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to noise are the major factor, these techniques give a poor
channel estimate. The signal appears to be scattered in the
time domain due to the presence of noise. Due to the
scattering, the noise and signal overlap and cannot be
separated causing errors in the received signal. Recently,
fractional Fourier transform based signal processing
techniques have become popular [4]–[8]. Fractional Fourier
transform offers flexibility to process the received signal in
the intermediate domain between the time and frequency
domain while having the same computational complexity as
ordinary Fourier transform. In the optimum fractional
domain, the received signal appears compact and the
distortion due to noise can be minimized. Based on this
principle, we propose a novel fractional channel estimation
technique for the low SNR regime where the errors are
dominated by noise.

Abstract—In this paper, we propose a novel fractional
channel estimation technique for block faded MIMO systems.
The existing channel estimation techniques perform the
estimation in the time domain which is appropriate for
acceptable SNR levels. At low SNR levels, noise which is a
major source of errors cannot be separated effectively in time
domain. However, fractional domain processing of signals has
been shown to be effective in minimizing the errors due to
noise. The signal which appears scattered in time domain due to
noise appears to be compact in the optimum fractional domain
where the effects of noise can be minimized. Based on this
principle, a novel channel estimation algorithm is proposed for
the low SNR applications. It is seen that the proposed technique
clearly outperforms the existing channel estimation technique.
Index Terms—Channel estimation, signal to noise ratio,
FRFT, MIMO.

I. INTRODUCTION

II. SYSTEM MODEL

Multiple-input multiple-output (MIMO) systems have
recently emerged as one of the significant technical
breakthroughs in modern communication because of its
ability to provide high spectral efficiency without the need
of additional bandwidth [1]. MIMO system relies upon the
knowledge of the channel response at the receiver for data
detection and decoding. In practice, however, the CSI is
never known to the receiver apriori and some form of
channel estimation technique has to be used to estimate the
channel response [2], [3]. The channel state information is
required at the receiver for equalization, use of multilevel
modulation schemes etc.; therefore, it is evident that the
operation of the system is dependent on the quality of
channel estimate. In this paper, the channel is assumed to
obey the block fading law in which the channel remains
constant over the full duration of a transmission block and
changes completely and independently for the next block.
For such a system, commonly used channel estimation
techniques are least squares (LS) and minimum mean
squared error (MMSE). At a reasonably high signal-to-noise
ratio (SNR), these techniques are appropriate for channel
estimation, but in the low SNR regime where the errors due

In this paper we consider a MIMO system with NT
transmitting antennas and NR receiving antennas. It is
assumed that the channel remains constant within one
transmission block and changes completely and
independently for the next block and then remains constant
for the duration of that block. Within one block of L
symbols, the MIMO model is

Y=

ρ

HX + N ,

(1)

NT
where X denotes the L x NT transmit signal matrix. H is the
NT x NR channel transfer matrix and represents the scattering
medium. The elements hij represent the fading coefficient
from the ith transmit antenna to the jth receive antenna. Y is
the L x NR receive signal matrix where the column index of
this matrix corresponds to the receive antenna and the row
index to the time index [9]. N is the complex Gaussian noise
matrix with independent identically distributed (i.i.d) with
zero mean and unit variance ( σ n

2

= 1 ). ρ denotes the

signal to noise ratio (SNR) for a single receive antenna.
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III. CHANNEL ESTIMATION

where α denotes the angle by which the signal is rotated in
time frequency plane and is related to ‘a’ by α=aπ/2. For
angle α varying from 0 to 2π, the value of ‘a’ lies from 0 to 4
and it can be shown that the transformation kernel given by

The transmit symbol matrix X can be decomposed into

X=XT + X d

(2)

Kα (t , u ) is periodic with a period 4. FRFT of order α of x
and the receive symbol matrix into

(t) is denoted by X α (u ) and is defined as

Y=YT + Yd ,

∞

(3)

X α (u ) =

where XT , YT and X d , Yd are the training symbols and data

∫ x(t )K

α

(t , u )dt .

(10)

−∞

symbols respectively.
The block length L can be further decomposed into

The transformed received ( Ya ) and transmitted ( X a )
vectors are given by:

L=LT + Ld ,

(4)

Ya = F a {Y},

a
 X a = F {X},

where LT is the length of training symbols in a block and

L d is the length of data symbols in a block.
Let us consider normalized matrix

XT which contains the

where

F a denotes the ath order FRFT:

training symbols only. The optimum training symbol design
is based on the orthogonality condition, where the training
symbols have to be orthogonal to each other in time and
space. The orthogonality condition is given by

XT XT = const .I LT ,
H

(11)

Ya = YTa + Yda ,
.

 X a = XTa + X da .

