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Introduction

There are some classical teletraffic methods used for
analysis of telecommunication systems with finite
customer population. Markovian models with interarrival
and service times both are exponentially distributed. They
have been studied for a long time with the development of
telephone exchanges, and now they have been widely
applied in data networks performance measures
evaluations. In section 1 this paper presents a traditional
wide performance measures analysis of system with finite
buffer capacity and finite number of call sources. In
section 2 it presents the analysis of an asymmetric system
performance measures. The solution to our M/M/m/K/IN
system, which is a Markov birth-death system, may be
obtained by applying the general solution given by
L.Kleinrock [1]. A Markov queuing system is one which is
characterized by a Poisson arrival process and
exponentially distributed service times. Queuing models
for M/M/m/K/N systems are very elegant in analysis and
provide good closed results. Some of these models were
extensively used in designing telephone networks, but they
are also very useful in modeling of packets or messages
services in data networks, as the packets or messages
length usually lies between constant and exponential
distribution. The M/M/m/K/N queue system and its variant
models can be used to model the arrival of messages or
packets in data networks at transmission channel with
finite input buffer. In this case the service time is the
packet length in bits divided by the channel transmission
rate. The offered Engset queuing loss system models can
be viewed as a generic model for variety of switches or
exchanges in a circuit-switched network with finite
arriving calls. Some authors in [1,2,3,4] provide analysis of
the systems with finite customer population, various
servicing protocols and system structures.

In symmetric queuing system the response time
depends only on whether an arrival packet finds a free
channel, but in asymmetric system it differs because the
channels transmission bit rates are not equal and depend on
which of the channels transmits the packet.
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Finite customer population queuing system
M/M/m/K/N performance measures

Let us consider a finite customer population system with m
transmission channels with full availability and finite
buffer of size K, exponential servicing time with mean
value 1/u. Assume o to be the arrival data packet rate from
an idle call source. Then the data packets arrival process is
Poisson with the rate [1]

A; = a(N —i), i=0,1,...,N, (1)
where o — data packet arrival rate from an idle call source,
i — number of sources in service, N — number of call
sources in the system.

The primitive packet flow from finite customer population
N arrives to finite buffer of size K system and is served by
full availability m channels as shown in Figure 1.
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Fig. 1. M/M/m/K/N system structure

Consider the data packet transmission time in channel
is distributed exponentially with mean value 1/p:

Pl{Tpgns <th=1—e,0<t <00, >0,

trans — (2)

where g =1/T},, is the data packet transmission rate in

the channel, Tgans- mean value of data packet
transmission time in channel.



In this case our system is expressed by Kendall notation
like M/M/m/K/N, where:

1) First M — represents exponential inter arrival
times between packets distribution (Poisson
process);

2) Second M — represents exponential data packets
transmission times distribution;

3) m —represents number of transmission channels;

4) K — represents max number of data packets in
queue (buffer capacity);

5) N -represents number of packet sources.

Our system can be mapped onto Markov process and then
mathematically evaluated in terms of this process.
Processes in M/M/m/K/N system are birth-death process
and Markov state transition diagram is shown in Figure 2.
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Fig. 2. Markov state transition diagram of M/M/m/K/N birth-
death system

The number of packets in queue may vary from O to
the max number K of buffer capacity. If the number of
packet sources N equal or less than sum of channel number
m and buffer capacity K then we have full availability
system without packet looses, otherwise we have the
queuing system with packet loss.

Using the global balance concept, we can easily write
down the following equations for the system state
probabilities evaluation:

aNPy = uR,
[@(N =1)+ u|B = aNPy + 2P,

mpPy k= a(N —m=K +1),

m+K

2R =1

i=0

However, customers arriving to find K already in the
system are lost and return immediately to the arriving state
as if they had just completed service. This leads to the
following set of birth intensities [4]:

ﬂi :{{a(N_l)’
07

For the death process in system we have the
following set of intensities:

i,
Hi =
my,
Now we can represent steady state probabilities for
the system shown in Figure 2 [4]:

0<i<K+m-1,

i>K+m-1,

(4)

0<i<m,

i>m.

