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1Abstract—In this work, we have analysed the performance 

of a low density parity check (LDPC) coded Amplify and 

forward (AF) based asynchronous distributed space time block 

coded (ADSTBC) cooperative system. The proposed 

concatenated LDPC-ADSTBC is delay tolerant, where LDPC 

codes provide coding gain to the system and ADSTBC provides 

diversity gain for arbitrary number of relays, number of 

symbols transmitted and number of receive antennas. For the 

multi-relay scenario, we have derived closed form expression 

for the pair-wise error probability (PEP) of the system. The 

derived analytical results of the performance of the proposed 

delay tolerant multiple relay asynchronous cooperative 

communication are validated by simulation results. 

 
 Index Terms—Asynchronous communication; Channel 

coding; Cooperative communication; Pair wise error 

probability. 

I. INTRODUCTION 

Future wireless networks rely heavily on multiple input 

multiple output (MIMO) as one of its strongest potential 

candidate [1]. MIMO systems are an efficient technique 

offering diversity and multiplexing gains in comparison with 

single antenna systems without increasing demands for radio 

resources [2]. In many wireless scenarios there is a 

limitation on power, size, and hardware complexity and 

propagation environment which limit the deployment of 

multiple antennas as in MIMO. Cooperative communication 

[3-5] is a technique to overcome these drawbacks and form 

a virtual MIMO antenna array by utilizing relays which 

assist the direct communication with high diversity gain. 

Linear dispersion (LD) codes [6] act as an umbrella codes 

yielding both diversity and capacity gains for synchronous 

as well as the asynchronous environments. These were later 

extended to the cooperative communications as Distributed 

space Time Block codes (DSTBC) [7]. Due to its distributed 

topology, the DSTBC systems are basically asynchronous in 

nature [8]. For the codes to yield diversity gains, they have 

to be delay tolerant, i.e. full diversity should be satisfied for 

any delay order. Several delay tolerant techniques have been 

proposed in existing literature [9]–[12]. The delay tolerant 

schemes although provide diversity gains, are deficient in 
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coding gain which can be achieved using channel codes 

such as Low density parity check (LDPC) codes. LDPC 

codes are highly efficient linear error-correcting codes. 

Existing literature consists of several techniques in 

cooperative communication concatenated with LDPC codes 

thereby yielding enhanced performance of the system in the 

synchronous environment [13]–[16]. But the literature lacks 

the study and analysis of the asynchronous cooperative 

system with LDPC codes. The given research gap has been 

exploited as a motivation for the presented work. 

In this paper, we have derived the closed form expression 

for the pair wise error probability (PEP) of asynchronous 

DSTBC (ADSTBC) system concatenated with an irregular 

LDPC codes. The novelty of the present work lies in the fact 

that the proposed ADSTBC system with ‘R’ relays can 

achieve significant diversity gain as well as coding gain by 

applying LDPC at transmitter. The LD codes used at the 

relays linearly modulate the received signal and retransmit 

‘N’ symbols in ‘T’ channel uses. For N > T, the proposed 

system achieves a rate higher than unity. Also, the closed 

form expression for the pair wise error probability (PEP) of 

delay tolerant ADSTBC system concatenated with an 

irregular LDPC codes has been derived. The remaining of 

this paper is organized as follows. In Section II, the system 

model of the proposed low density parity check-

asynchronous distributed space time block codes (LDPC-

ADSTBC) system is described. The performance analysis of 

the proposed system with respect to the PEP of the system is 

done in Section III. The results are discussed in detail in 

Section IV. Section V concludes the paper. 

II. SYSTEM MODEL 

In this work an LDPC-ADSTBC system has been 

proposed constituting of ‘R + 2’ nodes, where the 

transmitter and each of the R relay nodes have single 

antenna whereas the receiver can employ variable number of 

antennas. A (J, K) LDPC code having code rate 1/2 is 

employed here, where K refers to the length of the 

information vector and J is the length of the LDPC 

codeword. The cooperative communication process can be 

analysed in two phases. In the first phase, information bits 

are transmitted to the channel coder. A binary LDPC 
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codeword corresponds to  Jbbb ....., 21 . The codeword 

is further BPSK modulated as  J1......sss  in the 

codebook  Lss .......1  where 12  JJ bs . The average 

power used at the transmitter for any transmission is 

assumed to be 1P . The transmitter broadcasts N symbols out 

of J symbols to the R relays in every transmission period. 

The signal received at thi  relay is subjected to Rayleigh 

fading as well as the additive white Gaussian noise. Both the 

fading coefficients if  and the noise in  are circularly 

symmetric Gaussian distributed with mean 0 and variance 1. 

