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Introduction 

 
The dielectric of plane capacitor can have admixtures. 

Field distribution and capacitance of capacitor with 
dielectric admixtures are different in comparison with 
capacitor containing isotropic dielectric. The admixtures 
are undesirables usually and its shape can be diverse. We 
approximate the different particle shapes by ellipsoid. This 
shape allows to generalize bodies of very different form. 
The limiting cases of ellipsoid are sphere, disc, cylinder, 
lamella and other. The influence of dielectric ellipsoidal 
particle on uniform electrostatic field is investigated in 
[1,2,3], supposing that orientation of particle and uniform 
field is fixed. The admixture particles can have any 
orientation with the same probability. Therefore it is 
important to know the mean characteristics of field inside 
and outside particle.  

The results obtained in this paper can be generalised 
for problems, related with necessity of evaluation the 
influence of different non-uniformities on homogeneous 
media. Such problems arise, for example, when the 
influence of admixtures on electric strength of transformer 
oil, the measurement uncertainty in electromagnetic flow 
meters, the properties of electrorheological fluids, the 
corona discharge are investigated. 

 
The electric flux density inside dielectric ellipsoid in a 
uniform electrostatic field  
 

We suppose, that media and the particles of 
admixtures are homogeneous, and the uniform field E0 was 
created, before the ellipsoidal particle was placed into this 
field. We use the global and local rectangular coordinate 
systems. The global coordinate system x, y, z is related 
with capacitor. The axes of local coordinate system q, r, s 
coincide with ellipsoid axes (see Fig.1). 

In local coordinate system the equation of ellipsoid of 
common shape is:  

 

1222222 =++ csbraq , (1) 
 

where a,b,c are the lengths of ellipsoid semiaxes. We 
obtain different forms of particles varying the ratios a/b 
and b/c.  

 

 
The components of electric flux density Dpq, Dpr, Dps 

were expressed in matrix form [2]: 
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where Aa, Ab and Ac – the shape coefficients: 
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εm and εp - permittivities of media and particle, 
correspondingly, La, Lb, Lc – depolarisation factors [1]: 
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Fig. 1. Global x, y, z and local q, r, s coordinate systems 



 70

The components of electric flux density can be related 
in local and global coordinate systems this way: 

 

[ ] [ ] [ ] [ ] ,,,,,,,,,, TTTTT
zyxsrqsrqzyx DDDDDDDDDDDD hh == (7) 

 

where h is 3×3 quadratic matrix. When the local coordinate 
system is rotated about axes x, y and z of global system by 
angles ψ, ν and ϕ, the elements h are the following [2]: 
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The components of electric flux density Dpx, Dpy and 

Dpz inside ellipsoid and the components of uniform field 
D0x, D0y, D0z.are related by equation: 
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where KP is the shape matrix 
 

 ThAhK ⋅⋅=p . (10) 
 

The mean value of electric flux density inside ellipsoidal 
particle with any orientation 

 
Let the relative volume concentration of randomly 

oriented particle be k. We express the mean value of 
electric flux density pD , supposing that the uniform 

electric field D0 =[0, Dy0, 0]T, directed by y axis, was 
created in the homogeneous dielectric of capacitor. 

We can calculate the vector Dp inside particle for fixed 
particle position from (9): 
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We obtain any particle position by rotation of local 
coordinate system with respect to global system. When we 
rotate the local coordinate system about any global axis by 
angle π/2, the semiaxes a, b, c will be oriented by other 
axes, than it is showed in Fig. 1. This exchange corresponds 
to exchange of coefficients aA , bA and cA in matrix A. The 
exchange of any axes or any shape coefficients has the 
same probability. The mean value of matrix A is: 
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The mean value pD  will be: 
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Evaluating the values elements of matrix h (8), we 
obtain 
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We can write from equations (13) and (14): 
 

 ,)()31( 0DD ⋅++⋅= cbap AAA  (15) 
 

therefore, the mean direction of electric flux density vector 
inside particle coincides with uniform field direction, and 
its value is independent on angles ν, φ and ψ. 

 
The mean value of electric flux density outside 
ellipsoidal particle  

 
When the ellipsoidal body is placed into uniform field 

with electric flux density zzyyxx DDD 0000 eeeD ++= , the 

electric flux density outside body Dm will vary too: 
zzyyxx DDD mmmm eeeD ++= . We name the vector 

0m DDD −=′  as distortion field. The distortion field D' is 
investigated in [3]. It was expressed by distortion field ∞′D  
near metallic particle with the electrical properties 
analogical to dielectric particle with εp→∞: 
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where κK  is quadratic matrix 3×3: 
 

 ThκhKκ ⋅⋅= , (17) 
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If the probability of any orientation is the same, the 
matrix κK  turns into coefficient κK  expressed by analogy 
with (15): 
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The mean values D' and ∞′D  are related by equation: 
 

 ∞′++=′ DD ))(31( cba κκκ . (20) 
 

The mean directions of electric field strength E and 
flux density D coincide with y axis in capacitor dielectric 
(Fig.2). The mean values of other components and its 
increments are equal to zero: 
 

0=′=′===′=′== zxzxzxzx EEEEDDDD .  
 