(6))
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i-1 _ i
P =P, M:PO(ZJ Ch,0<i<m—1, (6)
j=0 (J+Dpu H
m=1 _ il _ b
B =Ry YA e ) =Po(gj Ch l—',mm_’,
j=0 G+Du j—p  mpu u m!
m<i<m+K. @)

The probability of free system P, is found from the
m+K
conservation of probability: Y P, =1.
i=0

In order to solve these equations (3), we obtain the
system steady state probabilities P;. We now proceed to
find other system performance measures such as:

1) Probability of data packet blocking (loss):

2) The probability that data packet will be forced to
wait in queue:

m+K -1
Pl >0l= YB;

i=m

)

3) The mean value of data packets number waiting in
the queue:

— m+K ]

Ng= X(i—-mF; (10)
i=m+1

4) Waiting position utilization:
N

vk =2 (11)

K

6) Served traffic intensity or mean value of occupied
channels number in the system:

m

Yooy = 2003 (12)
i=1

7) Each channel average utilization:

i = e (13)
m

8) The average number of customers in the system:

— m+K
i=1

(14)

9) The average data packets arrival rate to the
system:

— m+K
A= Ya(N-i)p;
i=1

(15)



10) The mean waiting time in queue from the Little

formula [2]:
— N
w=-"%, 16
7 (16)
11) The mean time spent by packet in the system:
EZW‘{‘Tapt. (17)

Numerical examples of M/M/m/K/N system
performance measures

The examples of calculated performance measures for
the system M/M/m/K/N are shown in Figures 3-7.
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Fig. 3. M/M/m/K/N system steady state probabilities P;
distribution, where a4=0,45, N=10, =1, m=3, K=8
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Fig. 4. Data packet loss as a function of channel number m,
where 0=0,035, N=300, u=1, K=20
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Fig. 5. The mean waiting time in queue W as a function of
channel number m, where 0=0,035, N=300, u=1, K=20

[N

i

10 m

0,7

Pk
0,6 1
0,5
0,4
0,3
0,21
0,1
’ 100 150 200 250 N

Fig. 6. Data packet loss as a function of customers number N,
when a=0,035, m=3, u=1, K=20
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Fig. 7. The mean waiting time in queue ¥ as a function of data
packet sources population N, when 0=0,035, m=3, u=1, K=20
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Analysis of an asymmetric queuing system M/M/2/K/N
with finite customer population and finite buffer
capacity

This section describes the Markov birth-death model
used for calculating characteristics of asymmetric queuing
system M/M/2/K/N shown in Figure 8, when the fastest
free channel is selected. We examine the system linked to
two channels with different packets transmission bit rates
1 > 1. Analytical model which was proposed in [7] is
useful for our system analysis. Data packets arrive
according the primitive flow model. Data packet length is
exponentially distributed.

Channel
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Fig. 8. Architecture of an asymmetric M/M/2/K/N system

The finite capacity asymmetric system shown in
Figure 8 now we represent by means of continuous
Markov chains when the system is in stable state (Fig. 9).



Each system state may be described by vector with
three parameters: X,Y,Z, where X represents state of
channel 1 (0-free, 1- first channel is transmitting data
packet), Y represents state of channel 2, and Z represents

number of data packets in the buffer (in our case from 0 to

K).

Then, using the global balance concept, we can easily
write down the following (18) equations for the system
state probabilities Pxyz evaluation.

Fig. 9. Markov chains in an asymmetric telecommunication system when the fastest channel is selected first and buffer capacity K=5

aNFyoo = #1P o0 + #2F010>

(et +a(N =1))P g = aNFyoo + 12 H10,

(ty + a(N =1))Rog = 1B 10>

(u+a(N=2))R9 =a(N-D(Boo + For0) + 4R 11,
(u+a(N=3)R1 =a(N-2)Po +uB 13,
(u+a(N—-4)Pp =a(N-3)F +pA 3.
(u+a(N-5)R 13 =a(N-4)Ry + B4,
(u+a(N—-06)P4 =a(N-5)F 3+ ub s,

HP5 =a(N-6)R14,

(18)

5
Pooo +Poo + Foro + 2Bk =1,
=0

In order to solve these equations, we have to obtain
the system state probabilities and then proceed to find such
system performance measures:

1. Data packets loss probability:

PLoss :PIIK' (19)
2. First data transmission channel utilization:
K
p1=PRoo+PRio+ 2 A (20)
i=1
3. Second data transmission channel utilization:
K
pr=Fyo+Rio+ 2 A1 - (21)
i=1
4. Mean value of served traffic intensity:
Y=p+py. (22)
5. Average number of packets in queue:
— K ]
Ng=2i-Ry. (23)

i=1

6. The effective packet arrival rate into the system:

A=a-N-Pyg+a(N-1)[Pog +Pyo]+a(N-2)R +
+C((N—3)F)111 +...a(N—K+1)P“(K,1) :C('N'POOO +
K-1

