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Introduction

The Fourier Uncertainty Principle [1,2] (FUP) states
minimal product of signal spreading in time domain and
frequency domain

At Ao>1/2. (1)

This type of uncertainty relation has been rather
forgotten in signal processing community. In contrast to
this, the coordinate-momentum Heisenberg's Uncertainty
Relation AxAp > 7/2 that is mathematically equivalent to
the FUP [3,4], has become an extremely important
cornerstone for quantum mechanics and even for modern
understanding of universe. The reason why FUP has not
found wide use in signal processing is the fact that
conventional mathematical calculation of signal deviation
in frequency domain Aw must include both positive and
negative values of frequency. This yields large Aw values
which are meaningless for most practical applications that
consider spectra at positive frequencies (if needed, the
omitted half-spectrum for negative frequencies may be
restored from symmetry principles). Situation is different
in quantum mechanics where the standing waves in
potential wells may be described as a sum of two waves
moving in opposite directions and thereby inclusion of
both positive and negative values of momentum is
justified.

Probably the most noticeable (and perhaps only)
author who has carefully discussed the signal duration and
spectrum width based uncertainty relations for signal
processing is A.A. Kharkevich [5]. In chapter 12 of [5] he
applied at first different practical criteria for Af and Af
definition ( f =w/27 ). Those practical criteria were, e.g.,
time duration including 90% of pulse energy or spectrum
width from f=0 up to first zero in spectrum. He compared
results for 5 most common pulse forms. Those results,
however, lacked the generality that gives mathematically
rigorous calculation of variances and standard deviations
[6,7]. So Kharkevich developed also a generalized
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JasO=[AD-A-0)/2

approach based on “function moments” using ideas of
inertia radius calculation from mechanics. At that for
evaluation Aw only positive frequency values were used.
Probably already Kharkevich recognized the problem of
handling the negative frequencies that come out from the
conventional complex Fourier transform. We analyzed the
“function moments” approach of Kharkevich and
concluded that it is equivalent to FUP (with conventional
calculation of variances and deviations) if only positive
frequency values are considered.

Below in the present work we will also offer another
universal formulation of uncertainty relation for the “train
of pulses” case. This uncertainty relation will state that
there exist a certain limit value for product of pulse train
duration and the spectrum peak width for every harmonic
of signal. The respective At and Aw definitions are
explained below in Fig. 1.

The used definitions

Here we use conventional formulation of Fourier
transform f{t) <> F(w) for the aperiodic signal:

F(o) = ﬁ jm exp(—iw t) f(t)dt Q)
110=—7= [exptio ) Flox. G)

00

(2) defines the following symmetry rules: symmetric
component of signal fs(t)=[f(H)+f(-)]/2 creates real
component Re[F(w)] of spectrum that is also symmetric in
frequency domain; the antisymmetric component of signal
creates imaginary component of
spectrum Im[F(w)] that is antisymmetric in frequency
domain.

The conventional calculation of standard deviations
through the square roots of variances [6, 7] uses signal and



its spectrum “energy densities” expressed by module
squares f~ and F*:

At =Var(t), 4)

Var(t) = T(r—< t>) (1) dt/sz(t) dt, (5
<t>= Tt () dt/sz(t) dt (6)

Aw = \Var(w), (7

Var(w) = T(a)— <w>) F* (o) da)/TFz(a)) do, (8)
<a)>=TwF2(a)) da)/TFz(a)) do . )

In Kharkevich “function moments” approach [5] the
lower limit of integrals is set to zero when evaluating Aw.
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Fig.1. The “train of pulses” signal (above) and its Fourier
spectrum (below). This example signal consists of three equal
cosine-harmonics. Period 7=1 (arbitrary unit). Due to symmetry
in time, only real part of complex Fourier spectrum appears.
Three deviation definitions are illustrated: 1) via conventional
standard deviations; 2) Kharkevich approach that takes into
account only positive frequencies; 3) pulse train duration and
spectrum peak width based approach (FWHM - full width at half
maximum)

It is well-known fact [1,2] that the given formulae
yield the main Fourier Uncertainty Principle result:

