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techniques are based on digital methods. The conversion
from analog (continuous) to digital (discrete) presentation
of the source data is being performed by ADC. In systems
designed according to synchronous paradigm, ADC is
driven by system clock. If uniform sampling is used the
ADC clock frequency is determined by Nyquist theorem. If
non-uniform sampling is involved, the mean sampling
density can be below the Nyquist rate, however the
sampling point flow is still derived from the clock. The
asynchronous systems do not have a clock at all. That leads
to the question - how to manage the analog-to-digital
conversion in a case without clock? The asynchronous
circuits on its merits are event-driven, so also the signal
sampling process should be organized by events, which are
got from the information presented in signal. New class of
ADCs based on signal-dependent sampling schemes has to
be developed.
The three most popular types of signal-dependent
sampling – zero-crossing [3], reference signal crossing [4]
and level-crossing [5] are illustrated in Fig. 1. Naturally,
each of them has its own advantages and limitations,
however there are some important joint features, which
have to be taken into account performing the processing of
signal-dependently sampled data:
1. in general case the signal samples are spaced nonuniformly,
2. it is impossible to determine the sampling time
instants in advance,
3. local sampling density depends on local statistical
characteristics of signal.
In this paper the samples obtained by level-crossing
approach are chosen as an example of input data for digital
signal processing. However, the developed methods are
useful also for other cases of signal-dependently sampled
data.

Introduction
The evolution of electronic circuits has been
drastically advanced during the recent years. Introduction
of new nano-materials and technologies allows to
miniaturize devices considerably. As a result, engineers are
developing much faster, more complex and smarter
systems. This progress makes them attractive for expanded
range of applications. A System-on-Chip (SoC) technology
is considered as a revolutionary approach in electronics. It
means the packaging of all the necessary electronic circuits
and parts for a "system" on a single integrated circuit [1].
For example, a system-on-chip for a sound-detecting
device might include an audio receiver, an analog-todigital converter (ADC), a digital signal processor,
necessary memory as well as the input/output logic control
for a user. Consequently, SoC may contain digital, analog
and often mixed-signal functions – all on one chip.
Most of today's electronics systems are based on
synchronous paradigm - the work of a whole system is
ruled by a clock. All the states in a design have to be
changed at the same time. Since the systems constantly
become more sophisticated and capacious, it is established
that 10-30% of their resources (size, power consumption
etc.) are wasted to circuits, which provide the synchronism
of the device. Thus, it is relevant to explore other
paradigms for development of future microelectronics
based on alternative and innovative solutions.
One of the alternative approaches, which was
introduced in the mid 50s and now receives increasing
interest, is asynchronous logic. The key benefits of the
asynchronous system are lower power consumption,
absence of the clock screw, reduced heat elimination,
lower EMI, automatic adaptation to physical properties,
etc. [2]. Asynchronous design is characterized by the
absence of a global clock, instead of that the system is
driven by events, which arise during the execution of
actual task. Such a change of paradigm leads to a drastic
rearrangement in electronic designs by complete rethinking
their architecture and signal processing methods.
Typically the information obtained from sensors has
continuous time nature, while modern signal processing

Non-uniformly spaced data
The techniques of non-uniform sampling are discussed
in literature for many years [6]. In most cases the problem
is stated from the following point of view - how to
calculate the sampling time instants in a way, which allows
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to gain some advantages during the processing. The
suppression of frequency aliasing effect can be quoted as
an example. In this case the sampling point flow is
deliberately pseudo-randomized, and it has to satisfy
certain requirements. The statistical characteristics of such
a sampling process are independent of input signal. In
electronic design that leads to the task to clock the
“classical” ADC at predetermined, non-uniformly spaced
time instants with high accuracy.
The signal-dependent sampling also provides signal
samples at the non-uniformly spaced time moments. Their
nature and properties can considerably differ from
deliberately pseudo-randomized case. Let us discuss, as an
example, the level-crossing sampling approach. Higher
frequency in a spectral presentation of signal provides
faster changes in its waveform. If sampling is organized as
events of levels crossing that leads to the higher density of
signal samples (see Fig.1.c). Statistical characteristics of
obtained sampling point flow directly depend on input
signal. Furthermore, if a signal waveform has some
regularity, the event flow of level-crossing sampling has
the same regularity as well. As a result of this effect, the
following problem can be stated - the methods developed
for processing of deliberately non-uniformly sampled data
can be impracticable for signal-dependently non-uniformly
sampled data. This situation will be illustrated in the next
section.