+a(N =1)Pigg + Poro)+ LN -2-i)- By, (24)
i=0
7. Average waiting time in queue for the packet:
— N
w="-1L. (25)
A
8. The probability for packets to wait in buffer:
K
Plw>0f=3Ry; (26)
i=0
9. Mean number of packets in the system:
Ns=Ng+p+p;. (28)
10. Average time spent by packet in the system:
- Ns
Ts=—. 29
== (29)

Some asymmetric system performance measures
examples calculated using an analytical model is shown in
Figures 10-15.
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Fig. 10. Packet loss probability as function of packet arrival
intensity a, when p;=2, p,=1, N=30, K=5
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Fig. 11. Channel utilizations as function of packet arrival
intensity a, when =2, p,=1, N=30, K=5
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Fig. 12. Probability of packet delay as function of packet arrival
intensity a, N=30, K=5
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Fig. 13. Mean waiting time in buffer for packet as function of
packet arrival intensity o, when p,;=2, pu,=1, N=30, K=5
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Fig. 14. Packets loss probability P(K) as function of the buffer
capacity K, when n;=2, ,=1, N=50, a=0.06
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Using the analytical models from paper sections 1
and 3 we compare both systems performance measures.
Packet loss as function of a are shown in figure 15, when
both systems throughput and incoming traffic is the same,
but symmetric system with three channels and an
asymmetric system with two channels are involved.
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Fig. 15. Packet loss probability as function of packet arrival
intensity o, where N=30, K=5, Series] - for symmetric system
w=1, wo=1, u3=1, Series2 — for asymmetric system p;=2, p,=1

Conclusions

We believe that the offered mathematical models of
the systems are useful for analysis processes in data
networks. The continuous time Markov chains give
possibility for easy and quick analysis of symmetric and
the asymmetric system with finite buffer servicing
primitive packets flow.

In the asymmetric system with a heavy traffic both
channels are usually occupied and therefore a channel
selection strategy is not so important and the system may
be investigated by means of general symmetric queuing
model.
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This article provides an analytic solution for performance measures of finite channel capacity m queuing system M/M/m/K/N.
Queuing system with a finite number of call sources size N and restricted storage K is investigated. Markov chains are used for the
performance measures evaluation. The solution to our queuing system with losses, which is the birth-death system, was obtained by
applying the finite Markov chains. There is used system with primitive call flow model. Interarrival time and service time represented
using exponential distribution. Packets arriving to find K+m already in the system are lost and return immediately to the arriving state as
if they had just completed service. The most important performance measures of queuing system are defined in an analytic form, such as
delay probability P(W>0), mean value of waiting time mean value of queue length E[N,], call loss probability B, service channel
utilization y,,, and etc. Taken queuing models for M/M/m/K/N systems are very elegant in analysis and provide good closed results.
Some of these models were extensively used in designing telephone networks, but however they are very useful in modeling of packets
or messages services in data networks. We describe the Markov birth-death model used for calculating characteristics of
asymmetric queuing system M/M/2/K/N, when the fastest free channel is selected. So we examine the system linked to two
channels with different packets transmission rates x4 > u,. Some calculation results are presented in diagram form. Ill. 15, bibl. 7 (in
English; summaries in English, Russian and Lithuanian).

