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Introduction 

 
In the electronic-optical system (EOS) modeling 

process one of the modeling stages is calculation of 
electron trajectories in magnetic fields (MF). Electron 
trajectories modeling procedure demands MF strength 
components values in particular point of space. This task 
can be solved by adequate modeling deflection system 
construction and MF strength. Precise modeling of 
deflection system is complicated, because MF is created by 
multiplex construction sources: deflection yokes, 
magnetically soft ferromagnetic parts and permanent 
magnets. Moreover, include MF calculation procedure to 
electron trajectories calculation process beside the purpose, 
because one trajectory calculation will last a few hours. 
Trajectories calculation task can be divided in two stages: 
in the first stage in space grid particular nodes MF strength 
values are calculated, in the second stage MF strength 
components values in demanded points of space (by 
electron trajectories calculation procedure) are calculated 
using values approximation or interpolation. According 
that conception MF strength components approximation 
and interpolation accuracy and speed problems were 
analyzed 

Base exploratory MF were taken dual: 
1. Approximation errors are more presumable when 

MF structure is “curved”. Permanent magnets and 
magnetically soft ferromagnetic parts are far away from 
electron trajectories zone, meanwhile deflection system 
yokes (especially horizontal deflection yokes) are located 
near this zone and therefore as MF source was taken a pair 
of horizontal deflection single-wire yokes (Fig. 1). Yoke 
construction parameters are: =10; =60; =60; 

=80; =130; 
1R 2R 0z

1z 2z °=10α . That yoke will create much 
“curved” MF structure, because near wire MF strength will 
vary by module and direction. MF strength values of that 
yoke can be calculated using superposition method, 
summarizing appropriate components values created by 
each yoke elements – straight conductor or part of arc 
conductor. 

Expressions of MF strength components are attained 
resolving Poisson vectoric equation of magnetostatics [1]. 

For straight conductor parallel to Z axis: 
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Fig. 1. Single-wire horizontal deflection system 
 

 ∫⋅
−⋅

−=
2

1
34

)( z

z

mm
x

r

dzxxI
H

π
,    (1) 

∫⋅
−⋅

−=
2

1
34

)( z

z

mm
y

r

dzyyI
H

π
,    (2) 

 

0=zH ; where 222 )()()( mmm zzyyxxr −+−+−= . 
 For part of arc conductor, which plane is 
perpendicular to axis Z: 
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where )cos(2)( 222 βα −⋅⋅⋅−++−= mmmm RRRRzzr ; 
index m shows, that point belongs to conductor in which 
current I flows;  – radius of part of arc; x, y, z, R, β – 
point of space Cartesian and polar coordinates.  

mR

 MF of elements in the cone part is calculated using 
coordinate system rotation on purpose that conductor in a 
new system will be parallel to new Z axis. 
 All “active” MF space was divided to forty 5 mm 
length blocks. Each block has 6 planes perpendicular to Z 
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ax  (distance between planes – 1 mm). Blocks dimensions 
are variable according the form of electron trajectory 
(Fig. 2).  
 

is

 
 
Fig. 2. Blocks of base MF and typical electron trajectories 

th 1 
m step (Fig. 3). 

Fig. 3. Nodal po lane 
 

y MF is created by real 
V deflection system without permanent magnets. This 

trajectories were 

rs 
„if“.

In that case 
the 

analy

chosen MF components approximation by two-
dimensional power polynomials. For example horizontal 
deflection MF components can be approximated (taking 
into account symmetry conditions) as follows:   

;   (6) 

; (7) 

; (8) 
 

where coefficients  in particular approximation 
plane z are constant; in the other plane coefficients will 
have other values. 
 Changing x with y in (6-8) expressions we will have 
vertical deflection MF components approximation power 
polynomials. 
 Coefficient values in each plane are founded using 
least square method. Analysis has shown, that coefficient 
values variation along Z axis is multiplex, so 
approximation using z-functions is questionable – small 
approximation errors causes inadmissible MF component 
errors, therefore coefficients values were calculated using 
interpolation to inter-plane points. 
 In Fig. 4 there is shown single-wire deflection system 
horizontal deflection MF base (a) and approximated by 5th 
order power polynomial (b) main component 
variation in the one of z-planes (with most complicated MF 
structure). Analogous dependences when approximation 
powewr polinomial is only 3rd order are shown in Fig 5. 
The same dependences of real deflection system vartical 
deflection MF are shown in Fig. 6-7. 

