10) converges: 
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Therefore according to [8], the inverse Laplace 
transform can be substituted by the inverse Furje transform 
using ωis = : 
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where i – imaginary unit. When T → ∞ and Tst → ∞ we 
obtain the stationary solution (for resistive medium): 
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Normalized electrotonic potential  is defined: ( TRV , )
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When ∞→T , ( ) 1, →∞RV . After substitution of 
equation (12) and (13) into equation (14) we obtain, that  
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Dependence of electrotonic potential half-time on 
distance and on the voltage electrode size 

As the normalized potential value is equal to 0,5, when 
21TT = , the equation (15) can be transcribed as follows: 
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The dependence of the half-time on distance ( )RT 21  
is an implicit function. To find the derivative of this 
function in respect to distance, one should introduce a new 
function ( )21,TRF : 

 ( ) ( ) 5,0,, 2/12/1 −= TXVTXF .  (17) 

Since the three-dimensional RC-medium under 
consideration is continuous, the function ( )2/1,TXF  
outside of the voltage electrode zone has continuous partial 
derivatives in respect to  and R 21T , which are not equal 
to zero. We can state that  
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and then in accordance to [9] 
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We will find the potential (16) partial derivatives in 
respect to  and R 21T : 
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Put formulas (20) and (21) into (19) and obtain a 
half-time derivative in respect to distance for a infinite 
three-dimensional RC-medium when a voltage electrode is 
spherical: 
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The computer programs were created and the 
calculations were carried out. The speed of alteration of the 
anterior frontier of V  depends on the distance between the 
center of the electrode  and the recording point V . For a 
fixed voltage electrode radius  with increase of  the 
rising front of transmembrane potential flattens (Fig.1), i.e. 
time 

R
oR R

21T  in which V  reaches half the stationary 
amplitude increases.  
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Fig. 1. Dependency of the alteration of the normalized 
transmembrane potential V  on normalized time in case of 
stimulation of intracellular rectangular voltage pulse. The 
numbers next to curves are the distance  from the center of 
spherical electrode of radius . The curves were 
obtained with aid of formula (15) 

R
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Fig. 2 provides the dependency of 21T  on  for 

different values of : with increase of  the functional 
dependency 

R

oR R
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Fig. 2. The dependence of half-time T1/2 on voltage electrode 
radius (Ro) for various fixed distances between a potential 
recording site and electrode center (R). The dotted line represents 
the linear dependency R = T1/2/2 

As we can see the value of T1/2 calculated on the 
surface of electrode (R = Ro) for all electrodes is equal to 0, 
i.e. the alteration of electrotonic potential next to electrode 
is as a rectangular step. In close proximity of electrode the 
dependency ( )RfT =21  is not linear. 

When in voltage clamp experiments a spherical 
electrode of finite dimensions is used the potential is 
clamped only in close vicinity of electrode surface. Away 
from the surface of electrode a stationary value of potential 
decreases according to formula (13), i.e. abruptly. Due to 
capacitive properties of biological tissues instantaneous 
value of electrotonic potential decreases more quickly: 
away from the surface of electrode the derivative of 
half-time of anterior frontier of voltage stimulus increases 
(Fig. 3). 
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Fig. 3. Dependence of half-time derivative in respect to a distance 

 between an electrode center and a potential recording site for 
various values of  – a voltage electrode radius. The curves 
were obtained with aid of formulae (20-23)  

R
oR

( )RfT =21  asymptotically reaches the 
straight line whose tangent of the sloping angle is equal to 
0,5.  
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The greater a voltage electrode radius , the less a 
half-time 

oR

21T  derivative in respect to distance 

( RT ∂∂ 2/1 ). Besides, when a distance  increases, a 
derivative 

R
RT ∂∂ 2/1  asymptotically approaches to 0,5.  

Discussion 

We obtained that the character of variations of 
electrotonic potential half time ( 21T ) and derivative 

( RT ∂∂ 2/1 ) in three-dimensional infinite medium for a 
voltage electrode is the same as in case of current electrode 
sources [3–6]: the time 21T  during which the electrotonic 
potential reaches a half of its stationary amplitude, 
asymptotic linearly depend on the distance R between the 
voltage electrode and the electrotonic potential 
measurement site: constRT +≅ 5,021 . So, in biomedical 
experiments with patch-clamp or space-clamp the errors in 
cause of poor spatial control by point voltage clamp could 
arise. 
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