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Electrets are used for making dust collecting filters
(electric forces are widely used in air filtering), miniature
microphones [4], micro-electro-mechanical microphone
systems, motors and generators [5]–[8], organic transistors,
regular and piezoelectric transducers, dosimeters, in an
electro-acoustic transducers, biomedicine, electrostatic
power-generators (proposed by Jefimenko and Tada),
telecommunications, non destructive testing, medical
imaging, automation, environment, advertising, safety,
biological sciences etc.
Electrets are also used in production of capacitors and
electrodes to increase the accuracy of their design [9]. It is
known that around a semi-spherical bump there is three
times stronger electric field than expected (when the
electrode is perfectly smooth) and it doesn’t depend on the
radius of the bump. Also, chemical surface modification and
low density films affect electrets properties.
The electret effects and charge storage capability continue
to be the focus of research for many investigators [10], [11].
Nowadays there are many ways to create and manufacture
the electrets. The best known way of making electrets is to
produce an extremely strong electric field, using a large
number of pin-point of a needle above a grounded plate, in
order to form corona discharges. The corona charging [12] is
the most widely used method to form electrets. In [13]
authors describe a high speed method of charging electrets,
using vacuum ultraviolet photo ionization.
Natural electrets exist as well, such as quartz and electrets
made of biomaterial. Artificial electrets are made using the
polarization process, the ion and electron penetration, or the
incorporation of "corona charges".
All electrets can be classified into two groups. The first
group consists of those that are made by injecting or
incorporating space charges. They are called space charge
electrets. The second group consists of dipolar electrets,
which are made in the process of dipole orientation in
dielectric.
When the electric dipole is placed in a homogeneous
electric field, it is only influenced by a force couple that
tends to rotate the dipole. The resulting force is zero, thus
there is no translation. In the inhomogeneous electrostatic
field, except rotation, there is also translation, caused by the

Abstract—Precise numerical calculations are essential in the
modeling and design of the electrets, and in choosing the
electret manufacturing technology. It is necessary to optimize
various parameters, including arrangement of the high voltage
needles and the grids. In combination with Equivalent
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I. INTRODUCTION
Although it has been more than a century since the
discovery and the first analysis of an electret, they are still a
challenge to analyse [1], [2].
The name "electret" was suggested by Heaviside in the
end of the 19th century, inspired by the name of the magnet
with permanent value of magnetic moment density (the
permanent magnet). The first idea of forming an electret
came from Michael Faraday in 1839.
Modern electret research started in Japan. For 83 years the
electret was only a theoretical concept, until year 1922,
when it was physically created. The main contribution to this
came from Professor of Physics at the Higher Naval College
of Tokyo, Mototaro Eguchi [3].
Permanent electrets, or just electrets, are solid dielectric
objects (although there are those in liquid form), which are
polarized under the influence of a strong electric field. After
switching off the external electric fields, the electric dipoles,
characterized by electric dipole moments, are still present in
the dielectric object.
Manuscript received February 13, 2012; accepted December 30, 2012.
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resulting electric force.
High quality numerical calculation is crucial in the electret
design and in choosing the electret manufacturing
technology. It is necessary to optimize various parameters
for corona charging, including arrangement of the high
voltage needles and the grid. Both electrets and permanent
magnets can be numerically modelled in a similar fway, so
that our proposed method can be applied not only to the
electrets, but also in the design of permanent magnets.
In the practice is often necessary to make permanent
magnets having rod or oblate spheroid form. These shapes
are special cases of ellipsoidal ferromagnetic body. Using
theoretical analysis form, external magnetic field orientation
and expression for demagnetization curve, one accurate
method for magnets design will be given in a separate paper.
In recent decades, meshless methods have attracted a
growing attention from mathematicians and engineering
communities. It is an alternative to the domain methods of
analysis in electromagnetics, such as the finite difference
method (FDM) or the FEM. In combination with Equivalent
Electrodes Method (EEM), the authors propose one new
numerical method [14], [15], so called Hybrid Boundary
Elements Method (HBEM). The basic idea of the theory is
that an arbitrary shaped boundary between two dielectrics
can be replaced by equivalent charges (ECH), where ECH
are located at the dielectrics boundary [15], [16]. It is
possible, by using condition for the normal component of the
polarization vector, to form a system of linear equations,
where equivalent polarized charges are unknown. By solving
this system, the unknown charges can be determined.
For arbitrary shaped perfect electric conductor, electrodes
are replaced by finite system of Equivalent Electrodes (EEs)
[15]. In contrast to the Charge Simulation Method, where the
fictitious sources are placed inside the electrodes volume,
the EEs are located on the body surface. The radius of EEs is
equal to the equivalent radius of the electrode part, which is
substituted.
Similarly, an arbitrary shaped boundary between two
magnetic materials can be replaced by a finite system of
equivalent currents (EC) [17]. The ECs are located on the
boundary surface of the magnetic layers, having different
permeability. It is possible, using condition that the
tangential components of the magnetization vector are
different on the boundary of the two magnetic materials to
form a system of linear equations, where the surface
densities of the Ampere’s microscopic currents are
unknown. The unknown currents can be determined.
HBEM is possible to apply on cable terminations
determination [18], metamaterial structures [19], grounding
systems [20], anisotropic strip lines [21], anisotropic micro
strip lines [22], nonlinear corona design [23] etc.
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are spherical coordinates, vector