(12)

(5)

In the training phase we consider XTa and YTa , and during

where const denotes an arbitrary, real, non-zero factor. The
orthogonality condition minimizes the variance of estimation
error.
Once the training symbols are received at the receiver, the
channel state information can be extracted from them in
various methods. Two common techniques used for
obtaining channel estimates are LS and MMSE:

the information phase we consider X d a and Yda . The

NT

ˆ =
H
LS
ˆ
=
H
MMSE

ρ

NT
ρ

H

−1

H

( XT XT ) XT YT ,
−1

( XT XT + σ n I N T ) XT YT ,
H

2

H

channel estimation in this work is done using the MMSE
method given by (7). Channel estimation in the ath domain is
given by

ˆ =
H
a

ρ

(X

H
Ta

XTa + σ n2 I NT

−1

XTHa YTa ,

(13)

ˆ is the channel gain estimate in the ath fractional
H
a

where

(7)

domain.
The parameter ‘a’ for the fractional Fourier domain is
selected to minimize the following cost function [14]:

Jɶ (α ) =

∑ E {[X

H
Ta ]i [ XTa ]i

i

}−

{
}} +
+ [ wα ] [ wα ] E {[ Y ] [ Y ] } ,
E {[ X ] [Y ] }
[ wα ] =
.
E {[ X ] ,[Y ] }

channel estimates obtained by MMSE method. After
estimation the channel matrix can be decomposed into

{

− 2 Re [ wα ]iH E [ XTa ]i [YTHa ]i
H

i

(8)

i

Ta i

Ta i

H
Ta i

Ta i

H
Ta i

i

IV. FRACTIONAL CHANNEL ESTIMATION
The transmitted and received vectors X and Y are
transformed from time domain to the fractional Fourier

H
Ta i

(14)
(15)

The angle α is related to the parameter ‘a’ by

domain by using the transformation kernel K a or K α given

a=

by [10]–[13]:
if α is a multiple of 2π ,
 δ (t − u ),
 δ (t + u ),
if α + π is a multiple of 2π ,


2
2
Kα (t , u ) =  1 − j cot(α ) j  u 2+t 

, cot(α ) − jutcosec(α ),
e

2π


if α is not a multiple of 2π ,

)

(6)

ˆ
ˆ
where H
is the least squares estimate and H
are the
LS
MMSE

ˆ +H
ɶ .
H=H

NT

2α

π

.

(16)

The domain in which the cost function J is the optimum
domain ‘aopt’ and the channel estimate in the optimum
domain can be obtained using (13)

(9)
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NT

ˆ
H
=
aopt

ρ

(X

H

Taopt

XT

+ σ nI N
2

aopt

T

)

−1

H

XT

aopt

YT

.

have considered channel estimation in the low SNR regime.

(17)

aopt

4.16

After obtaining the channel estimate in the optimum
fractional Fourier domain according to the MMSE criteria, it
is converted back to time domain by using the inverse FRFT

4.14
step size 0.1 (aopt=0.7)
step size 0.01 (aopt=0.72)

4.12

−a

operator ( F )

ˆ = F − aopt ( H
ˆ
H
opt
aopt ) .

MSE

4.1

(18)

4.08
4.06
4.04

V. PERFORMANCE ASSESSMENT
4.02

In this section, we study the performance of the proposed
scheme in the low SNR regime. The total number of transmit
and receive antennas is taken to be 4. The block length is
taken to be 101 and the total number of blocks is 2000. The
training symbols are designed according to the orthogonality
condition. The channel is assumed to obey the block fading
law in which the channel remains constant over the full
duration of a transmission block and changes completely and
independently for the next block. The fading is considered to
be frequency flat and is assumed to follow Rayleigh
distribution. Both the fading channel and noise are
comprised of i.i.d complex Gaussian random variables CN
(0, 1).The value of ‘a’ is varied from -1 to +1 with a step
size of 0.1 and 0.01. The results have been taken for four
different values of SNR, i.e. -15dB, -10dB, -5dB and 0dB.
The step size 0.01 gives better performance but higher
computational complexity as compared to step size of 0.1 as
step size of 0.01 requires 101 iterations as compared to 0.1
which requires only 21 iterations. The results are presented
in the form of mean square error (MSE) vs. ‘a’. The MSE is
obtained by the following formula

MSE ( w a ) = E

{ H − Hˆ } .
2

4
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Fig. 2. MSE vs. ‘a’ comparison of existing and proposed receiver for 4x4
MIMO system at a fixed SNR of -10 dB.
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Fig. 3. MSE vs. ‘a’ comparison of existing and proposed receiver for 4x4
MIMO system at a fixed SNR of -5 dB.
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Fig. 4. MSE vs. ‘a’ comparison of existing and proposed receiver for 4x4
MIMO system at a fixed SNR of 0 dB.

Fig. 1. MSE vs. ‘a’ comparison of existing and proposed receiver for 4x4
MIMO system at a fixed SNR of -15dB.

Due to high level of distortion due to noise at low SNR,
estimation in the fractional domain effectively helps to
reduce the effects of noise. In the optimum domain, the
signal appears compact which is otherwise scattered by the
presence of noise.

It is clear from the above results that the channel
estimation in the optimum domain gives the minimum mean
square error and is therefore better than the conventional
time domain channel estimation at ‘a’=0. In this paper, we
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VI. CONCLUSIONS
A novel fractional Fourier domain estimation technique
for block faded MIMO systems is proposed in this
manuscript. The estimation algorithm is particularly suitable
for low SNR applications because the errors at low SNR are
dominated by noise and estimation in fractional domain
effectively minimizes errors due to noise. From the results it
is seen that the proposed channel estimation technique gives
better performance than the existing time domain estimation
technique. Two different step sizes (0.1 and 0.01) are
analyzed and it is found it is more suitable to use a step size
of 0.1 due to its lower computational complexity.
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