The signals received at the thi  relay is given as 

 1 .i i iPT f r s n  (1) 

In the second phase, ,1.... ,[ ]i i i Nx xx  are  are transmitted 

by the thi  relay to the destination. The receiver is assumed 

to have full knowledge of channel. The transmitted signal 

ix  from the thi  relay is a combination of a certain LD 

matrix iA  and the incoming signal ir  

 2

1

,
1

i i i

P

P



x A r  (2) 

where P2 is the average transmitting power of relay. Each 

LD matrix iA  should conform to 
H

i i A A I  (where I  is 

an identity matrix of size T × T). T is the coherence time of 

phase I, when the channel fading coefficients remain 

constant. The dispersion matrix iA  distributes the N 

symbols among T channel uses. The received signal  ty  at 

the nth antenna of the receiver at time t is given by 
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The Rayleigh fading channel coefficient ,i ng  is the 

( , )thi n  entry of the matrix G for ;1i R n  , Nd is the 

number of receive antennas at the destination ( )n tv  is the 

additive white Gaussian noise with variance 0N . i  is the 

delay observed for the thi  relay at the receiver relative to 

the first relay. The delay profile can be estimated from the 

arrival of the pilot signals. The receiver is synchronized to 

the first relay i.e. 01  . The relative delay profile of the 

ADSTBC system is denoted as )......( 1 R  and 

 ......max 1max R   For the code to be delay tolerant, (3) 

is written as 
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O denote an all 

zero matrix. Putting (1) and (2) into (4) and solving further
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C A s A s . H 

represents the overall channel gain from the source to the 

destination. C is the LD codeword formed by the 

cooperation of all the R relays.  i


A s  denotes the transform 

of  iA s , and 2
,

1 11

( )
1

dNR

i n i i i
i n

P
g

P


 

 

 V D A n v . The 

matrix C having dimensions R × T corresponds to the space 

time code as in a MIMO system but since being generated in 

a distributive manner is called a distributed space time code 

(DSTBC). Manipulating (5) for the vertical stacking of the 

columns of y gives the following equivalent matrix 

 1 2 1 2

1 1

( ) ,
1 1

P P T P P T

P P
    

 
y HD χs V HC V  (6) 

where  H H I
, I

 = identity matrix of size (T + 

maximum delay), ( ) C D χs  represent the delay tolerant 

ADSTBC codeword. 1( ,..., )Rdiagχ A A  and 

 


s s s , where s is stacked R number of times. The 

transmitted symbols are detected using a maximum 

likelihood (ML) decoder as 

 

2

1 2

1

ˆ arg min .
1ks

P P T

P
 


s y HC  (7) 

The output of the ML decoder is given to the LDPC 

decoder which outputs the estimated information vector. 

The output can be analysed for various parameters. In this 

paper we focus on the error performance, particularly the 

pair wise error probability (PEP). 

III. PERFORMANCE ANALYSIS OF LDPC-ADSTBC SYSTEM  

A. Pair Wise Error Probability 

We begin by deriving the PEP for LDPC-ADSTBC with 

two relays (i.e. R = 2). Let  kS C  denote the LDPC-

ADSTBC codeword set, where 1 k  S  and S  denotes 

the cardinality of the codeword set S. Let 
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 / ,k lP C C H Δ  be the probability of mistaking kC  by 

lC , where kC  and lC  are elements in the ADSTBC set 

conditioned on the fading channel matrix H and the delay 

profile Δ  is given as 
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The Frobenius norm  
2

k l
F

H C C  can also be written 

as given by [2] 
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where   
H
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C C C C  is the code word 

difference matrix.      
H

  D χ D χ I , coefficient ,i ih  

is the  ,
th

i i  entry of the matrix   H HD χ  for 

,1

,

0 0

0 0

0 0

k

kl

k R

N





 
 

  
 
 

 contains the Eigen values, 

,1 ,2,k k   of the codeword difference matrix klM . By 

substituting (9) for  
2

k l
F

H C C  in (8) we obtain 
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The unconditional PEP over H is given by 
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where ,i ih  are the entries of the Rayleigh distributed 

effective channel matrix H . Re-writing the above equation 

using Craig’s bound where: 
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where G denotes the average power gain of the coefficients. 

Further the unconditional average PEP w.r.t. all delay 

profiles is given as 
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where 
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  . The total PEP for decoding 

at the destination can be upper bounded using the union 

bound which is the sum of the PEPs over all code words 

SC k  is given as 
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For high SNR the total PEP can be approximated as 

  1 2
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where r is the rank of codeword difference matrix klM  and 

equals R for all delay profiles in case of full diversity 

ADSTBC [9]. The result can be extended to multiple 

antennas receiver with number of antennas equal to Nd and 

achieving full diversity is given as follows 

 1 2
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4(1 )

d
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   (17) 