AtA®>0.5, (10)

where the minimal number 0.5 corresponds to the gaussian
function f{f)=4 exp(-at*). However, in the case of any non-
gaussian signal (e.g. sine- or cosine-function), as it will be
shown below by example calculations, if spectrum is not
concentrated near zero frequency, the product AtAw
becomes remarkably greater than the lowest limit 0.5.
Kharkevich has got for his positive half-spectrum case
the following result (using Bunyakovskiy inequality) [5]:

At Aw>0.5/+/3 ~0.289 (11)

with nearly the best value for signal

AtAw =~ 0.301

Below we will check given inequalities by numerical
calculation and offer a new formulation for train of pulses
case

gaussian
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At Ao —>7.582  if Ny — .

(12)
An example calculation

Fig. 2 compares the three calculated uncertainty
products versus even number of pulses Npy;se for the train
of cosine-pulses. Thus only first harmonic is present,
period equals 7=1. The time spreading Af is growing
linearly with pulse number for all three uncertainty
definition methods. The conventional Fourier-Heisenberg
type uncertainty grows linearly with pulse number and is
always remarkably over the theoretical minimum 0.5 as
signal spectrum is far for gaussian and Aw close to 1st
harmonic peak @ ~2m .

The approach of Kharkevich what uses only positive
frequencies for Aw calculation does not grow so rapidly, as
the spectrum spreading Aw decreases somewhat with
increased number of pulses. However, the saturation of
AtAw is not observed and for practical signal processing
the use of this relation remains questionable similarly to
FUP.

In contrast, the 3" uncertainty definition method
approaches a limit value near 7.6. This is caused by fact
that the decrease of spectrum 1% harmonic peak width due
to increasing number of pulses Aw~1/Npy sz compensates
the increase of signal duration At~Npy;se. This behavior
seems promising to construct a useful uncertainty relation.

so At Aw
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Fig. 2. The calculated uncertainty product versus number of
cosine-pulses Npyrsg=1,3,5,... . Three uncertainty definitions are
compared (see Fig.l for explanation). Inset shows signal for

Npurse=3

The train of pulses case and Mason-Zimmermann's
formula

Train of pulses case is rather common for
measurement applications and spectral analysis. Here it is
useful for uncertainty relation development as with
increasing number of pulses the decreasing of spectrum
peak widths may be observed for every harmonic of signal.
It is important to emphasize spectrum width for every
harmonic separately as quite useless Aw for FUP uses
approximately distance from first harmonic peak w,~2x to
zero and Kharkevich definition uses spreading of full
spectrum band (all harmonics) in the positive frequencies
domain (Fig. 1).

The train of pulses case was earlier carefully studied,
for example, by Mason and Zimmerman [8]. The analyzed



the very classical problem of signal processing how the
wide spectrum of the single pulse approaches the delta-
function like spectrum of the periodic signal. For
mathematical simplicity, they looked the even number of
pulses N=1,3,5,... . As the signal period was denoted by 7,
they considered the limited signal in time window [N7/2,
+NT/2]. So the N-pulse spectrum was calculated as
standard Fourier transform:

+NT /2

Fy(o)=—— |exp(-iwt) f(¢)dt (13)
V2rm 71v'[/2
and the main result could be expressed as [8]
sin(NwT /2)
F(o)=F (o) ——|, 14
v(@)=F( ){SthT/z)} (14)

where spectrum for N pulses Fy is calculated from the
single-pulse spectrum F; by using a separated delta-
function forming multiplier. This square bracket term of
(14) has a maximum value N for every signal harmonic
o =kT2n, k=0,£1,+2,... and describes the similar
oscillating sidebands near every harmonic peak (incl. the
average value, i.e. zero-frequency harmonic). The
illustrating calculation is shown in Fig.3.
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Fig. 3. Calculated train of pulses of trapezium signal (above) and
its spectrum (above). The spectra of a single pulse and 15 pulses
are compared (with multiplier 15 for F'; to obtain the comparable
scale). The results show how the square bracket multiplier from
eq.(14) forms N-pulse spectrum from a single pulse spectrum

Definition of the applicable uncertainty relation

By performing multiple numerical calculations of
Fourier transform and also by analyzing Mason-
Zimmermann's formula (14) and especially its square
bracket term we concluded that a reasonable uncertainty
relation formulation could use signal duration and
spectrum peak width for any harmonic. Preferably it could
be the dominating first harmonic but similarly behaves also
any harmonic which has a noticeable value in single pulse
spectrum (Fig. 3). The reasonable peak width definition
Aw could be the FWHM (Full Width at Half Maximum)
that is commonly used in different areas of spectral
analysis. For the signal spreading in time Af is reasonable
to use the pulse train duration NT that serves also as the
time window in measurements.

