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Introduction 
 
 The property of synchronous electrical machines to 
supply reactive power to a power network or to consume 
the power from there ensures the reliable stabilisation of 
the network’s voltage. This function may be carried out by 
synchronous machine, operating in motor, generator or 
compensator mode. The power exchanges between a 
synchronous machine and a network are illustrated 
graphically by V-characteristics. It would be desirable that 
the analytical expressions for V-characteristics would be in 
disposition in the case of excitation current’s automatic 
control usage for a synchronous machine. There is stated in 
[1] that the V-characteristics have the shape of ellipses. 
The weakness of this statement is discussed hereinafter. It 
is proved in [2] that the V-characteristics form the 
branches of hyperbola. The vector diagrams of 
synchronous machines and the geometrical analysis of the 
diagrams are used in [3] when it touches upon some 
properties of V-characteristics. After the assessment of 
positive properties of synchronous machines in [4, 5, 6], 
the necessity arises to make comprehensive analysis of the 
machine’s V-characteristics by submitting the algorithms 
for the analytical relationship’s formation of V-
characteristics as well as for the functions’ determination 
of stability line and isogonic line. 
 
Main equations 
 
 The vector diagram of synchronous machine is shown 
in the Fig. 1, where aI  – phase current of synchronous 
machine’s armature; E – electromotive force of armature 
phase; TU  – phase voltage of mains; TUU −=  – complex 
voltage of synchronous machine’s phase; aR – phase 
resistance of armature; aXXX += σ  – synchronous 
inductive reactance; σX  – leakage inductive reactance of 
armature phase; aX  – inductive reactance of armature’s 

phase reaction; 
X
Raarctan=ρ ; θ  – load angle; 

ϕρπα ++=
2

. 

 From the triangle OAB we find that  
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 The equation (1) corresponds to the right branches of 
V-curves in the case when 0>ϕ , and it corresponds to the 
left branches in the case when 0<ϕ . In both these cases 

the invariant ( ) 02 <+−= 2
aRXδ  of the equation (1) 

determines the graph of the equation (1) as a hyperbola.  
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Fig. 1. Vector diagram of non-salient pole synchronous machine  
 
 Making use from rewriting of equation (1), we 
receive for the right branch of V-characteristics: 
 

 ( ) 22222 22 PIUXPRRXIUE 2
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2
a −++++= ;   (2) 

 
where  P – active power of synchronous machine. 
 For the left branch we receive  
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 It was already proved earlier [2], that the graphs of 
V-characteristics are hyperbolae. 
 The analysis of V-characteristics, presented in the 
paper [1], should be taken into consideration. The angle 
ABO (Fig.1) of the vector diagram is equated to the angle 
ρ  in the paper. However, this angle is expressed as 

∠ ABO = ρϕθπ
−−−

2
. 

 The definition mistake of the angle ABO has 
determined the following relation on the bases of the 
vector diagram in the Fig.1: 
 

  ( ) ρcos2 2222 2
aa
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 The usage of general theory of quadratic curves [7] 
enables to answer the question what quadratic curve is 
presented by the equation (4). The following invariants of 
the function (4) are analysed herein: 
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2
aRXS ++= 21 . 

 
 The equation (4) represents an ellipse because it 
fulfils the conditions 0>δ  and 0<ρ∆ . In the paper [1] 
the conclusion is made about the shape of V-curves on the 
bases of the above mentioned conditions. 
 Since the angle 

∠ ABO = ρρϕθπ
≠−−−

2
, 

the equation (4) may be transformed into 
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 The invariant of the equation (5) is 
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 However, that is the feature of hyperbola. 
 The results of experiments, presented in [3, 6] also 
deny the opinion, given in [1], that the V-characteristics of 
synchronous machine have the shape of ellipses. Hence, 
the further investigations are performed herein assuming 
that the V-characteristics are the branches of hyperbola. 
 