IV. RESULTS AND DISCUSSIONS   

The analytical results have been obtained for the LDPC-

ADSTBC system for single transmitter-receiver pair and R 

relays. We assume that the source and relays are equipped 

with single antenna each whereas the receiver has variable 

number of antennas, Nd. In this paper an irregular LDPC 

with column weight 3 has been employed. Monte- Carlo 

simulations using MATLAB validate the analytical results 

obtained using Mathematica. A frame consisting of LDPC 

coded bits is sent from the LDPC encoder with all the bits 

with random values 0 and 1 which has further been BPSK 

modulated and broadcast to the relays. The results have been 

obtained from 1000 independent iterations of each frame, 
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for each value of SNR varying from 0 dB to 20 dB. Figure 1 

shows the plot of error performance of the synchronous 

DSTBC, ADSTBC and LDPC-ADSTBC with varying Nd at 

the receiver. It can be observed that, at PEP of 10-3 for single 

antenna, the synchronous DSTBC requires an SNR of 

19.25 dB, the ADSTBC requires 16.25 dB whereas LDPC 

coded the ADSTBC requires 14.75 dB. The comparison 

among the transmission techniques has been tabulated in 

Table I. We observe an improvement of 1.5 dB in SNR for 

PEP of 10-3 for the case of LDPC coded asynchronous 

DSTBC system (LDPC-ADSTBC) over asynchronous 

DSTBC system and 4.5 dB over synchronous DSTBC. 

When, Nd is increased from a single antenna to 2, we 

observe an increase in diversity as well as coding gain. At 

same PEP for two antennas, SNR required by synchronous 

DSTBC, ADSTBC and LDPC-ADSTBC shows an 

improvement of 1.25 dB in SNR for the case LDPC-

ADSTBC over ADSTBC system and 4.5 dB over 

synchronous DSTBC. 

TABLE I. SNR REQUIRED FOR DIFFERENT TRANSMISSION 

SCHEMES FOR N = R = 2 AND VARING ND AT PEP OF 10-3. 

Scheme 
SNR required in dB at PEP of 10-3 

Nd =1 Nd =2 

DSTBC 19.25 13 

ADSTBC 16.25 9 

LDPC-ADSTBC 14.75 8.25 

 
Fig. 1.  Error performance of different systems by varying number of 

antennas (Nd) at the receiver. 

Figure 2 shows the PEP of the LDPC-ADSTBC with 

delay of two and one symbol period at the two relay nodes 

with number of modulated symbols = 2 and 3 and Nd = 1 

and 2. From Table II, it is observed that, for the given PEP, 

LDPC-ADSTBC with N = 2, Nd = 1 requires an SNR of 

14.75 dB whereas the LDPC-ADSTBC N = 2, Nd = 2 

requires an SNR of 8.25 dB. When we increase the number 

of modulated symbols from 2 to 3 the transmission rate 

increases thereby leading to a fall in diversity. However the 

SNR required for N = 3, in case of LDPC-ADSTBC N = 3, 

Nd = 1 is approximately 17 dB whereas in the LDPC-

ADSTBC N = 3, Nd = 2 case an SNR of 9.5 dB is required. 

TABLE II. SNR REQUIRED FOR LDPC-ADSTBC FOR VARYING N 

AND ND AND FIXED R AT PEP OF 10-3. 

No. of modulated 

symbols (N) with R = 2 

SNR required in dB at PEP of 10-3 

Nd = 1 Nd =2 

N = 2 14.75 8.25 

N = 3 17 9.5 

 
Fig. 2.  Error performance of the LDPC-ADSTBC with delay (0, 1), no. of 

symbols = 2 and 3 and no. of antennas at the receiver (Nd) = 1 and 2 
respectively. 

From Fig. 3 it can be observed that there is significant 

improvement in error performance of the LDPC-ADSTBC 

with 3 relays(R) and 2 antennas at the receiver and the 

asynchronous LDPC-DSTBC with 2 relays and 1 antenna at 

the receiver. 

In Table III, it is evident that, for the given PEP and Nd = 

1, the SNR required by LDPC-ADSTBC at R = 2 and 3 are 

14.75 dB and 11.5 dB respectively, whereas with Nd = 2, the 

required SNR decreases by 6.25 and 4.5 respectively. The 

performance of the LDPC-ADSTBC system approximates 

the results of [2], which is the case of PEP of synchronous 

scenario, even in the asynchronous environment. 

TABLE III. SNR REQUIRED FOR LDPC-ADSTBC FOR VARYING R 

AND ND AND FIXED N AT PEP OF 10-3. 

No. of relays (R) with 

N = 2 

SNR required in dB at PEP of 10-3 

Nd = 1 Nd = 2 

R = 2 14.75 8.5 

R = 3 11.5 7 

 
Fig. 3.  Error performance of the LDPC-ADSTBC with R = 2, 3 and Nd = 1, 

2. 

V. CONCLUSIONS 

In this paper, we have analysed the error performance of 

LDPC codes concatenated with ADSTBC system. The PEP 

of the system under study is analysed using Craig’s bounds. 

Analytical results verify the performance of the LDPC-

ADSTBC system. We obtain an SNR gain of over 5 dB with 

LDPC-ADSTBC as compared to synchronous DSTBC 

system. Performance further improves by increasing number 

of relays. It is concluded that LDPC-ADSTBC codes 

perform better than their synchronous counterpart. Design 
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and performance analysis of the present work in different 

fading environments has been proposed as future work. 
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