 
 In each planes quadrant is created square grid wi
m
 

 
ints of base MF p

 2. The second base explorator
T
field was estimated using MF created by horizontal and 
vertical deflection yokes and soft ferromagnetic parts 
measurement and expansion to measurement space inside 
[2]. MF strength components values were found in 
analogous (first case) space grid nodes. 
 For approximation analysis various procedures were 
created in Matlab. Initial electron 
calculated by interpolating MF strength values from total 
data using standard Matlab interpolation procedures. A 
conclusion was made that method is prospectless, since 
one electron trajectory calculation lasts in tens minutes.  

Deeper analysis has shown, that calculation process is 
slowed down regarding quantity of conditional operato

 To reduce calculation time, the calculation was 
performed by finding and then interpolating data in 
particular spatial block. In that case calculation speed 
increases ten times and lasts a few minutes.  

At last, calculation time was reduced using together 
with flying electron „running“ spatial block. 

is no need to search particular spatial block and 
interpolation is performed only in one particular block. 
Calculation lasts about 10-20 s. Finally MF components 
symmetry and summarized MF components data blocks 
were used in order to reduce calculation time. Considering 
these factors, one electron trajectory calculation lasts 2-8 s. 

Maybe calculation speed can be increased using base 
magnetic field strength components approximation by

tical expressions. 
From many possible approximation variants was 
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Fig. 4. Single-wire deflection system MF component Hy (a), 
approximated by 5th order power polynomial (b) 
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Fig. 5. Single-wire deflection system MF component Hy (a), 
approximated by 3rd order power polynomial (b) 
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Fig. 6. Base deflection system MF component Hx (a), 
approximated by 5th order power polynomial (b) 
 

Hx 

y,mm
x,mm 

a

b 

 
Fig. 7. Base deflection system MF component Hx (a), 
approximated by 3rd order power polynomial (b) 
 

In Tables 1–2 there are presented single-wire 
deflection system relative normalized errors at different 
critical plane points. Table 1 – approximation by 5th order 
power polynomial; Table 2 – approximation by 3d order 
power polynomial. In Tables 3-4 there are presented real 
deflection system MF component (Hx) approximation 
errors. Table 3 – approximation by 5th order power 
polynomial; Table 4 – approximation by 3rd order power 
polynomial. By analyzing MF approximation errors we can 
see, that at the farthest magnetic plane points errors can 

reach even 8 %. So the question is: what influence will 
those errors have on electron traces positions on the screen 

 
Table 1. Vertical MF Hy relative normalized errors, % 

y    x 0 1 2 3 4 
0 0.1460 0.0974 -0.0291 -0.1492 -0.0565 
1 0.0420 0.0173 -0.0450 -0.0841 0.0569 
2 -0.1546 -0.1186 -0.0294 0.0854 0.2224 
3 -0.0320 -0.0333 0.1748 0.1024 -0.2128 

 
Table 2. Vertical MF Hy relative normalized errors, % 

y     x 0 1 2 3 4 
0 2.5494    1.8865    0.1539    -1.8541   -2.7492 
1 1.9025    1.3546   -0.0403   -1.5109   -1.7171 
2 0.0677   -0.1459   -0.5680   -0.5132   1.2018 
3 -2.5737   -2.3654   -1.2963   0.8678    5.3500 

 
Table 3. Horizontal MF Hx relative normalized errors, % 

Y    
x 

0 6 12 18 21 

0 -0.7813 -0.2814   0.7733    0.4428   -1.7169 
6 -0.6289   -0.2589   0.5701    0.4027   -1.3333 
12 0.1404   0.0431   -0.0299   -0.0965   0.5942 
18 1.0348   0.3384   -0.8283   -0.6013   2.8228 
21 0.7651   -0.0968   -1.4084   -0.3647   5.4559 