The locus cosφ = 1 of synchronous machine’s  
V-characteristics 
 
 From the equation (1) it follows 
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 The medium and high power synchronous machines 
comply with the requirement 
 
 XRa << . (7) 
 
 In this case from the equality (6) it follows that 
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and when 0=ϕ , we receive 
 

 0222 =+− XIEU 2
a . (9) 

 
 The above relation can be rewritten as 
 

  22 XIUE 2
a+= . (10) 

 
 That is the analytical expression for the case when 

1cos =ϕ . 
 After the evaluation of electromotive force’s 
dependence on excitation current If, we receive 
 
  ( )fIfE 1= ; (11) 
 
where the excitation current If is expressed using the 
relative units – in the same way as electromotive force. 
 The no-load characteristic (11), normalized for all 
non-salient pole synchronous machines, is used hereinafter 
(Fig. 2). 
 The function (11) is approximated using the 
piecewise-linear function: OA, AB, BC, etc. The equation 
of no-load characteristic, approximated by piecewise-lines, 
is 
 
  kfk bIaE += ; (12) 
 
where kk tga α= ; kb  – the initial ordinate of a line 
when k = 1, 2, … (Fig. 2). 
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Fig. 2. No-load characteristic of non-salient pole synchronous 
machine 
 
 The graph AB of the function (10) is presented in Fig. 
3, assuming that U = 1, X = 1, kXRa = , 1≥k . 
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Fig. 3. The dependence of armature’s phase current Ia from 
electromotive force E and excitation current If  (the line AB) 
 
 The difference of the graph ordinates does not exceed 
0,2 % when the resistance of armature changes in the range 
of 0,10 ≤≤ /XRa . Consequently, the functions (2), (3) 
and (10) for medium and high power synchronous 
machines may be analyzed in the case when 0=aR . 
 
The stability limit of synchronous machines, operating 
in parallel 
 
 Using the equation (3), written for the left branches 
of V-characteristics when 0=aR , we receive 
 
  ( )[ ] +−−+ 2

a
4
a IUXXEUIX 222224 42  

 

  ( ) 04 22222 =+−+ PXEU . (13) 
 
 The discriminant of the equation (13) shall fulfil the 
following condition 
 

   1
22

22
≤

UE
PX .  (14) 

 
 By inscribing the limitary value of the active power  
P = EU/X to the equation (13) the following relation is 
received 

  
X

UEI riba

22 +
= . (15) 

 
 If the above given limitary value of the armature’s 
phase current is exceeded, the synchronous machine loses 
a synchronism (stability). The current ribaI  has one 
extremum (minimum): 
 

  0   0
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dI riba . (16) 

 
 Applying (16) to the equation (15) we have the 
following relation 

    
X
UI min riba = . (17) 

 
 The curve CD, represented by the equation (15), 
limits the left branches of V-characteristics from above 
(Fig. 3). 
 The family of V-characteristics, presented in Fig. 3, 
is described by the equations 
 

  222222 21 PXUEUE
X

Ia −−+= , (18) 

 
derived from the relationships (2) and (3), assuming that  

0=aR . The V-curves are given in Fig. 3 for the case 
when U = 1, X = 1, 0=aR . 
 
The trajectories of isogonic lines (φ = constant)  
 
 The interdependence between isogonic lines and V-
characteristics is presented in the investigation of reactive 
current’s optimization [4] for synchronous machine. When 
φ = constant, the dependencies 
 
   ( )UIfE a ,=  (19) 
 
have great importance in the exploitation of synchronous 
machines. They represent the family of isogonic curves, 
described by the equations (1). The angle φ is treated 
herein as the parameter of the curves family. 
 The medium and high power synchronous machines 
fulfil the condition XRa << , therefore the equation (1) 
may be simplified to 
 
  ϕsin2222 XUIIXUE a

2
a ++= . (20) 

