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Introduction 

In problems of automatic control system (ACS) 
optimization it is required to determine the structure of 
controller, its parameters or the law of reference value 
variation which would guarantee the required quality of 
control. Problems of optimal control can be solved using 
variational calculus, maximum principle, dynamic 
programming and other classical methods of ACS 
synthesis when control objects are simple and have 
mathematical models. Problems of optimal control are 
often solved using variational calculus methods which are 
simple and convenient according to the authors of the 
monograph (1). However the indicated methods are not 
universal; it is difficult to apply them when the object is 
described by logic operators and impossible when 
mathematical model does not exist. 

The objective of the present study is as follows: by 
application of search optimization methods [2] and system 
synthesis methods [3] to create algorithmic variational 
calculus methods that would allow to solve variational 
calculus problems in cases when mathematical model 
(functional) of the object is not set by analytic method, and 
it is impossible to apply classical synthesis methods 
(including variational calculus). 

Problems of variational calculus 

We are going to analyze several simple problems of 
variational calculus. 

The simplest classical problem of variational 
calculus is formulated as follows: out of a set of functions 
an extremal y(t) needs to be found that would give the 
functional 
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minimum and would intersect fixed marginal trajectory 
ends 
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where 0 ( , , )f t y y& ― function of variables ,t y  and y&  that is 
generally uninterrupted and has uninterrupted partial 
fluxions up to the second row following all variables. 

Euler’s equation is applied for solving the problem 
(1), (2) 
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Its solution is the searched extremal y(t). 
Problems of variational calculus that require finding 

extremals for their solutions make a certain class of 
problems. Problems with fixed trajectory ends, problems 
with unfixed trajectory ends, search of extremals with 
breaking points can be attributed to it. 

Another class of variational problems involves 
problems connected with finding conditional extremum of 
a functional, e.g. function y(t) needs to be found that would 
give the functional 
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minimum with respect to limitations 

 ( , ) 0jh t y = , 1j = ,…, p n< , (4) 

where y –is an n-dimensional vector. 
The method of Lagrange multipliers is applied for 

solution (3), (4). Lagrange function is written down 
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A system of n+p equations is made, where n of 
Euler’s equations  
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and p limitation equations are involved (4). 
From the equation system (4), (6) a solution 

1( )y t ,..., ( )ny t  is found which corresponds to conditional 
extremum of the functional (3). 

It has to be noted that application of methods of 
Euler’s equations and Lagrange multipliers for the solution 
of problems (1), (2) and (3), (4) requires analytical 
expression of function 0 ( , , )f t y y& ; in addition this function 
must have uninterrupted partial fluxions. 
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The basics of algorithmic methods of variational 
calculus 

We shall analyze the solution of problem (1), (2) by 
application of methods of algorithmic system synthesis [3]. 

Within the time interval 0 ft t t≤ ≤  when t0=0, using 
discreet values of function y(t) 

 [ ]y iT , 0i = ,..., 1N − , (7) 

a k – dimensional vector x is introduced. 
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where k = N, T =tf /N is a sampling period.  
A step function or another function made out of 

linear intervals is formed using the components of vector x 

 ( , ), 0 fy y x t t t= ≤ ≤ . (9) 

Then a variational calculus problem (1), (2) becomes 
a search optimization problem. An extremal y(t) has to be 
found that would secure functional 

 ( ) [( ( , )], 0 fI x I y x t t t= ≤ ≤  (10) 

minimum with respect to marginal conditions 

 0 0( ) (0)y t y y= =  ; ( )f fy t y= . (11) 

Problem (10), (11) is solved applying the methods of 
simplex search [2]. The scheme of problem solution is 
presented in Fig. 1. 
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Fig. 1. Scheme of variational calculus problem solution 

 
Variational calculus problem (3), (4) i.e. 

optimization problem with functional limitations in the 
form of equals (4), can be rearranged into an optimization 
problem without limitations with the help of penalty 
function method. This problem can be formulated as 
follows: 
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where P(x)- penalty function; φj – weight coefficient, y(x,t) 
– vector function. 