To evaluate the mean value yE  let a particle of 
capacitor dielectric admixtures is projected to the electrode 
plane. We obtain the plane figure of area Sp (see Fig. 2). 
Let this figure move from lower to upper electrode parallel 
to it. We obtain the cylinder C with the particle inside it. 
Let all electrode surface with area S is divided into M 
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elementary areas ∆Sy0, so, that some number K of areas 
∆Sy0 could fill the area Sp fully.  
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Fig. 2. The admixture particle inside capacitor dielectric 

 
We study the electric field strength E inside cylinder 

C. The field is absent inside metallic particle. It varies 
outside particle, only. The mean height of particle by y 
direction is equal to lpi in surroundings of area ∆S0i (see 
Fig. 2). We form the cylinders Ci of base ∆S0i analogically 
to cylinder C. The cylinder C is composed of K cylinders 
Ci. The electric field is distributed along length h-lpi in any 
cylinder Ci. The mean field value CiE  in any cylinder, 
evaluating, that lpi<<hm, is: 
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We express the mean value ECi increment in 
comparison with E0 and obtained expression multiply and 
divide to ∆Sy0:  
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The relative mean value of electric field increment 
can be calculated in all capacitor dielectric volume:  
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This expression is obtained evaluating that lpi≠0 in 
cylinder C, only. The permittivity εm is constant outside 
admixture particles. Therefore, the relative increments of 
electric field strength and flux density are the same: 

kDDEEm =′=′= ∞∞ 00δ  and 
 

 0kDDD y =′=′ ∞∞ . (24) 
 

The electric flux density increment inside capacitor 
dielectric with admixtures 

 
The uniform electric field E0 and flux density 

D0=εmE0 is created in homogeneous dielectric, when the 
voltage U0 is connected to capacitor plates. If the dielectric 
has admixtures of volume concentration k and permittivity 
εp, the mean value of electric flux density increment pD ′  

inside admixtures is expressed by (15). The mean value of 
electric flux density increment D ′  outside admixtures 
from (19), (20) and (24) is:  

0)()31( DkDKD cba ⋅⋅++⋅=′=′ ∞ κκκκ . (25) 
 

The relative variation of electric flux density in all 
dielectric volume 
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When the charge q is distributed with density σ on the 
capacitor plate of area S and voltage U0 is connected to the 
plates, the capacitor capacitance is: 
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The relative variation of capacitor capacitance δC is 
equal to relative variation of electric flux density: 
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If the permittivity of admixtures εp is less a capacitor 
dielectric permittivity εm, the variation δD is negative and 
capacitor capacitance decrease. The variation of εp/εm in 
interval [0,1] corresponds to variation of δD in interval [0,–
1,5k]. It depends on particles shape very weakly in this 
case.  

If εp>εm, the δD value is positive. The maximal value 
δDmax of δD is obtained for εp→∞, i.e., if admixtures are 
metallic. It is: 
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This expression strongly depends on particle shape. 
The values La, Lb, Lc and the ratio Knmax=δDmax/k were 
calculated from (4)-(6) and from (33) using Matlab and 
supposing, that c>b>a. The ratios e=b/a and g=c/b were 
varied with step 0,05 in intervals [0,05; 1]. Some part of 
obtained results is presented in Fig. 3 and 4. The equations 
e=g=1, La=Lb=Lc=1/3 and Knmax=3 are correct for a 
sphere. 

The value Knmax quickly increases for elongate and 
plane particles. If the ratios e and g decrease from 1 to 0,3, 
i.e. 3,3 times, the value of Knmax increases proportional, i. e. 
from 3 to 9,64. If e and g decrease from 0,3 to 0,05, i.e. 
additionally 6 times, the value Knmax increases from 9,6 to 
806, i.e. even 85 times.  

The inequations 1/Lc>>1/Lb>>1/La are correct and 
Knmax≈1/3Lc, if e≤0,3 and g≤0,3. We can orientate the 
admixture particles especially, that the longest ellipsoid 
axis could be directed perpendicular to capacitor electrode 
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plane. The Knmax=1/Lc in this case, i. e. the Knmax  value 
increases 3 times in comparison with randomly orientated 
particles. The capacitance of capacitor with such dielectric 
increases ≈24 times, if the longest axes of ellipsoidal 
particles with e=g=0,05 are orientated perpendicular to 
electrode plane and the particles concentration is k=1%. 

 
 

 
 

The capacitor electric strength decreases if metallic 
particles in capacitor dielectric appear. But the electric 
strength decreases not more than 2 times, if the particles 
are not longer than the half of distance between electrodes.  
 
Conclusions 
 
1. The influence of dielectric admixtures on capacitor 
capacitance was investigated approximating the particle 
shape by ellipsoid. Dependence of field distribution upon 
particles shape and orientation is shown for several 
practical cases. 
2. The capacitor capacitance increase especially, if the 
admixtures are composed of elongate and plane particles, 
orientated perpendicular to electrode plane. 
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Fig. 3. Dependence of coefficient Knmax on d and e, if interval of 
d and e variation is [0,05; 0,95] 

Fig. 4. Dependence of coefficient Knmax on d and e, if interval of d 
and e variation is [0,3; 0,95] 