 Thus, the family of isogonic curves is described by 
the equation 
 

  ϕsin222 XUIIXUE a
2
a ++= ; (21) 

 
where 0<ϕ  corresponds to the family of isogonic curves 
on the left side of the line AB (Fig. 3), and 0>ϕ  
corresponds to the family of isogonic curves on the right 
side of the line AB. 
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 It is evident that the family of isogonic lines presents 
the regulation characteristics of synchronous machine. In 
this case the mesh-graph consisting of V-characteristics 
and regulation characteristics may be called mesh-
nomogram. The mesh-nomogram simplifies the assessment 
of the excitation current when the load P is constant and 
the requested character of reactive load ϕcos  is available. 
The abscissa of the point, in which the required isogonic 
line and V-characteristic’s curve intersect, is matched by 
the corresponding values of electromotive force or 
excitation current (Fig. 3). It is easy to make sure that the 
dots of the plane, formed by the coordinate axes E, I and 
located on the left side from the line AB (Fig. 4), specify 
the reactive power, which is consumed from the network 
by a synchronous machine 
 
  0sin1 <= ϕaUIQ ; (22) 
 
where ϕ < 0. 
 The dots of the plane E, aI , located on the right side 
from the line AB, determine the reactive power, which is 
supplied to a network by a synchronous machine 
 
  0sin2 >= ϕaUIQ ; (23) 
where ϕ > 0. 
 From the equation (1) it follows that 
 

 ( )+++= 2
a

2
a RXIUE 222   

 

( )ρϕρϕ sincoscossin2 2 +++ 2
aa RXUI ; 

or 
( ) ϕϕ cos2sin2222

aaa
2
a

2
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 After inserting the substitutions QUIa =ϕsin , 
 

222sin-1cos QIUUIUI 2
aaa −±=±= ϕϕ , we obtain 

 
( ) 22222 22 QIURXQRXIUE 2

aa
2
a

2
a −±+++= . (24) 

 
 Finally, assuming that XRa << , the following 
relation is received 
 
  XQXIUE 2

a 2222 ++= . (25) 
 
 The family of the curves Q = constant (25) is plotted 
in Fig. 4 and together with the family of V-characteristics 
it forms the mesh-nomogram which is suitable for the 
determination of synchronous machine’s excitation current 
according to the reactive power Q under demand. 
 The relation between reactive power Q and voltage 
deviation ∆U is described [5] in the given point as follows 
 

  U
X
UkQ ∆

1
= ; (26) 

where 1X  – inductive reactance of transmission line and 
transformer between the given point and the point in which 
∆U = 0; U – nominal voltage; ∆U – voltage deviation in 
the given point; k = constant – coefficient;  
∆U > 0 – when the voltage in the given point is lower than 
the nominal voltage; ∆U < 0 – when the voltage in the 
given point is higher than the nominal voltage. 
 Hence, according to the formula (26) we find Q± , 
which is adequate to the corresponding line of the Fig. 4. 
The abscissa of the point, in which the lines Q and P 
intersect, presents the excitation current If, determining the 
equality ∆U = 0. 
 The active load P of synchronous machine shall be 
reduced in the case the excitation current exceeds the 
permissible value. When such possibility is not available, 
the line of reactive power, determined by the marginal 
value of excitation current, shall be selected. It is obvious 
that the deviation of voltages will be reduced in this case 
but it will not become zero. 
 The mesh-nomogram, shown in the Fig. 4, is 
convenient for the use in the nods of distribution networks, 
which synchronous motors or compensators are connected 
to. 
 The excitation current If and the phase electromotive 
force E, set on the axis of abscissa (Fig. 4), correspond to 
the no-load characteristic (Fig. 2). 
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Fig. 4. The mesh-nomogram of synchronous machines, operating 
in parallel  
 
Conclusions 
 
 1. The analytical expressions are offered for the 
calculation of synchronous machines V-characteristics. It 
is proved that the form of V-characteristics match up to the 
form of hyperbola, but not to an ellipse as it is claimed in 
[1]. 
 2. The stability limit and its analytical expression are 
determined for V-characteristics of synchronous machines. 
 3. The definition for the isogonic lines as well as the 
mesh-nomogram of the isogonic lines and V-
characteristics of synchronous machines are presented. 
 4. The mesh-nomogram P = constant, Q = constant is 
formed in the coordinate system ( )aIE,  and ( )af II ,  for 
the determination of excitation current when the voltage 
deviation ∆U in the node of synchronous machine’s 
connection is known. 
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