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Introduction

Suppose that X is a nonnegative random variable
describing the failure time of a product. The reliability of
products can be characterized by the reliability function

},{)( tXtS  P the failure rate )(/)()( tStSt  .

In many practical situations the failure rate of pro-
ducts depends not only on their age t but also on the date
(calendar time) .T For example, at different dates the
characteristics of spares of products, the technologic
process, exploitation conditions may be different. Denote

by ),( Tt the failure rate depending on the product age

and calendar time.
Similar situations may be observed for other practical

applications. For example, insurance companies: the
mortality of individuals depends not only on their age but
also on the calendar time (flu epidemic, accident rate and
etc).

The Model

Suppose that we observe products (units) manufac-

tured at the calendar time interval *],0[ T . When a product

is manufactured its age is 0t . The products are observed

at their age interval *],0[ t . For example, *t is the

guarantee time.
Define the region restricted by lines ,0t *,tt 

,tT  *TT  (see Fig. 1). In such region the run of a unit

manufactured at the time moment ],0[ T can be plotted as

a segment of line which forms 45 angle with t -axis. The
failure is observed if the segment of line ends in the region.
The circles and crosses denote different types of failure.

Suppose that a unit (manufactured at the moment
],0[ T and not failed at moment ],[ Ttt  ) fails because of

one of r possible failure types with probability

.,,1,0),(),()( rsttotTts   (1)

Set ,),(),( )( s
s TtTt  where s denotes the failu-

re type.

Fig. 1. The flow of products

The cumulative failure rate ),( Ttt  can be written

in the form:





tT
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dxxgdxxThTtt )()()(),(
0

 , (2)

where )(x is related to the unit age, )(Th to the variation

of technological processes, )(Tg to the variation of ex-

ploitation conditions (for example, the influence of seaso-
nal climate variation).

Suppose that the form of functions gh ,,  is known

and they depend on unknown parameters. Then standard
parametric methods can be applied.

In many practical situations the selection of appro-
priate functions form is complicated. Then non-parametric
or semiparametric methods are used.

The estimation of hazard rates and various reliability
characteristics using non-parametric and semiparametric
methods are discussed in [2], [3].
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The statistical data can be in the form which requires
the parametrization of model. For example we know only
the number of manufactured units at particular calendar
time intervals and the number of failed units at particular
age intervals but the moments of manufacturing or failure
are unknown.

Suppose that the time interval *),0( t is partitioned

into m equal subintervals. Denote by  the length of sub-

interval. So *tm  . Suppose that the interval *),0( T is

partitioned into k subintervals of the same length. So

*,Tk  mk  (see Fig. 2).

Fig. 2. The grouping intervals

Suppose that jn units were manufactured at calendar

time interval ],)1[(  jj  . At the first subinterval

 t0 the part of units can fail at the calendar time

interval ],)1[(  jj  , and another part of units at the

calendar time interval ])1(,[  jj . Denote respectively

by jZ1 and jZ1
~

these quantities of units. Similarly define

quantities of failed units at the interval .)1(  iti 

Denote them by ijZ and ,
~

ijZ ji ,,1 , ,(min mj 

);1 jk ,0
~

, kj
Z if ;mj 

 s
s

ijij ZZ ,)(
 s

s
ijij ZZ ;

~~ )( (3)

where s is the failure type.
For such data the parametrization can be used.

Suppose that failure intensity piecewise constant functions
are

;)1(,)1(,),( )()(  jTjitiTt s
ij

s  (4)

.,,1,,,1,
1

)( kji jij

r

s

s
ij  





So we obtain the parametric model with the
parameter

.),,1,,,1,,,1,( )( kjirs j
s

ij   λ (5)

Let us obtain the likelihood function. Suppose that a
unit was manufactured at the time moment (see Fig. 2)

,)1(   jT .0   At the first age subinterval

 t0 the probability of such unit failure is

,1)( 1)(
1

jep j





 (6)

if ,)1(  jTj  and is

),1()(~ 1,11)(
1


 jj eep j


 (7)

if .)1(   jTj

Similarly at the age interval  iti  )1( these

probabilities:
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where )(ij is the cumulative failure intensity function

until an age moment )1(  it :
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The probability of a unit surviving is

)).(~)((1)(  iji ijj ppq   (10)

Denote by jU the quantity of non-failure units. So

.)
~

( jji ijij nUZZ  (11)

If manufacturing is stable then it is natural to suppose
that the manufacturing moment  of a unit is uniformly

distributed at the interval ),0(  . Taking expectation with

respect to this distribution we obtain the failure
probabilities of a unit manufactured at the moment

],)1[(  jjT  :
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The distribution of the vector ,,,
~

,( ,11 jjj j
ZZZ 
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~

, jj
Z is polynomial distribution

)),,,1,~,(;(2 jjijijj qippnP
j

  . (13)

Parameter Estimators

Let ij
s

ij
s
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and their multiplication is

.)()(
1





k

j
jLL λλ (15)

We obtain maximum likelihood estimators
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The complicated system

kji
L
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ij

,,1,,,1,0
ln

 






(17)

for maximum likelihood estimators ij̂ is solved by nume-

rical methods.

