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Introduction

Finite element method is widely used to analyze,
simulate, optimize and design electromagnetic devices.
Lots of modern CAD, CAM, CAE programs are based on
this method. Fig. 1 summarizes the process of finite
element analysis [1,2].

Although numerical application of finite element
method is easy and straightforward and it produces
accurate results, several problems have been identified
when the ordinary nodal based finite elements are
employed to compute vector electromagnetic fields. These
problems are: long computation time; large amount of
memory; satisfaction of the appropriate boundary
conditions at material and conducting interfaces; difficulty
in treating the conducting and dielectric edges and corners
due to the field singularities associated with these
structures and etc.

In order to solve these problems, a novel approach has
been developed: the approach uses so-called vector finite
elements or edge finite elements which assign degrees of
freedom to the edges rather than to the nodes of the finite
elements. The edge finite element is geometrically the
same as its nodal counterpart. The nodal element has one
shape function associated with each of the nodes, the edge
element has one shape function for each of the edges.

Edge finite elements

Edge finite element method has several advantages in
3-D electromagnetic field computation compare to the
nodal finite element technique. Edge finite elements satisfy
continuity of only tangential or normal field components
across interfaces between two adjacent finite elements.
This property can be used when modeling electromagnetic
field, since edge finite element approximation does not
impose any additional constraints on the approximated
field apart from those prescribed by the nature of the field
itself.

Overall performance of the software, based on edge
finite element method, is also higher and requires less
amount of memory compare to the software, which
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implements the conventional nodal finite element method.
This fact is important when analyzing complex 3-D
electromagnetic field distributions, because edge finite
element method allows fast and accurate analysis even on
low-end personal computers.
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Fig. 1. Process of finite element analysis

Although edge finite element method has several
advantages for finite element analysis of vector field
problems, and also exhibits considerable performance level
of electromagnetic field calculations, edge finite elements
also have several problems due to its numerical
implementation. The most important problems are source
current input, uniqueness of the solution, choosing the
adequate gauge and gauging procedure, slower
convergence rate of the iterative solver etc.

The edge finite element is geometrically the same as its
nodal equivalent. In this case, the unknowns are the
component of the field that lies along the edges of the
elements.

The approximation of the electromagnetic field in finite
element analysis is performed using finite number of
discrete values of the electromagnetic field at specific



points of mesh, nodes for nodal analysis or edges for edge
analysis. The calculation of the electromagnetic field
parameters at any point inside the analyzed domain is
performed by using simple approximation function, which
is called shape function.
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Fig. 2. Rectangular brick edge finite element

Rectangular brick element presented in Fig. 2 has eight
nodes n;, n,, ..., ng and twelve edges e;, ey, ..., e;. Two
coordinate systems are formed: global coordinate system
(x, y,z) and local coordinate system (r,s,t) , with origin at

the center of gravity of the brick element with global
coordinates (lx /2,1, / 2,1/ 2), where [, [, [, are the lengths

of each brick dimension. The relations between the global
and the local coordinate systems are described by the
following equations:

x=(r+1)0,/2), (1)
y=(s+1)1,/2). )
z=(t+1)L,/2). 3)

Further, the edge functions for this finite element are
generated. For example, the edge shape function for edge
e;, going from node n; toward node n,, has the following
shape [1-3]:

Ne =N, VN, -N, VN, , (4)
N, =(1=r)1=s)1-1))8, (5)
N, =(1+rf1-s)\1-2))/8; (6)

where N, and N, — nodal shape functions at points ;

and n,.

The gradient functions of the rectangular brick element
nodal shape functions can be evaluated using the following
expressions:

aNn] aan or + 8an os + 8an ot
ox or Ox Os Ox ot Ox
VN - ON,, _ oN,, @4_ oN,, @Jr ON,, o _
" oy or oy Os Oy Ot 0Oy
a]\]n aNn or aNn Os a]an ot
1 1 — 1 — + |
| 0z | | Or 0z Os oz ot 0Oz |
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0

Since VN, =-VN, =Vr, the shape function for

edge e; assumes the following expression:

—1,2,3,4
Ny 0 0
— —5,6,7.8
Ne=| 0 N, ©)
—9,10,11,12
0 0 N:

The rectangular brick element shape functions for all
other edges ¢; are expressed analogously. Shape functions
for edge finite elements are vector functions. The
approximation of the electromagnetic field inside each
finite element can be performed using the following
expression:

12
E:ZNQE[; (10)
i=1
where E;— the tangential components of the unknown
electromagnetic field parameter along each edge, N, — the

matrix of the shape function.
The entire set of shape functions for rectangular brick
edge element can be expressed as

—1,2,3,4
Nx 0 0
— —5,6,7,8
Nei = O Ny O (1 1)
—9,10,11,12
0 0 N:

It can be seen from the equation (11), that the first
four edges have the same direction as the x axis, the second
four edges have the same direction as the y axis and the
remaining four edges have the same direction as the z axis.
Further calculations are performed in the same way as in
the nodal finite element method.

