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Introduction 
 

Filter theory represents one of the strictest disciplines 
with the possibilities of applications in various frequency 
ranges and technologies [1–4]. In this theory, successful 
applications of powerful orthogonal polynomials are well-
known [4–7]. A number of problems in various scientific 
and technical areas have been solved by applying the 
classical Christoffel-Darboux formula for all classic 
orthogonal polynomials [8, 9]. New class explicit filter 
functions for continuous signals generated by the classical 
Christoffel-Darboux formula for classical Jacobi and 
Gegenbauer orthonormal polynomials are described in 
detail [10, 11]. On the other hand, there have been a 
number of attempts to solve the complex problem of 
generating linear phase two-dimensional finite impulse 
response (FIR) digital filters of lower order, e.g. [12]. They 
are based on either a transformation of one-dimensional 
FIR filters or direct application of the approximation 
techniques in two dimensions. 

Further generalization of the previous research [10, 
11] in two dimensions is presented in this paper. The 
global Christoffel-Darboux formula for four orthonormal 
polynomials on two equal finite segments for generating 
filter functions is proposed here in a compact explicit form. 
A new class of the linear phase two-dimensional FIR 
digital filters generated by the proposed formula is given. 
 
Mathematical background 
 

Let )( xPr  and )( xQ m  be two sets of orthogonal 

polynomials, where x  is a real variable, r  and m  are the 
orders of continuous non-periodical polynomials on a finite 
interval bxa   with respect to the non-negative 

continuous weight functions, )(1 xw  and )(2 xw , 

respectively, and orthogonality defined by: 
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For the polynomial )( xPr , r -th order norm, )(1 rh , 

is given by 

   ,3,2,1)()()( 2
11  


rdxxPxwrh

b

a
r , (3) 

while m -th order norm, )(2 mh , for the polynomial 

)( xQ m , is 

   ,3,2,1)()()( 2
22  


mdxxQxwmh

b

a
m  (4) 

Besides, let )( yR r  and )( yS m  be other two sets of 

polynomials, where y  is a real variable, r  and m  are the 

orders of continuous non-periodical polynomials on a finite 
interval dyc   with respect to the non-negative 

continuous functions, )(3 yw  and )(4 yw , respectively, 

and orthogonality defined by: 
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For the mentioned polynomials,  )( yR r  and 

)( yS m , r -th order and m -th order norms, )(3 rh  and  
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)(4 mh , respectively, are: 
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The finite (summed from zero to n -th component) 
global Christoffel-Darboux formula for two same order 
orthogonal polynomials with x  as a variable, )( xPr  and 

)( xQ m , nmr ,,2,1,   ( n is the order of continual 

orthogonal polynomials), on the equal finite segment 
 ba, , and for two same order orthogonal polynomials with 

y  as a variable, )( yR r  and )( yS m , on the equal finite 

segment  dc, , is proposed here in the following explicit 
compact representative form of orthonormal components:  
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By standard technique, the previous formula can be 
mapped into the new domains, analogue, s , and digital, z , 
[13–15]. For example, in the 1z  (or 2z ) domain, the 

following relations are always valid: 
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where kT  and kU  are the orthogonal Chebyshev 

polynomials of the first kind and second kind, respectively. 
Alternatively, the mapping into the 1z  (or 2z ) domain 

can be represented by 
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The third way of mapping is given by the following 
example: 
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Filter function 
 

A linear phase two-dimensional FIR filter of N  N -
order is defined by 
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where K  is the gain constant and ),( krb  are the filter 

coefficients that are real numbers. Square of the filter 
frequency response can be represented by 
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212121 ,for,,,

 jj
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or alternatively in absolute units and dBs, respectively: 
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New class of two-dimensional FIR filter functions 
 

Applying the proposed formula, Eq. (9), a new class 
of two-dimensional FIR filter functions is obtained as 
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For the linear phase two-dimensional symmetric FIR 
digital filters generated by the proposed approximation 
technique, the following simetries are valid: 
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The linear phase function of the two-dimensional 
symmetric FIR digital filter defined by Eq. (20) has the 

following form for 1
1

j
ez   and 2

2
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The two-dimensional frequency response of this filter 
for the parameters  ca  and  db  in absolute 
units and dBs as well as the contour plot is given in Fig. 1 
–Fig. 3. The view from above of the frequency response is 
presented in Fig. 1(a), 2(a) and 3(a), while the view from 
below (the corresponding response multiplied by -1) is 
presented in Fig. 1(b), 2(b) and 3(b). 

 

Fig. 1. A three-dimensional (3-D) plot of two-dimensional 
frequency response of the linear phase two-dimensional FIR 
digital filter designed by the proposed formula: (a) view from 
above, (b) view from below 

 

 
Fig. 2. 3-D plot of two-dimensional frequency response (in dBs) 
of the linear phase two-dimensional FIR digital filter designed by 
the proposed formula: (a) view from above, (b) view from below 

 

Fig. 3. Two-dimensional frequency response (contour plot) of the 
linear phase two-dimensional FIR digital filter generated by the 
proposed formula: (a) view from above, (b) view from below 
 
Conclusions 
 

This paper presents an original approach to linear 
phase two-dimensional FIR digital filter design yielding 
significant improvements. The global Christoffel-Darboux 
formula for four orthonormal polynomials on two equal 
finite segments is proposed in a compact explicit form. The 
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proposed formula represents a superior identity for solving 
extremely complex and always actual problem of linear 
phase two-dimensional filter design. The formula can be 
most directly applied in generating two-dimensional filter 
functions. It enables efficient design of high order filters. 
The filters designed in this way are highly selective, and all 
parasitic effects are suppressed. These filters can be 
applied in various areas including telecommunications 
where they can be of special interest. Three-dimensional 
frequency response (and corresponding contour plot) of a 
new class linear phase two-dimensional FIR digital filter is 
presented illustrating the advantages of the proposed 
approach.  
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