ẑ represent unit vectors. The ellipsoid is placed at
conducting surface of large dimensions.
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Fig. 1. Ellipsoidal dielectric body in external electric field
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The electrets filters consist of a number of electrets fibers
or needles. In their surrounding an inhomogeneous field
exists, under whose influence dust particles are polarized
and attracted into the most inhomogeneous field area. It is an
area near the needle surface.
Particles movement is translational (under the force
F = ∇( pE ) influence, where p is the electric dipole
moment) and rotational (under the moment T = p × E
influence).
Constitutive relations and Maxwell's equations, inside the
electret, are:

Di = ε 0 Ei + P , ∇ x Ei = 0 and ∇Di = 0 ,

(2)

where Di is electric displacement, Ei is electric field and

P is polarization vector.
Using expression for electric scalar potential ϕ , Poison's
equation is obtained as
∆ϕ = ∇ P .

(3)

Assuming that the electret is homogenously polarized,
∇P = 0 , the electric scalar potential satisfies the Laplace's
equation. The homogeneous polarization of the needle is
done under the external field influence. That polarization
exists also after the field removal.
The procedure for the calculation is based on Laplace’s
equation integration, taking into account the electret’s
material nonlinear effects.
In the external region it is:

De = ε 0 Ee , E e = ∇ϕe and ∆ϕe = 0 .

II. POLARIZATION OF ELECTRETS AND ELECTRIC FIELD
DETERMINATION

(4)

In order to determine the electric field and potential
distribution, the Laplace’s equation in the elliptic coordinate
system should be integrated. It is necessary to satisfy
boundary conditions so that the potential and the normal
component of the electric displacement vector are
continuous, and the conducting plane potential is equal to
zero.

An electret needle, approximated by the upper half of an
ellipsoidal dielectric body ( z ≥ 0 ), with semi axis a , b and
c is placed in external homogeneous electric field (Fig. 1)

E0 = E0 (cos ψ 0 sin θ0 xˆ + sin ψ 0 sin θ0 yˆ + cos θ0 zˆ ) ,

θ0

quantities are signified by bold-italic letters, and x̂ , ŷ and

(1)
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It should be noticed that the potential at the large distance
from the needle, when solving Laplace’s equation, is

ϕ ≅ ϕ 0 = − E0 x x − E 0 y y − E 0 z z .

(5)

system are given by expressions [2]:
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∫
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abc ∞
dt
 
⋅ P  , − c 2 ≤ u , v, w ≤ 0.
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2
2
2
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b2 − a 2 b2 − c2


2
2
2
z 2 = c + u c + v c + w .

c2 − b2 c2 − a2


(

a2 − b2
.
a2 − c2

Solving the Laplace’s equation and satisfying the
boundary conditions, the potential in the needle vicinity can
be presented in the form:

The connections between the coordinates of a curved
coordinated system ( u, v, w ) and the Cartesian coordinate

(

a2 − c2
, p=
a2 + u

α = arcsin

(

)

)

(15)

)

(6)

The strength of the electric field inside the electret is
obtained as

)

Ei = E 0 − Lx Px xˆ − Ly Py yˆ − Lz Pz zˆ ,

Applying the method of variables separation, the solution
for the potential can be presented in the form
ϕ = U (u ) V (v) W ( w) .