Edge finite element applications

There is a variety of programs, which are designed in
order to create engineering environment for
electromagnetic field modeling. Finite element method is
most widely developed at the present time, so most of
these programs implement this method as their base
technique. These programs include ANSYS/Emag (ANSYS
Inc.), Maxwell 2D and Maxwell 3D (Ansoft Corporation),



COSMOS/EMS  (Structural Research &  Analysis
Corporation), Algor/Electrostatic (Algor Inc.), QuickField
(Tera Analysis Ltd.), FlexPDE (PDE Solutions Inc.) and
etc. These programs differ in number of solved different
electromagnetism problems, computer resource demand,
preprocessor and postprocessor possibilities, integration
with other finite element and automated design programs.
Software package ANSYS/Emag has the most extensive
modeling capabilities using edge finite element method.

Fig. 3. 20-node brick edge finite element SOLID117
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Fig. 4. Possible geometric shapes of the element SOLID117

Table. 1. Shape functions
Nodal shape functions

N, =(1-r)i-s)1-1)
N, =r(1-s)i-1)
Ng = rs(l—t)

N, =(1-r)s(1-1)
Ny =(1=r)1-s)

Edge shape functions
EQ = (1 - s)(l - t)gradr
Eg = r(1—t)grads
Es =—s(1-1)gradr
E; = —(l - r)(l - t)grads
Ey = (1-s)gradr

Ny = r(l —s)t E, =rtgrads
Ny =rst Ey, = —stgradr
Np =(1-r)st Ey =—(1-r)grads

Ey =—(1-s)1-r)gradt
E, =s(1-r)gradt

E , = stgradt

Eg = (1-s)rgradt

Solid finite element SOLIDI117 (Fig. 3-4),
implemented in the ANSYS/Emag program, is typically
used in the analysis of low-frequency problems based on
edge finite element formulation [3,4]. The corner nodes of
element SOLIDI17 1I,...,P are used to describe the

geometry, orient the edges, support time integrated electric
potential degrees of freedom. The side nodes Q,...,4 are

used to support the edge-flux degrees of freedom, define
the positive orientation of an edge to point from the
adjacent (to the edge) corner node with lower node number
to the other adjacent node with higher node number. The

edge-flux degrees of freedom are used in both
magnetostatic and dynamic analyses; the electric potential
degrees of freedom are used only for dynamic analysis.

The vector potential 4 and time integrated electric
scalar potential } can be described as

(12)
(13)

where AQ,...,AB — edge-flux; V,,...,V, — time integrated

A:AQEQ+"'+ABEB’

V=V,N;+...+VpNp;

electric scalar potential; Ej,...,Ep — vector edge shape

functions (Table 1); N,,...,Np — scalar nodal shape
functions (Table 1).

Shape function for
component A,

magnetic vector potential

A = %(Ax,(l—s)(l —t\1=r)+ A, (1+s)1-2)1-r)+

+ A+ s)l+e)l=r)+ A, (1-s)1+e)1-r)+
+ Ay (1 —s)(l —t)(l +r)+ AxN(1+s)(l —t)(l + r)+
+ A o(l+s 1+2)1+7)+ A p(1=s)1+2)1+7)).

Form functions for magnetic vector potential
components 4, and 4, are expressed analogously.

(14)

The global Cartesian coordinates X, Y, Z can be
expressed by the master coordinates r, s, £.

X =N, (r,5,0)X; +...4 Np(r,s,6)Xp, (15)
Y =N, (r,5,0)Y; +...4 Np(r,s5,0)p, (16)
Z =N, (r,s,)Z; +...+ Np(r,s,t)Zp; (17)

where X, Y;, Z;— global Cartesian coordinates of the
corner nodes; N;,...,Np— first order scalar nodal shape

Electric device model creation using
preprocessor, or import of model
created using other CAD programs
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Fig. 5. Electronic device modeling algorithm



The 20-node rectangular brick finite element
geometry can be changed to 10-node tetrahedron, 13-node
pyramid or 15-node wedge shapes (Fig. 4). It has been
determined, that tetrahedral shapes have advantage in air
domains with no electric currents, whereas hexahedra
shapes are recommended for regions with electric currents
[4]. Pyramids are used when it is needed to maintain
efficient meshing between hexahedral and tetrahedral
regions. Wedges are generally applied for 2-D like
geometries, when longitudinal dimensions are longer than
transverse sizes. In this case the cross-section can be
meshed by area meshing and wedges are generated by
extrusion.

Since the process of modeling of electromagnetic
fields created by various electronic devices using edge
finite elements is analogous to the modeling using node
finite elements, algorithms presented in [5-7] can be also
used when solving electromagnetic field problems based
on edge finite element formulation. The generalized
algorithm electromagnetic field modeling is presented in
Fig. 5.

Conclusions

When using edge finite element technique, the
number of generated unknown values is larger than using
nodal finite element technique for the mesh of the same
spacing. When using the edge finite element
approximation the higher number of unknowns is
compensated by lower connectivity between edges or a
sparsity of the rigidity matrix. Therefore in result, the edge
finite element method requires less amount of memory and
faster analysis can be achieved.

