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Introduction

Filter theory represents one of the strictest disciplines
with the possibilities of applications in various frequency
ranges and technologies [1—4]. In this theory, successful
applications of powerful orthogonal polynomials are well-
known [4—7]. A number of problems in various scientific
and technical areas have been solved by applying the
classical Christoffel-Darboux formula for all classic
orthogonal polynomials [8, 9]. New class explicit filter
functions for continuous signals generated by the classical
Christoffel-Darboux formula for classical Jacobi and
Gegenbauer orthonormal polynomials are described in
detail [10, 11]. On the other hand, there have been a
number of attempts to solve the complex problem of
generating linear phase two-dimensional finite impulse
response (FIR) digital filters of lower order, e.g. [12]. They
are based on either a transformation of one-dimensional
FIR filters or direct application of the approximation
techniques in two dimensions.

Further generalization of the previous research [10,
11] in two dimensions is presented in this paper. The
global Christoffel-Darboux formula for four orthonormal
polynomials on two equal finite segments for generating
filter functions is proposed here in a compact explicit form.
A new class of the linear phase two-dimensional FIR
digital filters generated by the proposed formula is given.

Mathematical background

Let P.(x) and Q,(x) be two sets of orthogonal

polynomials, where x is a real variable, » and m are the
orders of continuous non-periodical polynomials on a finite
interval —a <x<b with respect to the non-negative

wi(x)

respectively, and orthogonality defined by:

continuous weight functions, and wy(x),
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b
le(x)P,(x)Pk(x)dxzo r#k; r,k=0,1,2,3,... (1)

—a

b
[Wa(X)0m(X) Q4 (X)dx=0 m=k;m, k=0,1,2,3, ... (2)

—a
For the polynomial P,.(x), r-th order norm, 4(r),

is given by
b
n(ry= [wi () (P(x))2 dx r=123,... (3

while m-th order norm, #h,(m), for the polynomial

0,(x),1s

b
hy(m)= [wy (x)(Qp(x))2dx m=123,... (4

Besides, let R, (y) and S,,(») be other two sets of

polynomials, where y is a real variable, » and m are the

orders of continuous non-periodical polynomials on a finite
interval —c<y<d with respect to the non-negative

continuous functions, w3(y) and wy4(y), respectively,

and orthogonality defined by:

d
[w3(R,. (VR (¥)dy=0 r#k; r,k=0,123,... (5

—C
d
[wa()S (WS K(»)dy=0 m=k; m, k=0,1,2,3,...(6)
—C
For the mentioned polynomials, R,(y) and

S,,(»), r-th order and m -th order norms, 45(r) and



h4(m), respectively, are:
d 2
B3 = Jws () (R, () )y
-c

d
ha(m)=Jwa () (S ()2 dv m=1,23,...

—C

r=123,... (1)

®)

The finite (summed from zero to n-th component)
global Christoffel-Darboux formula for two same order
orthogonal polynomials with x as a variable, P,.(x) and

O.,(x), rnm=1,2,...
orthogonal polynomials), on the equal finite segment
[a,b], and for two same order orthogonal polynomials with

,n (nis the order of continual

vy as a variable, R,(y) and S, (»), on the equal finite

segment [c,d ], is proposed here in the following explicit
compact representative form of orthonormal components:

Po(x)Qo(x)Ro(1)So(»)
V11 (0) A2 (0)h5(0) k4 (0)
L PO R()SH1()
Jhl(l)hzum(l)hm)

| PROQUORLDISH) ©)
S G by (k)b (k)b g (k)
L a0 (R, (1S ()
S () by (n)hs () (n)
or
n P(x)Q,(X)R,(3)S,(») 10

P20 (A (s ()R (r)

By standard technique, the previous formula can be
mapped into the new domains, analogue, s, and digital, z,

[13-15]. For example, in the z; (or z,) domain, the

following relations are always valid:
Ty— cos(ka) 1)—) (zlk +zl_k)/2,

)/,

where 7; and U, are the orthogonal Chebyshev

(1
Uy > sinfka ) 5 -2 (12)

polynomials of the first kind and second kind, respectively.
Alternatively, the mapping into the z; (or z,) domain

can be represented by

()% = (Tl(x))k*(cos(wl))k - [(Zl+1 +Z;1)/2]k' (13)

The third way of mapping is given by the following
example:

x10= % [+126T0 (x)+210T, (x) +120T4 (x)+
+45T6(X)+10T8()€)+ Tlo(x) —>
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—>—[+126+210(:os(2a)1)+120c0s(4a}1)+
+4SCos(6a)l)+10cos(8ml)+cos(10ml)]—>
1
- —— [+126 +210(z] 2 427 %) +120(z; 427+

1024
+z;”’>], (14)

+45(270 4270 1102 4278 4210

) +(z,

9

% [+1267, (x)+84T; (x) +
3675 (x)+9T; (x) + To (x) |-
%ﬁ [+126c0s (@) +84cos(3a,) +
+36¢co0s(5w) +9cos(7w;) + cos(9w1)]—>
—>5% [+126(zl”+z;1)+84(zl*3+z{3)+