Thus, the numerical simulations supported by the
theoretical considerations allowed us to come to the
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following uncertainty limits:

taonar X A@pyu, —> 7.582,

(15)
or

Lsionar * M pwing —1.2067 , (16)
if number of pulses N increases.

It should be emphasized that the number of pulses N
and period T are not needed in those uncertainty limits if
enough great number N (i.e. narrow peak widths) are
reached. Theoretically, the considered Aw must become
enough narrow that the single pulse spectrum £ in (14)
could be handled as a constant near respective harmonic
peak. For practical estimations a satisfactory accuracy may
be achieved already by rather small pulse number
N=5...10, see, e.g., Fig. 2.

Discussion

Philosophically, the offered uncertainty relation (15,
16) is the mathematical result, based on the mathematical
definition of the Fourier transform. This relation
corresponds to the signal that is strictly periodic within a
certain time window and zero outside. The uncertainty
relation (15, 16) should give estimation to the achievable
spectrum peak widths if the measurement apparatus obeys
the mathematical Fourier transform rules. However, the
peaks with final width occur in spectra not only due to
limited time window but also due to unstable period,
unstable amplitude, noise etc. The present relation (15, 16)
corresponds to the case if we cut off from an ideal periodic
signal a fragment with enough number of periods. And
then spectrum peaks with final widths for all noticeable
harmonics are created by the basic Fourier mathematics
due to this limitation of time window.

On the other hand, as a counterexample, if any
measurement apparatus would have a priori external
information about the exact period of signal T then
extrapolation of signal should be possible in wide time
scale and eq. (15, 16) type restrictions must obtain another
meaning.

Conclusion

Present work has discussed the AfAw type uncertainty
relations in signal processing. It has been concluded that
the Fourier Uncertainty Principle that is equivalent to
Heisenberg's Uncertainty Relation in quantum mechanics
has not found wide application in signal processing since
the evaluation of variances in frequency domain must take
into account both positive and negative values of
frequency.

The modification, considering only positive
frequencies, as offered in 1960-ies by A. A. Kharkevich,
uses as well wide spreading of signal over all harmonic
peaks in frequency domain. Therefore this approach has
also not found any remarkable practical application.

However, for a case of train of pulses, it is possible to
define a remarkably more universal uncertainty relation
AtAf —1.2067 that relays on signal duration and the



spectrum peak width at half maximum for every 2. Fourier Transform.

influencing harmonic of signal. http://en.wikipedia.org/wiki/Fourier transform [12.02.2009].
In the end of our studies we found a paper [9] which 3. Tang .C. L. Fuqdamentals of Quantum Mechanics. —

refer to Kharkevich works and uncertainty problems from chzmlbrfge IlilelirS{t/y P ;fsls’ 2005\'7 - M

the viewpoint of sophisticated optical spectral analysis but ' al A- » Velmre V., Klopov M. Quantum

f lassical sienal lvsi . . h mechanical transforms between x— and k—space as a signal
not from classical signal analysis viewpomt as here. processing problem // Proceedings of the 11th Baltic

However, we kindly encourage readers notify us if eq. (5) Electronics Conference. — Tallinn, Estonia, 2008. — P.71-74.

type relations have appeared in some form in earlier 5 Kharkevich A. A. Spectra and Analysis. The 4th Edition.

studies. The State Publishing House of Physical and Mathematical
Literature. — Moscow, 1962 (in Russian).
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An essential problem of signal processing — uncertainty relations based on signal duration and spectrum width are discussed. An
explanation is offered why the signal processing community has nearly forgotten the Fourier Uncertainty Principle that is totally
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