 
Table 4. Horizontal MF Hx relative normalized errors, % 

y     x 0 6 12 18 21 
0 -2.2824   -2.0853   -0.6495   3.9457    7.8556 
6 -1.5449   -1.6611   -0.9983   2.8558    6.6062 
12 1.1968   0.0623   -1.8223   -0.5860   2.6532 
18 6.0821   3.4330    -2.2818   -5.2809   -1.0082 
21 8.8692   5.4628    -2.1670   -7.2839   -2.4944 
 
In Fig. 8 traces eight electrons on the screen are 

hows n when MF of real deflection system is interpolated 
(Fig. 8 at the top) and approximated by 3rd order power 
polynomials (Fig. 8 at the bottom).  

Magnetic field approximation errors influence on 
electron traces position on the screen is presented in Table 
5. Average displacements ( vxΔ , vyΔ ) and standard 
deviations ( xΔσ , yΔσ ) are calculated for different screen 
zones – screen side (X=164 mm, Y=0), top (X=0, 
Y=164 mm) and corner (X=179 mm, Y=164 mm). 

 
 

178.7 178.8 178.9 179 179.1 179.2 179.3 179.4 179.5 179.6 179.7
143

144

145

146

147

148

149

150

1

3

45

6

89

27

163.7 163.8 163.9 164 164.1 164.2 164.3 164.4 164.5 164.6
-1.5

-1

-0.5

0

0.5

1

1.5

12

3
4

5

6

7
8

9

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6
131.5

132

132.5

133

133.5

134

134.5

1 26

3
4

5

7
8

9

177.7 177.8 177.9 178 178.1 178.2 178.3 178.4 178.5 178.6 178.7
140

141

142

143

144

145

146

1

2

3

45

6

7

8 9

163.4 163.45 163.5 163.55 163.6 163.65 163.7 163.75 163.8 163.85 163.9
-1.5

-1

-0.5

0

0.5

1

1.5

12

3
4

5

6

7
8

9

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
130.4

130.6

130.8

131

131.2

131.4

131.6

131.8

132

1
2

3
4

5

6

7

8

9

  a)       b)       c) 

y,mm 

y,mm y,mm 

y,mm y,mm 

y,mm 
x,mm 

x,mm x,mm 

x,mm x,mm 

x,mm 
 

er  and Fig. 8. Base MF interpolation and approximation by 3rd order pow
bottom (c) 

polynomial. Electron traces on the screen corner (a), side (b)

 35



Electron trajectories were calculated by coordinate 
met d for 
differenti

m tive 
electron tr  5th 

d ow wer 

Ta  of 
elec n tr

ho using Runge-Kutta 4th-order method 
al equation system solving [3-5]. 

Fro  presented results we can see, that rela
aces displacements didn’t exceed 0,5% (using

or er p er polynomial) and 3% (using 3rd order po
polynomial approximation). 
 

b  5. le Average displacements and standard deviations
tro aces, mm 

X=179 mm,Y=146mm X=164 mm,Y=0mm X=0 mm,Y=133 mm 
 or r 5 der 3 order 5 order 3 order 5 order 3 orde

vxΔ  -0.0 8 157 -0.8036 -0.0283 -0.4436 0.0158 -0.153

vyΔ  0.0586 -3.0283 0.0122 -0.0026 0.0222 -1.8900 

xΔσ  0.0477 0.2898 0.0222 0.1240 0.0180 0.1656 

yΔσ  0.1130 0.3440 0.0103 0.0064 0.1564 0.5577 

 
One electron trajectory calculation time using 

approximated by 5th order power polynomials MF is 
approximately the same like using base magnetic field 
interpolation (2-8 s). Using MF approximation by 3rd order 
power polynomials calculation speed increases 1.5 times. 
 
Conclusions 
 
 In order to get precise electron trajectories, we must 
have precisely measured or calculated base magnetic field 
in the nodes of dense grid and use field components linear 
or cubic interpolation to required point of space. 
 On purpose to increase electron trajectories 

inter
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polation by linear or cubic z-functions. 
 
 

Quite good electron trajectories calculation speed can 
be achieved by base MF interpolation to required point of 
space, using linear 3D functions, but for that purpose MF 
data must be organized to block st

k modeling structure must be designed. 
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