The Goodness-of-fit Test

The chi-square goodness-of-fit test can be used to
assess whether the model is consistent with the data. If the
hypothesis is true then the distribution of the test statistic
(see [1])
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is approximately (for sufficiently large ,jn kj ,,1 )

chi-square distribution with )2/)1((  mksm degrees

of freedom (the number of random variables ijij ZZ
~

, is

)2( mksm  and the number of estimated parameters is

))2/)1((  mksm . The hypothesis is rejected with signi-

ficance level  if ),()ˆ( 22 λX where )(2  is 

critical value of the chi-squre distribution with  degrees
of freedom.

The chi-square statistic can be used to test the
hypothesis that some parameters are the same. For such

hypothesis the estimator λ
~

of the parameter vector λ is
obtained under assumption that hypothesis is true.
Suppose that the dimension of parameter vector decreases

in quantity l . If the hypothesis is true then the distribution

of the test statistic )
~

(2 λX (see (5)) is chi-square with

lmksm  )2( degrees of freedom.

Example. Let us consider the data of reclamations of
the kinescope manufacturing enterprise. The data is for two
years, grouped by quarters (see Table 1).

The column j represents quarters. The column jn

represents numbers of manufactured kinescopes in that
quarter.

Table 1. The data
j

jn )1(
2

)1(
1 ; jj YY

)2(
2

)2(
1 ; jj YY

)3(
2

)3(
1 ; jj YY

)4(
2

)4(
1 ; jj YY

1
2
3
4

385 895
434 300
377 437
574 933

144; 31
173; 48
159; 36
265; 73

85; 19
99; 27

107; 25
146; 37

69; 15
54; 14
45; 9

67; 19

519; 131
962; 240
913; 229
769; 191

5
6
7
8

509 579
560 007
606 227
780 897

212; 53
256; 58
260; 62
278; 78

109; 31
182; 42
147; 41
209; 49

27; 7
33; 8
36; 6
54; 16

653; 162
1234; 306
1365; 341
1061; 266

Σ 4 229 275 1747; 434 1084; 271 385; 94 7476; 1866

The next four columns correspond to different failure
types. In each column two numbers correspond to
reclamations collected in the first and the second month
after the unit was manufactured. The produced kinescopes
go to TV manufacturing enterprise from which the
reclamations are obtained during two months only.

The first group consists of electrical parameters
failures (for example, small beam current, low voltage).
The second failure group includes the vacuum level
failures. The third failure group is parasitic emission and
voltage outflow. The most reclamations are from the fourth
group of failures which are mechanical damages (for
example, scratches, damaged contacts) and dust or other
particles in the kinescopes.

Fig. 3. The variation of four types of reclamations

The graph shows that the first and the second group
of reclamations percentage level are almost the same. The
percent of the third group reclamations is smallest in the
second year. The percent of the fourth group of
reclamations is much higher in the second and the third
quarters. The explanation is that in the spring and the
summer there are more dust in the air and because of that
kinescopes have more particles inside.

The data are grouped. For example, )(
1

s
jY is the sum:
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Set },1{ )()(  s
ij

s
ij Yp P ;2,1i ;8,,1j .4,,1s
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Then the dimension of unknown parameters )(s
ijp

vector is the same as the dimension of observed random

vector ,( )(s
ijY ;2,1i ;8,,1j ).4,,1s The estima-

tors of parameters )(s
ijp are frequencies j

s
ij

s
ij nYp /ˆ )()(  .

The proposed model for that data depends on 64

parameters ( 428  rmk ). After testing the hypo-
thesis about parameters only 7 parameters are significant:
two parameters describe the failure intensity for the first
and the second group of parameters (one parameter for
each group; total estimates of failure intensities are
0,052 and 0,032, respectively); two parameters for the
second parameter group (the first and the second year;
estimates are 0,017 and 0,008, respectively); two
parameters for the fourth parameter group (1-4 and 2-3
quarters; estimates are 0,017 and 0,008, respectively);
the parameter  shows how many times the failure
intensity is smaller in the second month (after the
kinescope was manufactured) than in the first month; the

estimate is 25,0ˆ  . If the hypothesis is true the test

statistic has approximately chi-square distribution with 57
degrees of freedom. The hypothesis is not rejected: the
value of the test statistic is 64,2. Further reduction of the
number of parameters is impossible.

The proposed model is suitable for the analysis of this
data type. In the first stage we had a lot of parameters but
after the model analysis we got minimal number of
parameters which have clear meaning.
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