Problem (12) is solved by application of simplex 
search methods following scheme of Fig. 2. 
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Fig. 2. Scheme of solution of variational calculus problem with 
functional limitations 

Examples of variational calculus problem solutions 
following algorithmic methods 

Problem No. 1. Function y(t) needs to be found that 
would give a minimum to the functional 
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Marginal conditions are given by 

 (0) 1y = , ( 2) 0y π = . (14) 

Problem (13), (14) is solved following the technique 
(7)-(11) and the scheme of Fig. 1. We choose that N=8 
then 

 0,196ft
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N
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Since the marginal points y(0) and y(NT) of the 
trajectory are fixed, an octangular simplex is made in 
seven dimensional space. Extremal y(t) is searched 
according to simplex search method of prohibited 
backward step. The result of problem solution – extremal 
y(t) found by algorithmic means. It is shown in Fig. 3 
(curve No. 1). Theoretical extremal y(t) [3] is shown in 
Fig. 3 (curve No. 2). 

 
Fig. 3. A chart of extremals of problem No. 1 

Problem No. 2. Function y(t) needs to be found that 
would give a minimum to the functional (13) complying 
with marginal conditions 

 (0) 0y = , ( 2) 1y π = . (15) 

The problem is solved the same way as indicated 
above. The result of problem solution – extremal y(t) found 

, 



 77

by algorithmic method. It is shown in Fig. 4 (curve No. 1). 
Theoretical extremal y(t) [3] is shown in Fig. 4 (curve No 
2). 

Problem No. 3. Function y(t) needs to be found that 
would give a minimum to the functional 
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Fig. 4. A chart of extremals of problem No. 2 

Marginal conditions are given 

 (0) 0y = , (0) 1y =& , (1) 1y = , (1) 1y =& . (17) 

Problem (16) is solved (17) following the same 
technique (7)-(11) and scheme of Fig. 1. We choose that 
N=5 then 
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N
= = . 

A pentagonal simplex is made in four dimensional 
space of variables. Extremal y(t) is searched according to 
simplex search method of backward step. The result of 
problem solution – extremal y(t) found by algorithmic 
means is shown in Fig. 5 (curve No. 1). Theoretical 
extremal y(t) [3] is shown in Fig. 5 (Curve No. 2). 

 

 
Fig. 5. A chart of extremals of problem No. 3 

Problem No. 4. The equation of torque of DC motor 

 d c
dI M M
dt
ω
= − , (18) 

where d MM C i=  – dynamic torque (motor torque); cM  – 
load torque; I- inertia; CM – coefficient. 

From (18) we get 
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Heating of motor during time interval T when Mc =0 
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where R is resistance of the armature;  
2

2
M
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The problem is formulated as follows: laws of speed 
( )tω and current ( )i t  variation have to be found that 

would assure maximum angular displacement of the shaft 
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keeping the limitations 
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Problem (21), (22) is solved applying the method of 
Lagrange multipliers. 

However when analytical expressions of functions f0 
and f1 are unknown or are very complicated, problem (21), 
(22) can be solved according to algorithmic variational 
calculus methods if there is a possibility to measure or 
calculate funcionals ( )ϕ ω and ( )Q ω . Problem (21), (22) 
will be rearranged using the penalty function method: 
law ( )tω needs to be found which gives maximum to the 
functional 1( )I ω  

 { }2
1 0( ) [ ( , )] [ ( , )] maxI x t Q x t Q aω ϕ ω ω= − − → , (23) 

following marginal conditions ω(0)=0, ω(T)=0 (here a  – 
weight coefficient; ω(x,t) – step function). Law ( )i t can be 
found from equation / Mi I Cω= & , or inserting to (23) i 
instead of ω. 

Problem (23) is solved following an identical scheme 
as the one shown in Fig. 2. The solution of problem (23) is 
shown in Fig. 6 – it is a speed law ω(t) found by 
algorithmic method (curve No. 1) and theoretical optimal 
law ω(t) [4] (curve No. 2). The chart of armature current of 
motor working in the mode of curve No. 1 from Fig. 6 is 
shown in Fig. 7 (curve No. 1). 

 

 
Fig. 6. Charts of speed extremals of problem No. 4 
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Theoretical law i(t) is shown in Fig. 7 (curve No. 2). 
Analytical expressions of funcionals were not used 

in the process of solving problems (Fig. 3–6). 
 
 

 
 
Fig. 7. Charts of armature current of problem No. 4 

Conclusions 

The created algorithmic methods of variational 
calculus allow to solve various variational calculus 
problems by applying simplex search algorithms, e.g. to 
find extremals during search optimization, even in such 
cases when mathematical model of the object (functional) 
is described by logic operators, or its analytical expression 
is unknown, i.e. in cases when classical variational 
calculus methods are impossible to apply. 
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