Fig. 1. Signal-dependent sampling schemes: a) zero-crossing; b)
reference signal crossing; c) level-crossing

General Discrete Fourier transform
In the uniform sampling case expression (3) conforms
to the formula (1). If appropriate deliberately non-uniform
sampling scheme is used, expression (3) provides quite
good spectral estimation for the cases, where sampling
density is equal or higher than the Nyquist rate. Moreover,
it is possible satisfactorily to estimate the spectral content
of signal even if sampling density is below the Nyquist
rate. The sampling point flow has to suppress the
frequency aliasing for that. However, if formula (3) is
applied to the data acquired by level-crossing sampling, the
obtained result not always is adequate, despite the fact that
signal always is oversampled. Let us illustrate this
statement by a simple example. The mono-harmonic signal
with frequency f 0 is sampled by 3-bit level-crossing ADC
(7 levels). The spectral estimate obtained by formula (3) is
shown in the Fig. 2. In addition to the spectral component
at the true frequency (~0.0955 Hz) spurious components at
the higher odd harmonics appear as well. Note, the issue of
spurious components is not due to the frequency aliasing
effect connected with insufficient sampling density, but
due to specifics of signal and non-uniform samples
obtained by level-crossing approach [5]. It leads to the
conclusion that specialized enhancement of DFT should be
derived to process the data acquired in such a way.
On the base of the Fourier series we can reconstruct
the signal waveform from its spectral estimates by the
following formula

The classical method for digital signal analysis is a
pair of Discrete Fourier Transform (DFT). The direct DFT
allows to obtain the spectral values from N signal samples
if they are equidistantly spaced in time:
X ( m) =

N −1

∑ x(n) exp(− j 2πmn / N ) .

(1)

n =0

The inverse DFT allows to reconstruct signal values in
time from signal spectral values at equally spaced
frequencies:
x ( n) =

1 N −1
∑ X (m) exp( j 2πmn / N ) .
N m =0

(2)

In practical applications typically exist two
restrictions – the bandwidth of signal spectrum is limited to
some higher frequency Ω , and the observation of signal
waveform is limited to some duration Θ . The discrete
signal samples x n = x(t n ) , n = 0, N − 1 are obtained by
sampling procedure and they can be located arbitrary along
the time axis. The general form of DFT, that enables the
processing of non-equidistantly spaced data, can be
expressed as:
Xm =

N −1


∑ xn exp − j 2π

n=0



m 
tn  .
Θ 

(3)

The band-limited nature of the signal provides the
m
restriction for m :
≤Ω.
Θ

xˆ (t ) =

M

∑ X m exp( j 2π tf m ) , t ∈ [0, Θ] ,

m = −M
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(4)

The solution of (5) can be based on two different
approaches:
1) signal samples {xn } are interpolated within the time
interval [0 Θ] and the reconstruction error is
expressed as
ε ( x ) (t ) = ~x (t ) − X exp( j 2πf t ) ,

∑
m

m

m

where ~
x (t ) is interpolated signal;
2) error samples ε n = xn − xˆn are interpolated within the
time interval [0 Θ] , and xˆn = ∑ X m exp( j 2πf mtn ) .
m

Fig.
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Enhanced DFT based on signal interpolation.

f 0 = 12.22 / Θ ( Θ = 128 s. ) sampled by 7 levels-crossings

Signal interpolation easily can be done by connecting

m
where f m = . Using the information about original
Θ
signal x(t ) , we can construct a reconstruction error as
ε (t ) = x(t ) − xˆ (t ) . The initial part of it is illustrated in the

the sample points with polynomials p nk (t ) of order k , or a
band-limited interpolation can be performed as a sum of
time-shifted sinc functions.
Let us rewrite (5) taking into account that signal
samples are interpolated:

Fig. 3. The values ε n = ε (t n ) of reconstruction error at
the sampling point instants t n are shown by bold points.
We can observe that the reconstruction error between
samples used to be considerable higher than ε n values. If
sampling is based on the classical scheme, where sampling
points are determined in advance, there are no restriction to
the behavior of reconstructed signal between samples. In
the case of level-crossing sampling the situation differs.
Each level crossing is defined as an event and
characterized by signal sample. Between them the
waveform of reconstructed signal should not cross any
level. Consequently the reconstruction error has to be
minimized not only at sampling time instants, but also
between them with the same accuracy. The minimization
task
Θ

2
∫ ε (t )dt → min

2

Θ

M

( x)
~
∫  x (t ) − ∑ X m exp( j 2πf mt ) dt → min .
m=−M

0

(6)

To find the minimum, all the individual derivatives of
X m have to be considered as being equal to zero. We
obtain 2 M + 1 linear equations
Θ
M

( x)
2 ∫  ~
x (t ) − ∑ X k exp( j 2πf k t )  ⋅ exp( j 2πf m t ) dt = 0 (7)
k =− M

0

m
, the
Θ
{exp( j 2πf mt )} is a set of orthogonal functions into
interval [0 Θ] . Thus we can write:

for m = − M , M . Taking into account that f m =

(5)

0

can be defined on the understanding that the signal values
are known only at sampling points and the reconstructed
signal is described by the expression (4). The minimization
problem has to be solved with respect to spectral
estimates { X m } .