P. PunmssiBuutoc, . Momkaiituc, b. Jlekepuc. HcenenoBanne xapakTepuCTHK NPOU3BOAUTEbHOCTH cucteM M/M/m/K/N ¢
KOHEYHBIM YHCJIOM MCTOYHHKOB // DJIEKTPOHUKA M dj1eKTpoTexHuka. — Kaynac: Texnonorus, 2006. — Ne 3(67). — C. 65-70.
IpencraBieHbl aHAIUTHYECKHE BBIPAKEHUS XapaKTEPUCTHK pabOTBHl OTrpaHWYEHHOW CHCTeMBl C oxumanueM M/M/m/K/N.
AHanusupyeTcsl CHCTeMa C OXHAAHHEM C KOHEYHBIM YHCIIOM HCTOYHHMKOB N TIpu orpaHudeHHOi éMkoctn K Oydepa. [ist onenkn
XapaKTepPUCTUK pabOoTHI CUCTEMBI C OXHAaHHEM NprMeHeHbl MapkoBckue nenu. Pemenus M/M/m/K/N cucteMbl poxaeHHsT ¥ THOSIN
MOJTy4YeHBI IIPU TIOMOLIM KOHEYHO# nenu MapkoBa npu 00cCiTy>KHBaHHU IPUMHUTHBHOTO IIOTOKA BBHI30BOB. JINTENBEHOCTE IPOMEKYTKOB
MEK/y BBI30BAMH U MPOAOKHTEIBHOCT 00CIYKUBAHHS PACTIpeieeHbl SKCIIOHEHIINAIbHO. BbI30B, nmonapmmii B cucteMy Koraa B Heit
HaxozsaTcs K+m BBI30BOB He 00CITY>KHBAETCS M HEMEITIEHHO BO3BpAIaeTCsl B CBOOOAHOE COCTOSHHE TaK K€ KaK M B CIIydae OKOHUAHUS
oOcmyxuBaHus Bb130Ba. OCHOBHBIE XapaKTEPUCTUKH KadecTBAa OOCITy)KMBAHHS BBI30OBOB OIIPENENICHBI B aHAINTHYECKOH (opme:
BEPOATHOCTh Oxupanus P(W>0), cpennee Bpems oxunanus B ouepenu E[W], cpennss mmna ouepeau E[Ng], BeposTHOCTH
HEeoOCITy)KHBaHUS BBI30Ba B, HCIIONB30BaHUS KaHalda OOCIYXUBAaHHS V, W Op. Pazpaboranusie monemu cucteM M/M/m/K/N odenn
yIOOHBIE JUIT UX aHAIM3a U 00ECIIEYMBAIOT XOPOIIOe NPEACTABICHHE XapaKTEePUCTHK paboThl cucteMel. Yacts mogpeneit M/M/m/K/N
HNPUMEHSIOTCS ISl IPOSKTUPOBAHMUS Tele(hOHHBIX CeTel, HO OHM TaKiKe MOJIe3HbIE JUIsl aHaIn3a CeTel mepeadyr JaHHbIX. MapKoBckue
LEMY POXKICHHUS U THOEIH UCIIOIb30BaHbI JUIS ONPEIeNICHUs] XapaKTePUCTHK PaboThl aCHMMETPHYECKON CHCTEMBI C ABYMs KaHaJlaMU
Pa3IMYIHON CKOPOCTH Mepeiauyl JaHHBIX, KOT/la KaHal ¢ OONbIIel CKOPOCTBIO Mepefaun 3aHUMaeTcs nepBbIM. HekoTopele pe3ynbTaThl
pacuéroB npuBezeHsb! B rpadukax. M. 15, 6ubi. 7 (Ha aHTIIHICKOM s13bIKe; pedepaThl Ha AaHTTTHHCKOM, PYCCKOM U JIATOBCKOM $13.).

R. Rindzevicius, D. PoSkaitis, B. Dekeris. M/M/m/K/N sistemos, esant baigtiniam paraiSky Saltiniy skai¢iui, naSumo rodikliy
analizé // Elektronika ir elektrotechnika. — Kaunas: Technologija, 2006. — Nr. 3(67). — P. 65-70.

Pateikiamos baigtinés talpos masinio aptarnavimo sistemos M/M/m/K/N darbo nasumo charakteristiky analitinés iSraiskos. Tiriama
masinio aptarnavimo sistema, turinti ribota Saltiniy skaiciy N ir baigting buferio talpa K. Sistemos darbo nasumo rodikliams jvertinti
taikomi Markovo procesai. Masinio aptarnavimo sistemos su nuostoliais, kuri pateikta ziities ir dauginimosi grandine, sprendiniai gauti
naudojant baigting Markovo granding. Tirti pasirinktas primityvaus paraiSky srauto modelis. Laikotarpiai tarp paraiSky atéjimo
momenty ir paraiskos aptarnavimo trukmé pasiskirst¢ pagal eksponentinj désni. | sistema atéjus vartotojo paraiSkai momentu kada joje
jau yra m+K paraiSky, ji néra aptarnaujama ir vartotojas grazinamas i laisva bilisena, kaip ir baigus paraiskos aptarnavima. Gautos
sistemos darba nusakanciy charakteristiky analitinés israiskos: paraiSkos vélinimo tikimybé P(W>0), vidutiné laukimo eiléje trukmé
E[W], vidutinis eilés ilgis E[Ny], paraiSku nuostoliy dydis B, aptarnavimo kanalo naudojimo koeficientas y,, ir kt. Pateikti M/M/m/K/N
sistemy modeliai labai patoglis sistemoms analizuoti ir pateikia glaustus rezultatus. Dalis §iy modeliy panaudojama telefono tinklams
projektuoti, bet taip pat jie taikytini duomeny perdavimo tinklams analizuoti. Asimetrinés masinio aptarnavimo sistemos M/M/2/K/N
darbo charakteristikoms apskaiciuoti panaudoti Markovo zities ir dauginimosi procesai, kai pirmasis uzimamas didesnés spartos
kanalas. Dalis skai¢iavimo rezultaty pateikta grafikuose. I1.15, bibl. 7 (angly kalba; santraukos angly, rusy ir lietuviy k.).
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