+36(zl+5+z{5)+9(zl”+z;7)+(zf9+z;9)]. (15)

Filter function

A linear phase two-dimensional FIR filter of N x N -
order is defined by

-k
rZ2 ;

H(zl,zz) KZ Zb(r k) z

r=0k=0

(16)

where K is the gain constant and b(r,k) are the filter

coefficients that are real numbers. Square of the filter
frequency response can be represented by

H(zl, ZZ)H(Z_l,Z), for z, —)ejwl, zZy Se’l?2 (17)
or alternatively in absolute units and dBs, respectively:

. . 2
w (2]
H(e] l,ej 2) _

i @ j —jo —jo
:‘H(ej 1ol ZjH(e jor i 2)

j j
H(ej ! 2j'

New class of two-dimensional FIR filter functions

. (19

20log

(19)

Applying the proposed formula, Eq. (9), a new class
of two-dimensional FIR filter functions is obtained as

+1 -1 +1 -1

Zl +Zl Zl +Zl
Pr 2 ! 2
N
H(zy,2,)=K 3 ( 1 v
r=0
z;1+221 z;1+zz1
Rl =% 2
). (20)

S )b () hs (1) g (r)

For the linear phase two-dimensional symmetric FIR
digital filters generated by the proposed approximation
technique, the following simetries are valid:



H(zl, zz)=H(zz, zl),
H(ZI,Z2)=H(—ZI,—Z2).
The linear phase function of the two-dimensional

symmetric FIR digital filter defined by Eq. (20) has the
Jjo1 Jjos

2n
(22)

following form for z; —»> e and z, —>e

o 12N (@1re2) (23)

The two-dimensional frequency response of this filter
for the parameters a =c=—-7z and b=d =+x in absolute
units and dBs as well as the contour plot is given in Fig. 1
—Fig. 3. The view from above of the frequency response is
presented in Fig. 1(a), 2(a) and 3(a), while the view from
below (the corresponding response multiplied by -1) is
presented in Fig. 1(b), 2(b) and 3(b).

2-D magnitude
H(e”’", e/m;)

1(a)
2-D magnitude
_H(e/w, e/@)

1(b)

Fig. 1. A three-dimensional (3-D) plot of two-dimensional
frequency response of the linear phase two-dimensional FIR
digital filter designed by the proposed formula: (a) view from
above, (b) view from below

2-D magnitude
| H(e'", e'™)|,dB
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2-D magnitude
_‘ H(e/’w, ei@) " dB

2(b)
Fig. 2. 3-D plot of two-dimensional frequency response (in dBs)
of the linear phase two-dimensional FIR digital filter designed by
the proposed formula: (a) view from above, (b) view from below
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Fig. 3. Two-dimensional frequency response (contour plot) of the
linear phase two-dimensional FIR digital filter generated by the
proposed formula: (a) view from above, (b) view from below

Conclusions

This paper presents an original approach to linear
phase two-dimensional FIR digital filter design yielding
significant improvements. The global Christoffel-Darboux
formula for four orthonormal polynomials on two equal
finite segments is proposed in a compact explicit form. The
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Global Christoffel-Darboux formula for four orthonormal polynomials on two equal finite segments for generating linear phase two-
dimensional finite impulse response (FIR) digital filter functions in a compact explicit representative form is proposed in this paper. The
formula can be most directly applied for solving mathematically the approximation problem of a filter function of even and odd order.
An example of a new class extremely economic linear phase two-dimensional FIR digital filter without multipliers obtained by the
proposed approximation technique is presented. The generated linear phase two-dimensional FIR filter functions have two symmetries,
that is, the following relations are valid: H(zy, z5)=H(z,, z) and H(z, z,)=H |-z, —z,). Il 3, bibl. 15 (in English;

abstracts in English and Lithuanian).

D. G. Ciric,V. D. Pavlovic. Tiesinés fazés dvimacio baigtinio impulso atsako skaitmeninio filtro funkcijos, gautos taikant
Christofelio ir Darboux‘o formul¢ ortonormuotiesiems polinomams // Elektronika ir elektrotechnika. — Kaunas: Technologija,
2012. — Nr. 4(120). — P. 39-42.

Pasitilytos bendros Christofelio ir Darboux‘o formulés keturiems ortonormuotiesiems polinomams dviejy lygiy baigtiniuose
segmentuose generuojant tiesinés fazés dvimacio baigtinio impulso atsako (BIA) skaitmeninio filtro funkcijas. Formulé gali biti
tiesiogiai taikoma sprendziant filtro funkcijos matematinio aproksimavimo uzdavinj. Taikant siiiloma aproksimavimo metoda, gautas
labai ekonomiskas naujos klases tiesinés fazés dvimatis BIA skaitmeninis filtras. Sugeneruotos funkcijos turi dvi simetrijas, todél galioja

tokios lygybés: H ( Z1, 2y ) =H ( Zy, Zl) ir H ( 7, 22)2 H (— zZ1,—zZ 2). Il. 3, bibl. 15 (angly kalba; santraukos angly ir lietuviy
k).
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