(16)

where
Lu =

(7)

abc
2

∞

∫ (d
0

2
u

+p

) (a

dp
2

)(

)(

+ p b2 + p c2 + p

(17)

)

For determination of the function U (u ) we solve

(

are depolarization coefficients, u = x, y, z , d u = a, b, c , and

)

4 R U ′′ + 4 Ru Ru′U ′ − b + c + 2u U = 0 ,
2
u

2

2

(8)

P = Px xˆ + Py yˆ + Pz zˆ =

= P(cosψ sin θ xˆ + sinψ sin θ yˆ + cosθ zˆ ).

where

Ru =

(a

2

)(

)(

)

+ u b2 + u c2 + u .

The intensity of the electric polarization vector is

(9)

This equation has two linear independent solutions. One
of them is denoted with U 0 , and the other one is

U 1 = F (u ) U 0 .

 cos ψ 0 sin θ0
P = Ei 
Lx


(10)

∫ (a
0

2

du
.
+ u Ru

)

2[K (α 0 , p) − K (α, p) + E (α, p) − E (α 0 , p)]

(a

2

− b2

)

a2 − c2

III. WORKING LINE AND WORKING POINT
Electric field distribution along the electret needle is

,

I( x / a ) −

(12)

E x0
=
Es

second ( E (α, p ) ) kind
α

∫

0

1
o(x ) (o(x )2 + o(b )2 − 1)(o(x )2 + o(c )2 − 1)
, (21)
1
I(0, ∞) −
o(b ) o(c )

where o(x ) = x / a , and
α

dx
2

(19)

(11)

when using elliptic integrals of the first ( K (α, p ) ) and the

K (α , p ) =

2

2

2

The second form for this integral is

F (u ) =

2

  cos θ0 
 +

  Lz 

 

L
 cos ψ 0   sin ψ 0 
 , tan ψ = x tan ψ 0 . (20)
 +
tan θ = Lz tan θ0 
  L 
L
L
y
x
y

 


obtained
u

2

  sin ψ 0 sin θ0
 +
 
Ly
 

and the spherical coordinates obey

Substituting (10) into (8), the following function F (u ) is

F (u ) =

(18)

2

1 − p sin x

, E (α , p ) = ∫ 1 − p 2 sin 2 x d x, (13)

∞

I( x / a) =

0

∫t

x/a

where

dt
2

(t + (b / a) − 1)(t 2 + (c / a) 2 − 1)
2

.

(22)

2

The electric field at the needle’s top, according to (11), is:

13

ELEKTRONIKA IR ELEKTROTECHNIKA, ISSN 1392-1215, VOL. 19, NO. 3, 2013

Es = 1 −

abc
P0 F (∞) .
2

for numerical calculations (Fig. 3). It can be noticed that
1
Lx = Ly = Lz = for a sphere, where a = b = c .
3

(23)

The electrets needle remains polarized, even when the
external excitation field is removed ( E 0 = 0 ), i.e.
1.0

P0 ( E 0 = 0) ≠ 0 .
Thus the equation of the load line, shown in Fig. 2, can be
determined
β=−

for β =

0.9

0.7


Ec  2
ε0 
− 1 κ ,
Dr  F (∞) 

(24)
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Fig. 3. Depolarization coefficients for different semi-axis
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Fig. 4 shows electric field distribution, E x 0 / E s , versus
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Fig. 2. Depolarization curve and hysteresis loop.

1.0

An intersection of the depolarization curve and the load
line determines the working point. The working point can be
determined analytically.
The depolarization curve is a part of the hysteresis loop
between the points (0, Dr ) and (− Ec , 0) , for p = 1 (Fig. 2).
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Also, s is a parameter that represents the width of the
hysteresis loop.
The new expression for the depolarization curve is

0.5

where g1 =

X

  π Dr  g1 − g 2

2
D
p
 p
= arctan  tan 
Em  ,
p

Dm π
  2 Dm  g 3 − g 4

p

0.6
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(25)
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Em − E
Em + E
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Fig. 4. Electric field distribution for: 1 - b = 0.5 a , c = 0.1 a ; 2 b = 0.5 a , c = 0.3 a ; 3 - b = c = 0.5 a ; 4 - b = 0.5 a , c = 0.3 a ; 5 -

g 4 = E m − Ec .
The expressions are proposed by the authors and will be
used for this calculation.