( x)
=
Xm

1 Θ~
∫ x (t ) exp( j 2πf m t )dt .
Θ0

(8)

The expression (8) is similar with the formula of
calculation of Fourier series coefficients for signal ~
x (t ) .
If signal samples {x n } are interpolated with zeroorder polynomials (like a piece-wise constant line in the
Fig. 3), we obtain
( x 0)
Xm
=

=
Fig. 3. Reconstruction error function (black curve) and zero-order
interpolation (red piece-wise constant line) of ε n (bold dots)

N −1

∑ xn

n=0

∫ exp( j 2πf m t )dt =

tn + tn −1
2

j N −1
∑ x n exp( j 2πf m t n )(1 − exp(− j 2πf m ∆t ′)),
2πf m n =0

where ∆t ' n =

11

tn + tn +1
2

t n +1 − t n −1
.
2

(9)

becomes
K −1

(sinc ) = c exp(− j 2πf kT ) .
Xm
∑ k
m

(13)

k =0

Note, the last method, besides the DFT complexity of
calculations, requires the solution of linear system with N
equations and with 2 M + 1 unknowns.
Enhancement of Discrete Fourier transform based on
interpolation of error samples.

Like the interpolation of signal samples the continues
time reconstruction error function ε~ (t ) can be obtained
from its values ε n = xn − xˆn at time instants {t n } . The
estimates of reconstructed signal are calculated as
xˆ n = ∑ X m exp( j 2πf mt n ) . The problem (5) in this case

Fig. 4. Spectrum of mono-harmonic test-signal estimated by firstorder signal interpolation algorithm

m

can be interpreted as minimization of area under the
function ε~ 2 (t ) . If ε n2 is interpolated by zero–order
polynomial the minimization task becomes as:
N −1

M



n =0 

m=−M



2

∑  xn − ∑ X m(ε 0) exp( j 2πf mtn )  ⋅ ∆tn′ → min . (14)

After the derivation the system of linear equations is
formed
Fig. 5. Spectrum of mono-harmonic test-signal estimated by sinc
interpolation algorithm

N

2

∆xn
, ∆xn = xn − xn −1, ∆t n = t n − t n −1 , which
∆t n

⋅

(2πf m )2

∑ α n exp( j 2πf mt n )(1 − exp(− j 2 f m ∆t n )) +

X(ε 0) = (Ψ ⋅ x) ⋅ (Φ ⋅ Ψ Τ ) −1 ,

(10)

Another approach is based on interpolation of {xn }
with sinc functions. As the bandwidth of signal is limited
to Ω , we can write:

N −1

1  N −2 2
 ∑ ε n ⋅ ∆t n + ∑ ε n2 ⋅ ∆t n −1  → min .


2  n=0
n =1


(11)

(18)

It looks like a sum of two zero-order interpolation
problems. The solution in this case is similar to the
previous one expressed as (17):

k =0

1
, K : kT < Θ . Amplitudes c k can be found
2Ω
from a linear equation system:

where T =

xn = ~
x (sinc) (t n ) .

(17)

where (⋅) T and (⋅) −1 denotes the transpose and inverse
operation of matrix respectively.
The first-order polynomial interpolation of error
function samples provides the following minimization
task:

i N −1
+
∑ α n ∆t n exp( j 2πf mt n )exp(− j 2πf m ∆t n ).
2πf m n = 0

~
x (sinc) (t ) = ∑ c k sinc(2Ω(t − kT )) ,

(16)

where ϕ mn = exp( j 2πf m t n ) and ψ mn = ϕ mn ⋅ ∆t n′ .
Solution of (16) can be found as

n =0

K −1

(15)

Ψx = X (ε 0) ⋅ Φ ⋅ ΨΤ ,

⋅

N −1

k =− M


exp( j 2πf k tn )  exp( j 2πf mtn ) ×



This system rewritten in matrix form is

gives:
1

(ε 0 )

×∆t n′ = 0

samples we can use polynomial p1n = α n (t − t n ) + x n ,

( x1)
( x 0)
Xm
= Xm
+

M

n =1 

For piece-wise linear interpolation between the
where α n =



∑  xn − ∑ X k

(

X (ε 1) = (Ψ′′ ⋅ x′ + Ψ′′ ⋅ x′) Φ′′ ⋅ Ψ′′Τ + Φ′′ ⋅ Ψ′′Τ

)

−1

, (19)