Edge finite element method can be successfully used
when solving various electromagnetic field simulation

problems, where the application of the nodal finite element
method is complicated, e.g. when using nodal-based
approximation of a vector variables in finite element
computations.

There are many possible application areas for edge
finite element method, including various magnetostatic,
low and high frequency eddy current problems, also
problems of modeling of electromagnetic field created by
permanent magnets. The span of edge finite element
method application areas continuously expands.
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P. Tarvydas. Edge Finite Elements for 3D Electromagnetic Field Modeling // Electronics and Electrical Engineering. — Kaunas:
Technologija, 2007. — No. 4(76). — P. 29-32.

Edge Finite Elements are analyzed, since they are gaining more and more popularity in modeling of electronic devices. Comparison
of Edge Finite Elements and Nodal Finite Elements is presented, their advantages and lacks are introduced, also recommendations for
their application are given. Form functions used to describe rectangular finite element in 3D space are presented. Possibilities of the
various finite element analysis software packages are analyzed. Properties of the edge finite element SOLID117, which is implemented
in the software package ANSYS/Emag and intended for modeling of low-frequency electromagnetic fields, are discussed here.
Generalized electromagnetic field modeling algorithm using edge finite elements was created. Il. 5, bibl. 7 (in English; summaries in
English, Russian and Lithuanian).

II. TapBunac. Koneunbie edge-3jeMeHTHI /sl MOJEJHPOBAHMS 3JIEKTPOMATHUTHOIO MOJISi B TPEXMEPHOM HNpOCTPaHCTBe //
DJIeKTPOHHUKA M dj1eKTpoTexHuka. — Kaynac: Texnonorus, 2007. — Ne 4(76). — C. 29-32.

AHanM3upyoTCcs KOHEYHBIE edge-3TIEMEHTHI, TaK KaK OHH MOJIy4aloT BCe OOIbIIE MOMyISIPHOCTH B MOJAECIHPOBAHIH IEKTPOHHBIX
ycrpoiicTB. CpaBHEHBI KOHEUHBIE edge-dJIEeMEHTHI U y3JIOBbIe KOHEUHBIE JIEMEHTHI, IPEICTaBICHBl X NPEUMYIIECTBA U HEOCTATKH,
TAKKe JAIOTCS PEKOMEHIAUWM JUIi WX Hcnoiab3oBaHus. [IpexcraBnensl (yHKIMM (GOPMBI, HCIIONb3yeMbIe IS  ONUCAHMS
HPSIMOYTOJIBHOTO KOHEYHOTO 3JIEMEHTa B TPEXMEPHOM IpocTpaHcTBe. [IpoaHann3upoBaHBl BO3MOXKHOCTH PAa3IMYHBIX HPOrpaMMm
aHaJM3a METOJIOM KOHEYHBIX 21eMeHTOB. OOCYXKIeHBl CBOWCTBAa KOHEYHOTO edge-dneMeHTa SOLIDI17, KOTOPBII OCYIIECTBICH B
nakere nporpamMmm ANSYS/Emag u mpeanHasHaueH Ui TOTO, 4TOOBI MOJEIHPOBATH JIEKTPOMArHUTHBIC ITOJSI HU3KOW YacTOTHI B
npocTpancTBe. Co31aH 0600IIEHHBII aIrOPUTM MOAEIUPOBAHUS 3JIEKTPOMArHUTHBIX MOJIEH HCIOMb3Ysl KOHEUHbIE edge-3meMeHTsl. M.
S, 6ubn. 7 (Ha aHIIMIICKOM s3bIKe; pedepaThl Ha aHIVIMHCKOM, PYCCKOM U JINTOBCKOM 513.).

P. Tarvydas. Briauny baigtiniy elementy taikymas elektromagnetiniams laukams modeliuoti erdvéje // Elektronika ir
elektrotechnika — Kaunas: Technologija, 2007. — Nr. 4(76). — P. 29-32.

Nagrin¢jami vis placiau elektroniniams jtaisams modeliuoti naudojami briauny baigtiniai elementai. Pateikiamas juy palyginimas su
mazgy baigtiniais elementais, apiblidinami jy pranasumai ir trikumai, pateikiamos ju taikymo rekomendacijos. Pateikiamos formos
funkcijos, taikomos sta¢iakampiam baigtiniam elementui aprasyti erdvéje. Analizuojamos jvairiy baigtiniy elementy analizés programy
galimybés. Aptariamos programoje, ANSYS/Emag realizuoto briauny baigtinio elemento SOLIDI117, skirto zemuyjy dazniy
elektromagnetiniams laukams modeliuoti, savybés. Sudarytas apibendrintas elektroniniy itaisy modeliavimo, naudojant briauny
baigtinius elementus, algoritmas. Il. 5, bibl. 7 (angly kalba; santraukos angly, rusy ir lietuviy k.).
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