a= b = c.
TABLE I. RESULTS OF COMPARISON FOR b = 0.5 a , c = 0.3 a .
Applied method
Analytical
Hybrid EEM/BEM
Finite element method (FEM)

IV. NUMERICAL RESULTS FOR ELECTRETS OBTAINED USING
HYBRID EEM/BEM METHOD
In order to demonstrate the application of the new hybrid
EEM/BEM on electrets design and determination, several
examples are presented.
Applying the hybrid EEM/BEM, the whole system was
divided into small parts, replaced by equivalent charges,
according to the procedure described in the previous section.
The ECHs are placed at the electret's surface.
The depolarization coefficients, Lx , Ly , and Lz , are used

E x0 / Es
0.2396785
0.2396701
0.2394329

TABLE II. NORMALIZED ELECTROSTATIC FIELD STRENGTH, E x 0 / E s , AT
THE OBSERVATION POINT ( x = 1.5 a ) FOR A DIFFERENT NUMBER OF THE
EQUIVALENT CHARGES (EE-S AND BOUNDARY ELEMENTS).
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N ech

b = 0.5 a , c = 0.1 a

b = 0 .5 a , c = 0 .3 a

5
10

0.10086798
0.13090387

0.19994753
0.22045645
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N ech

b = 0.5 a , c = 0.1 a

b = 0 .5 a , c = 0 .3 a

20
30
50
100
200

0.16898974
0.17909775
0.18144450
0.18178093
0.18190879

0.22186577
0.23009005
0.23883422
0.23909213
0.23943290

P/Ec

1.4
1.2
1.0

In Table I, the hybrid EEM/FEM results for the electric
field at the observation point ( x = 1.5 a ) have been
compared with the results obtained by the analytical method
and results obtained from a commercial FEM program.
The results were found to be in a very good agreement
(Relative error was less than 0.1%).
The calculated electric field values are grouped around
the analytical values. The normalized ratio does not depend
on the material properties, but only on the needle shape.
The 3D electric field distribution in the vicinity of the
system of eight electrets, having prolate spheroid shape, is
presented in Fig. 5. The electrets is placed along the z axis,
in
the
external
electric
field,
E0 = E0 (cos 320 sin 270 xˆ + sin 320 sin 27 0 yˆ + cos 27 0 zˆ ) , where

0.8
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Fig. 7. Distribution of polarization vector intensity.
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Fig. 8. Electric field distribution.

Prolate spheroids represent electrets with semiaxis
a = b = 5 c, 20c , and a = 100c; b = 5c, 20c .
Fig. 5. Electric field in the vicinity of eight spheroid electrets.

θ

The electric field intensity, after removing external field,
along directions r = 2 a , r = 3 a and r = 4 a is shown in

90

a = 20 c

b = 20 c

Fig. 6.

a=5c
60

r = 2a

E [MV/m]

b=5c
r = 4a

30

r = 3a

θ0

0

0
30
60
90
Fig. 9. Orientation of polarization vector versus orientation of external
electric field excitation ( ψ 0 = 0 ).

r/a
Fig. 6. Electric field [MV/m] distribution in the vicinity of prolate
spheroid electrets along directions r = 2 a , r = 3 a and r = 4 a .

V. CONCLUSIONS

Dependence of the polarization vector intensity, electric
field and angle θ on orientation of the external electric field
is shown in Fig. 7−Fig. 9.

In this paper, an application of the new hybrid EEM/BEM
for calculation of the electric field at the ellipsoidal electret
is presented.
During the formation of the electrets they were placed in
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the homogeneous electrostatic field. Using experimental
results, authors are proposing one new approximate formula
for the hysteresis loop. Similar procedure can be applied to
the permanent magnets design.
The obtained results show that the precision of the
solution depends on the number of the equivalent electrodes
and equivalent charges. Higher precision can be achieved by
increasing the number of the ECHs. The number of the
ECHs can’t be too large because the system of the equations
could be ill conditioned. In the examples presented here, a
good convergence was obtained for 100÷200 ECHs per
electret.
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