(12)

where Φ ′, Ψ ′, x ′ and Φ ′′, Ψ ′′, x ′′ matrices are formed from

In this case the enhanced discrete Fourier transform

Φ, Ψ, x by using indexes n = 0, N − 2 and n = 1, N − 1
respectively.
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zero- or first-order polynomials. The results obtained in
both cases are quite similar, and therefore we present here
only the simplest case – zero-order error interpolation, in
the Fig. 6.
The common feature of all presented algorithms is
spectral analysis on the grid of Fourier frequencies
f m = m / Θ . For the expressions (9) and (10) the
motivation is to build the orthogonal basis of
transformation. The expressions (17) and (19) can be
considered as unorthogonal transformations. That allows to
use also frequency grid with higher density, which can
improve spectral resolution. However, the necessity to
solve the equations system limits the grid – the number of
analysis frequencies has to be equal or less than the
number of samples. Note, the number of samples in signaldependent sampling case is not known in advance, because
it depends on actual signal properties. The method which
overcomes this problem is so called signal-dependent
Fourier transform described in [7]. The frequency grid of
this algorithm is independent on number of samples and
provides high spectral resolution. The Fig. 7 demonstrates
the spectral estimate obtained by this method, where
analysis grid is four times frequenter than in the DFT case.
The quality of simulated algorithms can be
characterized by integral value of squared reconstruction
error. The estimated values, averaged over different signal
phases, are summarized in the Table 1. It shows that all
methods decrease the reconstruction error in comparison
with GDFT. The obtained improvement can vary from
insignificant to several thousand times.

Fig. 6. Spectrum of mono-harmonic test-signal estimated by zeroorder reconstruction error interpolation algorithm

Fig. 7. Spectrum of mono-harmonic test-signal estimated by
signal-dependent transformation

Conclusions

Simulation results

One of the basic tools in digital signal processing is
the Discrete Fourier Transform. In this paper we presented
several enhancements of DFT to make it convenient for
analysis of signal-dependently sampled data, particularly
paying attention to the level-crossing sampling. In this case
the samples are not only spaced non-uniformly in time, but
also its distribution depends on signal properties. The
periodical signal provides regularities into sampling point
flow, which leads to the appearance of spurious
components (harmonics) in the spectrum estimated on the
bases of conventional DFT analysis.
The level-crossing sampling technique determines not
only signal value at sampling time instance, but also the
rule, that signal values between two samples should not
cross any quantization level. This condition can be taken
into account during development of processing methods.
The proposed idea is to minimize the error between
original and reconstructed by Fourier series signals not
only at sampling time instants, but also between them with
the same accuracy. The problem lies in the fact that we
know original signal values only at sampling instants. Two
different approaches are considered. The first one is based
on obtaining continues time signal by interpolation of
known signal samples. The expressions for enhanced DFT
calculation are proposed for zero-order and first order
polynomial interpolation as well as for band-limited
interpolation with sinc functions. The second approach to
minimize continues time reconstruction error is based on

The performance of described algorithms has been
investigated by computer simulations. The above
mentioned single-tone sinusoid has been used as a testsignal. The input data are acquired from Θ = 128[sec] long
observation as events of 7 levels-crossings. The frequency
of test-signal is 12.22 / Θ ≈ 0.0955[ Hz] that does not lie on
the frequency grid of Fourier series. The number of
acquired samples is N = 172 .
The spectral estimate obtained by General DFT
(expression (3)) and illustrated in Fig. 2 can be used as a
reference, which allows identifying the improvement of
processing, when enhanced methods are exploited. The
Fig. 4 shows spectral result obtained by first-order signal
interpolation algorithm (expression (10)). Although the
amplitudes of higher spurious harmonics are decreased for
about 5dB, they are still considerable. The complexity of
this algorithm is few times higher then DFT. The zeroorder signal interpolation gives slightly worse result.
The band-limited interpolation with sinc functions
(expression (13)) provides improved spectral presentation
of test signal, which is shown in the Fig. 5. The spurious
harmonics are suppressed. The drawback of this algorithm
is that beside the DFT calculation it requires the solution of
the linear equation system as well.
The similar mathematical complexity is also for
methods, which use reconstruction error interpolation by
13

Table 1. Estimated reconstruction errors for different methods

Method

GDFT

Zero-order
xn
interpolation

First-order
xn
interpolation

xn interpolation
with sinc

811

803

3.00

Zero-order

First-order

interpolation

interpolation

2.35

2.29

εn

εn

Signal-dependent
DFT-like method

Θ

2
∫ ε (t )dt

835

0.07

0

interpolation of error samples. The expressions for
calculation of spectral coefficients are proposed for zeroorder and first-order polynomial interpolation. Simulation
results show the improvement of data processing if
enhanced algorithms are used instead of classical
General DFT. It should be mentioned that better results are
achieved by algorithms, which require performing more
mathematical operations. The best result can be reached by
the signal-dependent DFT-like method, however the high
computing complexity makes it unpractical for real-time
applications.
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